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Summary of this talk

1. Motivation

2. Pseudodifferential calculus

3. MOIs of pseudodifferential operators

4. Noncommutative QFT

This talk is based on joint work with Edward McDonald, Teun van
Nuland, and Jesse Reimann.
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Part 1: Motivation



Exhibit A

From [ConnesMoscovici1995]
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Exhibit B

From [ConnesMoscovici1995]
3



Exhibit C

From [Higson2003]
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Exhibit D

From [CareyPhillipsRennieSukochev2006]
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Exhibit E

From [vanSuijlekom2011] 6



Multiple operator integrals

Let ϕ : Rn+1 → C be such that

ϕ(λ0, . . . , λn) =

∫
Ω

a0(λ0, ω) · · · an(λn, ω)dν(ω),

with finite measure space (Ω, ν) and measurable and bounded
aj : R× Ω → C.

Let H0, . . . ,Hn be self-adjoint, for V1, . . . , Vn ∈ B(H) define the MOI

