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Part 1: Motivation
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Fundamental question

If you have two operators H,V on a Hilbert space and a suitable
function f: C — C, you might come across one of the following
objects:

* flH+V) = f(H);
- [f(H), V],
© G f(H + tV)|eo.

But how to study the properties of these operators?
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Computation

For example, let A, B € B(#) and f: C — C holomorphic. For a large
enough contour ~,

d . f(H+tV) = f(H)
T+ o= fim ==

_tlﬁot(zﬂl/f )z —H—tv)"dz

—./f(z)(z—H)*1 dz)

= lim /f )(z—H—tV)"'V(z—H)"dz

t—0 27

—q _ 1
27r//f V(z—H)™ ' dz.



Computation 2

Similarly,

n

I H+vtO /f (z—H)"V(z-H)"--V(z—H)"dz,

f(H+ V) —f(H :ﬁ/fz (X —H—=V)""V(z - H)"dz,
Zm/f (x —H)'[H,V](z — H) " dz.



Multiple operator integrals

Let ¢ : R™" — C be such that
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with finite measure space (€, ) and measurable and bounded
ag:RxQ—C.



Multiple operator integrals

Let ¢ : R™" — C be such that

qb()\o.,...,)\ﬂ):/an(/\o,w)--~a,7(/\n,w)du(w),

with finite measure space (€, ) and measurable and bounded
ag:RxQ—C.

Let Ho, ..., Hn be self-adjoint, for Vi, ..., V, € B(#) define the MOI
Tt (VL Vi)
- /{;QO(H(),w)Vth(th)~-~VnC1n(HnaW)1/’dV(w)7 Y EH.
Then,
To ™ B(H) x -+ x B(H) — B(H)

and this does not depend on how we represent ¢ (its symbol).



Divided differences

Symbols of MOIs encountered in the wild are almost always divided
differences, which are defined recursively for f € C"(R) as

FI) = FO;

U Noy -y Anet) = AN, )
n] :f[ (Oa s An—1 1y y \n
f[ (A07"'7)\ﬂ)- >\0*>\n )

with an appropriate limit if Ay = A\p. In particular,

1 n n
Hf( YN = fT(N, LN,



Why you should care

MOIs are a powerful tool in analysis. The identities we found for
holomorphic functional calculus hold up for much larger classes of
operators and functions:



Why you should care

MOIs are a powerful tool in analysis. The identities we found for
holomorphic functional calculus hold up for much larger classes of
operators and functions:

* f(H+ V) = f(H) = Ta " () (analogous to Duhamel's formula);



Why you should care

MOIs are a powerful tool in analysis. The identities we found for
holomorphic functional calculus hold up for much larger classes of
operators and functions:

* f(H+ V) = f(H) = Ta " () (analogous to Duhamel's formula);

 [fCH), V] = T ([H, VD)



Why you should care

MOIs are a powerful tool in analysis. The identities we found for
holomorphic functional calculus hold up for much larger classes of
operators and functions:

* f(H+ V) = f(H) = Ta " () (analogous to Duhamel's formula);

* [f(H), V] = T (IH,);
G f(H+ tV)lemo = T "(V,. ., V),

each of which has been used to obtain sharp estimates. (Potapov,
Sukocheyv, Skripka, Caspers, Montgomery-Smith, McDonald, Peller, ...)



Why you should care

MOIs are a powerful tool in analysis. The identities we found for
holomorphic functional calculus hold up for much larger classes of
operators and functions:

* f(H+ V) = f(H) = Ta " () (analogous to Duhamel's formula);

< [fCH), V] = T (1R, V)
C EFH A+ W)lmo = T (v, V),
each of which has been used to obtain sharp estimates. (Potapov,

Sukocheyv, Skripka, Caspers, Montgomery-Smith, McDonald, Peller, ...)

Furthermore, MOls can systematise operator integral techniques in
NCG.



Exhibit A

We use the Chern character of (A, ’H, D) in entire cyclic cohomology (cf. [2])
given in the most efficient manner by the JLO formula, which defines the com-
ponents of an entire cocycle in the (b, B) bicomplex:

(90) Un(a®,...,a") = \/Ef
Zt‘;:l.v:"ﬁ[)
o
Trace (aU e~D% [D,a'] e P* e on1D® D, a"] E_”"‘DE) . Yal € A

where n is odd.

We introduce a parameter € by replacing D? by eD?, which yields a cocycle ¥g
which is cohomologous to 1,,. One has moreover

(91)  ¥4(a°,....a") =V2i f" O(e vo, ... € vn) wduv; | €2
vi=1

From [ConnesMoscovici1995]



Exhibit B

Let us now show that if b € N Dom L*RY then b € Dom §. The proof is more
subtle than one would expect, because the obvious argument, using

LD,
|D|=WLL e V2 dy

requires some care. Indeed, one gets from the above

Db = r."lf (D? + )~ [D%0] (D* + )" 2 dp
0

We can replace [D?,b] by |D|, which has the same size, and get
/ (D* 4 )2 |D)| @/ dp :f (Let) 262 ar
0 o

For this to work, we need to move [D?, 8] in front of the above integral, i.e. use
the finiteness of the norm of

[x (D 4+ p) ' [D%0] (D*+p)" p dp .
* D DD D)
This finiteness follows from:
1) (D% +p)~* [D?,[D?,b]] bounded since b € Dom L?
2) oo (D% + ) 2| pt? dp < C-'ful pt? dp+ [ 2 dp < oo,
Onee [D?,b] is moved in front the above caleulation applies.

From [ConnesMoscovici1995]



Exhibit C

Now, onwards with the computation, the first part of which is straightforward:

A Z,AHS:L,J)\ Z[(A—A) T, AIBdA
2mi

:L.JA ZA—A)"AAIA—A) B dA
2mi

= [7\ FA—A) TAAB(A—A) TaA
+JA EA—A) A AN A) VA BI(A - A) TdA.

(In the last step we did two things at once: we commuted B past (A — A) T and we
then used the formula [S ', T] = S [T,S|S ') The operators [A, A] and [A, B]
have orders 1 and 2, respectively.

Before going on, we shall introduce some better notation for our contour inte-
grals.

2.5 Definition. If Dy, ..., D, are differential operators on the closed manifold M,
then denote by I,(Do, ..., Dy) the integral

LJ A 2Do(A —A) T DA~ A) T dA

2mi

(in the integral, copies of (A — A)~! alternate with the operators D;). The integral
converges if Re(z) < n, in the sense we discussed above, and defines an operator

on C*(M].

From [Higson2003]



If you write, like in The Local Index Formula in Noncommutative
Geometry by Nigel Higson, for a spectral triple (A, H,D) and a € A,

[D~%,a] = UA—Z(A— D*)7'd\,a
= /,\*Z[(A —D?)7" aldA
_ / A~Z(\ — D?)7'[D2, a](A — D?)~d,

~

then [D?,a] € B(H), so this is not a standard MOI.

1



Part 2: Abstract
pseudodifferential calculus



Pseudodifferential operators

On RY, a differential operator L = > ja|<k da(X)0 can be written as
L=F"oMp oF,

where Mp, indicates multiplying with the polynomial

pL(x, &) == ngk Ao (X)€%
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Pseudodifferential operators

On RY, a differential operator L = > ja|<k da(X)0 can be written as
L=F"oMp oF,

where Mp, indicates multiplying with the polynomial

pL(x, &) == Z|a\§fe Aa (X)E.

Generally speaking, a pseudodifferential operator of order k on RY is
an operator of the form L = F~" o Mp, o F where the function p; is
more general, such that

L:HoHR — 1o,
where
H(R") :={f e S'(R") : F7'[(1 + |¢P)/*Ff] € L(R")},

are Bessel potential Sobolev spaces.

On a smooth manifold M, we can define classes of pseudodifferential
operators on L,(M) by patching together operators like this. 12



Sobolev spaces

Given an invertible, positive self-adjoint operator © on a separable
Hilbert space H, we can define the ‘Sobolev' spaces H*, s € R, as the
completion of dom®* under the norm

€112 = (€, €)s := (©°€¢,0%¢)y = ||©%¢|%, €& € dom@®.
This forms a Hilbert space. We have continuous embeddings
HECHS, s<t,

because
€%l < 1©°~ |01



Sobolev spaces

Given an invertible, positive self-adjoint operator © on a separable
Hilbert space H, we can define the ‘Sobolev' spaces H*, s € R, as the
completion of dom®* under the norm

€112 = (€, €)s := (©°€¢,0%¢)y = ||©%¢|%, €& € dom@®.
This forms a Hilbert space. We have continuous embeddings
HECHS, s<t,

because
€%l < 1©°~ |01

He = (M, W=,

seR seR

We put

and we get for free that H is dense in H.



Analytic order

Even though @ itself is an unbounded operator on H, if we regard it
as an operator
0N -H =H,

it is a perfectly good bounded operator:

1Ollzpm0 = sup  [|©]| =1.
&:[1eg)I<
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Analytic order

Even though @ itself is an unbounded operator on H, if we regard it
as an operator
0N -H =H,

it is a perfectly good bounded operator:

1Ollzpm0 = sup  [|©]| =1.
&:[1eg)I<

We define op'(©) for r € R as those T: H> — H> that extend to a
bounded operator
T:HT = H°, seR.

We define OP'(©) as those T € op(®) for which 63(T) € op'(©) for
all n e N, where 6o(T) =[O, T].

14
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This framework is the operator-theoretic skeleton of any typical
(one-parameter) pseudodifferential calculus.

- If A is the Laplace operator on R”, setting © = (1 — A)"/? gives
the standard (Bessel potential) Sobolev spaces. The k-th order
(pseudo)differential operators are contained in OP*(@).

- Taking © = (1— A)"? where A is the sub-Laplacian on a
stratified Lie group gives the Sobolev spaces defined by Folland
and Stein.

- For a spectral triple (A, H, D) it makes sense to put
© = (14 D?)"/2. Then for example D € OP'(©), and for a regular
spectral triple a,[D, a] € OP®(©) for all a € A.

- If © is bounded, H®* ~ H and op’(©) = B(H) for all s,r e R.



Elliptic operators

Our goal is to construct MOIs where all operators are in op(©). First,
we need a functional calculus for such operators. Analogously to
usual notions of pseudodifferential operators, a functional calculus
can be constructed for elliptic operators.
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Elliptic operators

Our goal is to construct MOIs where all operators are in op(©). First,
we need a functional calculus for such operators. Analogously to
usual notions of pseudodifferential operators, a functional calculus
can be constructed for elliptic operators.

We define T € op’(©) to be ©-elliptic, if there is a parametrix
P € op~'(©) such that

TP =13 +op~>(0©);

PT =134« + op~*°(©).
By a Borel Lemma argument, it suffices if

TP = 1y~ +op~ (©);

PT = 130 +op ' (©).

16



Elliptic operators 2

For any spectral triple (A, H, D) and © = (1+ D?)'/2, we have that
D € op'(©) is ©-elliptic. Furthermore, D + V is ©-elliptic if V € op'(©)
with r < 1.
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Elliptic operators 2

For any spectral triple (A, H, D) and © = (1+ D?)'/2, we have that
D € op'(©) is ©-elliptic. Furthermore, D + V is ©-elliptic if V € op’(©)
with r < 1.

If T € op’(©) is ©-elliptic,

- If x € H™=°, then Tx € H° implies that x € H5*" (elliptic
regularity).

< IfT:H CH® — HO (i.e. r > 0) is a symmetric operator, then it is
self-adjoint given domain #H'. This situation will be referred to
as ‘Tis ©-elliptic and symmetric. Note: this does not imply that
T:HTCH = H

is self-adjoint for any other s € R. In fact, these operators need
not even be symmetric or normal.
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Functional calculus

We write f € L (R, E) for some 3 € R and spectral measure E, if
)1+ x2)78/2 € Lo (R, E).

H-McDonald-van Nuland (2024)

Let T € op(®), r > 0, be ©-elliptic and symmetric with spectral
measure Er. If f € L2 (R, E7), B € R, then

f(T) € op™(®).

Furthermore, if A is self-adjoint on H, A € op'(©), t € R, and A
commutes strongly with T, then for f € L2 (R, E4), 8 > 0, we have

f(A) € 0p”(O).

This second part applies for example to i% in op(1—A)"/? on RY.



Part 3: MOls as pseudodifferential
operators




Unbounded MOls

H-McDonald-van Nuland (2024)

Let H; € op/(©), h; > 0 ©-elliptic and symmetric fori = 0,...,n,
and X; € op(©) fori=1,...,n. Let ¢ : R™" — C such that

¢5(>\0,...,)\n):/an(Ao,w)--~an(/\n,w)du(w),

with finite measure space (£, v) with
aj(x,w)(1+x*)~A/2 : R x Q — C measurable and bounded. Then for
w € HOCY

T (X, L Xa )b ::/an(Ho,w)X1a1(H1,w)-~-Xnan(Hn,w)wdu(w)

is a well-defined vector in #> independent of the representation
of ¢, and

THoofn ' 6p(@) x - -+ x 0p™(©) — op2i T2 Ahi(@).

19



Unbounded MOIls: the useful bit

If f € C"*2(R), and f) € LB-F(R) for k= 0,...,n + 2, then for
H € op"(©), h > 0 @-elliptic and symmetric, and X; € op"(©),

Xq, ¢ ﬂ opP=Mh+%; te(0).
e>0

g

Note: the order is e worse than that of 1X -+ X, fl)(H), which would
equal the LHS if X,..., X, commute strongly with H.
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H € op"(©), h > 0 @-elliptic and symmetric, and X; € op"(©),

Xq, ¢ ﬂ opP=Mh+%; te(0).
e>0

g

Note: the order is e worse than that of 1X -+ X, fl)(H), which would
equal the LHS if X,..., X, commute strongly with H.

If f € C>°(R) and ff) € LB-R(R) for all k € N, we write f € S#(R).
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Unbounded MOIls: the useful bit

If f € C"*2(R), and f) € LB-F(R) for k= 0,...,n + 2, then for
H € op"(©), h > 0 @-elliptic and symmetric, and X; € op"(©),

X% s 7 ﬂ Op RUPY r/+E(@)

e>0

g

Note: the order is e worse than that of 1X; - - - X, f{)(H), which would
equal the LHS if X,..., X, commute strongly with H.

If f € C>°(R) and ff) € LB-R(R) for all k € N, we write f € S#(R).

For integral we saw earlier, with the appropriate conditions on D and
a, we have

/ )\72()\7D2)71[D27 G](D2 ) 1d)\ _ Tij D m Op729? 1+5 )
Jy

e>0

with f(x) = x2and © = (1+ D?)z.

20



Two rules

MOls as we defined them come with two identities:

1. f(A) — f(B) = Ty’ (A— B);
2. [f(H), a] = T4 ([H. a)),

21



Two rules

MOls as we defined them come with two identities:
1. f(A) — f(B) = Ty’ (A— B);
2. [f(H), a] = Tg"([H, a]),

and the higher order analogues (since Tf’?o]() = f(H))

1 Ty ”(vw, co Vi) = T Bt (Ve V)
= T;g;ﬂ ARty A= By V),
2. T)ﬁ;’] ----- H“(v1,...,v,-,w,a\/j,...,vn)fT;g]"“*H”(vq,...,\/)-,1(1,v,-,...,vn)
Ho,....H; Hi, ..
- Tﬂ:+1] Y (V17 j—1s [H// a]a Vj+1a % )

21



Taylor expansion

The first rule on its own gives a Taylor expansion:

fCH -+ v) D f(H) +

2 AH) + T V) + T v, ),

T;’1]+V f(v)

fel

and repeat. We get forall N € N

f(H+V) = Z o

Note: if H and V commute,

22



Asymptotic expansions

We say that T~ Y2 T for T, T, € op(®©) if

N
T= ZT*? €op™(©), my | —co.
k=1

23



Asymptotic expansions

We say that T~ Y2 T for T, T, € op(®©) if

T= ZT*? €op™(©), my | —co.

If f € SB(R), if H € op"(©), h > 0 is ©-elliptic and symmetric, and if
V € op’(©) with r < h, then

If furthermore 6f(V) € op™"("=2) for some ¢ > 0 (for example H = ©,
Ve OP'(9))

H,..., ij ..... mp rm mn +
Tﬂ”] Z Z (ﬂ+m)!6H 5 ]c(n m)

m=0 mMi+---+mMp=m

23



Full expansion

Combining these two asymptotic expansions (if H and V satisfy both
sets of conditions), we obtain

H + V Z Z Cm1 ----- sMn 5mw 5mn f(n+m

H
n,m=0 mMy+---+mp m(n+m)!

Note: this was obtained recognised for PsDOs on closed manifolds in
[Paycha2006].

24



Part 4: Noncommutative QFT




QFT in a nutshell

Quantum Field Theory is infamously not mathematically rigorous.
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QFT in a nutshell

Quantum Field Theory is infamously not mathematically rigorous.

Its ingredients are:

- Objects called fields ¢, which are in the best case functions
¢ : M — C on space-time M, or worse, operator-valued
distributions on M;

- An action S[¢] which is a functional on the space of fields. This
action is expressed in terms of a Lagrangian £ through

SI¢l = Ju £le] dv.

For an observable F, also a functional on the space of fields, its
expected value is given by the path integral

— fl'iclds Fl¢] e%s[dﬂp(b
- fficlds e%5[¢]p¢ '

(F)

25



Standard model

Lsu = —38,950,95 — 95f**°0,959%,95 — 1921 f%¢g8,g59%9¢ +
3i92(G7~*q7 )95, + G0’ G® + gsf*°°9, GG g, — B, W,f O, W, — MPWEW,, —
30,200,20 — = MPZ0Z% — 30,A, a,,A — 18, HO,H — 1m2H? —
0" Oy —M2¢+¢* 10,8°8,,0° — 51z M§®@° — B[ BE + LAH + 3 (H2 +
@0 +2¢1 97 )] + 2 Can — igCu[B, Z0(WEW,, — WEW,) — Zo(WHD, W, —
W, o,Wi) + Z8(WFa,W, — W, 8,Wi)] — igswld,A(WiW, —
WiW?) —AV(W;@W; —Woo,WH) + A (WFo,W, — W, 0,Wi)] —
TPWIW, WEW, + 1gPWEW, WEW, + g2l (ZOWEZ0W, —

ZOZOW+W,,)+g SUAMWI AW, —AAWEW, ) +G2SuCulAy ZO(W+W*
WiW;) — 24,20 vv+vv,,] — ga[H? + Hp g0 + 2H¢t ¢~ — g%an[H* +
(¢0) +4(pT o)+ 4(8°) ¢ o™ +4H T dT +2(¢°)?H ] — gMW W, H —
59 MZﬁZfLH — 3igIWi(¢°8,¢™ — ¢~ 8,9°) — W, (¢°8,0T — ¢+3M¢O)] +
29[W;L(Hau¢_ - (b_auH) - W;(H6;t¢+ - ¢+BILH)] + %QQ*W(Z,%(HBWO -
$00,H) — igLMZO (Wi~ — W 6+) + igsuMA, (Wi — W ¢+) —
/ngcwzowam ~ 67 0u8") + I99uAL(D* 0.4 — 6~ 0,6") -
TPWEWL[H? + (¢°)? + 291 907] — 102 L Z020[H? + (¢°)% + 2(252, —



Gaussian integrals

A fundamental technique to calculate the path integrals in QFT is
inspired by the calculation that for A € M,(C) invertible such that
A=AT R(A)>0,and iy, ..., i, € {1,...,n},

0 k odd

_1

/ Xi, X, e 1M dx = ¢ oy = cever
n Tet (AT, (AT i keven,

where the sum is taken over all ways of grouping the indices i, ..., iy
into R/2 unordered pairs.

27



Feynman graphs

The result of the previous computation can be expressed with
graphs. Suppose for example that we are computing

Jan X6 e~ (A% gy ie. the indices iy, ..., iy are given by
/17i77i17/27i27i27i27’.2~

28



Feynman graphs

The result of the previous computation can be expressed with
graphs. Suppose for example that we are computing

Jan X6 e~ (A% gy ie. the indices iy, ..., iy are given by

I, 0, 01,02, 10, 02, 12, 1. AS R = 8 is even, we need to consider all ways of
grouping these indices into 4 unordered pairs.
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Feynman graphs

The result of the previous computation can be expressed with
graphs. Suppose for example that we are computing

Jan X6 e~ (A% gy ie. the indices iy, ..., iy are given by

I, 0, 01,02, 10, 02, 12, 1. AS R = 8 is even, we need to consider all ways of
grouping these indices into 4 unordered pairs.

Each choice of such a grouping corresponds with a graph,

i\ _ \ h\/ :
<,¥ 4/\> = i { 4\ + ... 104 other pairings
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Hence, for even k,

S n/2
) o= T (X,AX) 4N
/ Xj, - x; TGNy = ST Z Ampl(T
2 dEt graphs I
where the sum is taken over all graphs ' with vertices given by the
indices present on the left-hand side, the degree of the vertices are
the multiplicities of the corresponding indices on the left-hand side,
and

Ampl(lN) = H (A71),~eje.

eedgesinTl
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Hence, for even k,

» n/2
) o= T (X,AX) 4N
P OREED (- d"x = Ampl(l
/ﬂ " i \/det Z P

graphs I

where the sum is taken over all graphs ' with vertices given by the
indices present on the left-hand side, the degree of the vertices are
the multiplicities of the corresponding indices on the left-hand side,
and

Ampl(lN) = H (A71),~eje.

eedgesinTl

The path integral formalism’ in QFT is analogous to this computation
Jr1ao FIgle 4 Dg
ffl?ld§ [”’] (/)

applied to , but on steroids (and not mathematically
rigorous).
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Power counting

F[¢]e%5[¢]

On the nose, the integrals Jnera l5[¢]Df¢ will typically diverge.
eh

fields
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Power counting

Jiseras F161e7 1D

On the nose, the integrals T

will typically diverge.

fields

A common first step to ‘renormalisation’ in QFT is to introduce a
regularising parameter N (or ¢), so that formally

. q _
jfieldS(N) Flgler*¥IDyg N— o0 jfield F[¢]eu5[¢]D¢
e#SlDy g etSlIDg

)

ffields(N) ffields

and

ffields F[¢]e%5[¢]DN¢
o TP > Ampl(T,N).
fields(N graphs I’
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Power counting

Jieras AT DY -
“dew will typically diverge.

fields

On the nose, the integrals

A common first step to ‘renormalisation’ in QFT is to introduce a
regularising parameter N (or ¢), so that formally

Jnaasn FIEIETIDNG oo [, FISIER D

Jeerasny enlDy¢ Jooras €791DG
and o
Joictasuy Flele™* Dyg
J: enSlIDy o - Z Ampl(T, N).
fields(N) graphs I

‘Power counting’ is the analysis of the divergence of Ampl(I', N) as
N — oc.
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Spectral action

By postulating that space-time is given by a very clever spectral
triple (A, H, D), Connes and Chamseddine managed to derive the
bosonic part of the Lagrangian of the standard model from the
asymptotic expansion as A — oo of

Tr(f(Dj\_V)>, fe Co(R).
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Spectral action

By postulating that space-time is given by a very clever spectral
triple (A, H, D), Connes and Chamseddine managed to derive the
bosonic part of the Lagrangian of the standard model from the
asymptotic expansion as A — oo of

Tr(f(Dj\_V>>, fe C°(R).

Continuing work by van Nuland and van Suijlekom, one can instead
try to approach Quantum Field Theory by considering the spectral
action functional V — Tr(f(D + V)) itself as the functional of the
physical theory, instead of taking its asymptotic expansion first.
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A basic noncommutative QFT model

For D a self-adjoint operator with compact resolvent on a separable
Hilbert space H, we study

Voo ... V.

I

jn €7 TAOEN=TO)) d[V]
e;.Tr (D+V)— D))d[\/]

fgauge fields

fgauge fields
The space of gauge fields is given by

N
Q) (A)sq = {Zaj[D, bj] € B(H)sa : N > 0,a;,b; € A}.
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A basic noncommutative QFT model

For D a self-adjoint operator with compact resolvent on a separable
Hilbert space H, we study

Voo ... V.

I

jn €7 TAOEN=TO)) d[V]
e}LTr (D+V)— D))d[\/]

fgauge fields

fgauge fields
The space of gauge fields is given by

N
Q) (A)sq = {Zaj[D, bj] € B(H)sa : N > 0,a;,b; € A}.

As a very basic regularisation, we can simply study
fHN VH/W : V’ mim ehTr(f (O+)= d[\/]

f o7 Tr(f(0+V) (D)) d[\/]
where Hy = span{|¢;) (1] : 1 < i,j < N}sq in an eigenbasis of D and

oo (1 foma) 1L fooe)

1<j<RSN * 1<i<j<N

b



Feynman diagrams

Assuming that f € C2°(R) and V € Hy, we use that

Tr(f(D +V) — (D) = 3 Te(T50(V, ..., V))

n=1
=

= STV (Vs V)
n=1
00 N 1

- Z Z n (]d)[N71]Vh/z o V/niw
n=11jy,...,in=1
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Feynman diagrams

Assuming that f € C2°(R) and V € Hy, we use that

Tr(f(D +V) - f(D)) = Y _ Tr(Tgi " (V... V))
n=1
]
=] 2 ETY(VTI()f/)[n?W](V7 V))

00 N

T i
=>_ > Wi Vi,

n=11i,...,in=1

It was found by van Nuland and van Suijlekom that this allows one,
using (rigorous!) Gaussian integral techniques, to write

Jow Vi~ v,je%“ PO Y]
f o7 Tr(f(D+V)— d[\/]

> Ampl(T,N),

ribbon graphs I
where the sum is taken over a certain kind of ribbon graphs.
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Ribbon graphs

The graphs appearing in the expansion are given by (Go, n, G;) where
Gy is a set of internal vertices, n € N is the number of external
vertices (each with degree 1, decorated by {1,...,n}), G; is the set of
edges, and where each internal vertex has a cyclic ordering.

1

2

Figure 1: A Feynman ribbon graph (Go, 3, G1).

34



Ribbon graph amplitudes (1)

Given a Feynman ribbon graph G = (Go, n, Gy), the relevant
amplitudes we need to calculate are given by a choice iy,...,i, € N,

Arnplj;\’lih_“’in(G),

using some combinatorial procedure. As an example,

i

N
AmplN i ( ) Z
k=

1 2

i Aka)\kaAkaAlz]z
)\Iq )\R]f [Af?’)\f?]zf/[)\k )\Iz]
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Ribbon graph amplitudes (11)

For each vertex bordered by faces with indices iy, ..., i, we multiply
by a factor f/[\;,..., A, ], eg,

j
’><k = ST AR AL
l

for each internal edge bordered by i and j, we divide by a factor

]q[)\,'., >‘j]r ilel,
i B 1
/ = AL

and, finally, we sum over each unbroken face (face without external
edges), eg.

N
k=

1 36



Two amplitudes in the spectral action matrix model are

N
B PN Ay Ajs All
= 5 FIN Ar]

k=1

N
o f[)\jv)‘ﬁv)‘lvARaAjaAi]
= 2 I Aelf [Aes Al

R (=1
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Divided differences

Together with Teun van Nuland and Jesse Reimann, we proved some
delicate estimates on divided differences. We say that f € C*°(R) is
of precise order r € R if for all k € N there exist positive numbers
R, ¢y, ¢, > 0 (depending on k), such that

arlx™F < O] < calx ™k ()
forallx e R\ [-R,R].

Theorem (H.-~van Nuland—-Reimann)

Let f € C*°(R) be such that f’ is of precise order —p — 1 for some
p > 0, and fis positive outside a compact region. Let n € N>; and
assume that {\z}2, € R\ {0} is such that f'[Ag,,..., Ag,] # O for
everym=1,....,nand Ry, ..., Ry € N>q. There exist ¢;,¢; > 0 such
that, for all Ry, ..., Ry with [Ap, | < -+ < |\, |, we have

C1l A TP S (1) Nk - A Ay - - Ay ] < Cof Ay | 7P
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Power counting

Theorem (H.-van Nuland-Reimann)

Let f € C>°(R)g be an even function such that f’ is of precise order
—p — 1for some p € R>q. Let D have an eigenvalue sequence for
which there exist constants K, ¢1, ¢; > 0 such that for all kR > K we
have ciR"9 < |\ < RV, Assume f/[ Mg, ..., A, ] # O for all
Ri,...,kRn € N>q and all n € N>q. Then for any Feynman ribbon
graph G = (G° n,G") whose vertices have valence > 3, for all
external indices iy, ..., In € N>, there exist M, c3, ¢, > 0 such that,
forall N > M,

c;N(@) < |An1p1),c\’,?hm_’,-n(6)| < ¢, N0,

w(G) = U+ g(Eﬁ —Vh),
where U is the number of unbroken faces of G, Eg is the number of
fully internal edges of G (propagators bordered on both sides by

unbroken faces) and Vs is the number of fully internal vertices of G. »



Nonzero-condition

The assumption that f/[Ag,,..., Ag,] # 0 forall ky, ..., kR, € N>y and
all n € N»4 is admittedly quite restrictive, but important.
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Nonzero-condition

The assumption that f/[Ag,,..., Ag,] # 0 forall ky, ..., kR, € N>y and
all n € N»4 is admittedly quite restrictive, but important.

This comes into play in asymptotics for essentially the following

reason. If f has precise order r < 0, then for x fixed with f(x) # 0 and
y — 00, we have

1 _ ) - fy) z,f(x) — Oy
(x,y) . y = o™
But, if f(x) = 0, the asymptotic is more like
gy = T~ O _ i)

x—y y
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The modification

Given a subset b C U of the set of unbroken faces of a Feynman
ribbon graph G, we let G, be the graph obtained from G by artificially
declaring the faces in b to be broken. Elements of b are called
0-faces.

Theorem (H.-~van Nuland—-Reimann)
Conditions as before, but without assuming f'[A,, ..., Ak,] # O.

Then, for all external indices iy, ..., In € N>, there exist M,c, > 0
such that forall N > M,

|Amply ;. (G)] < cuN®©),

p p+1
(6) := maxwe(Go) := max(U° + H(EF — Vi) + —— (Bl — Vio)),

where U® is the number of unbroken faces of Gy, E}; is the number

of fully internal edges of G, and V{ is the number of fully internal
vertices of Gg. Respectively, E%, and V%, are the number of edges

and vertices of Gy that border exactly one 0-face and for the rest 4

rirmhrAalAan FA~A-

&



A future project...

In the future, for operators V4,...,V,, we will need to study the
behaviour of expressions

N

D (Wi, -+ (Va)iyi Amply . (G), (2)
ij=1

42



A future project...

In the future, for operators V4,...,V,, we will need to study the
behaviour of expressions

N
> V)i, (Vi Ampl5 (G), (2)

i.j=1

Between the combination of abstract pseudodifferential calculus,
multiple operator integrals and our previous work on divided
differences, we are optimistic these divergences can be determined
too.
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Thanks for your attention!
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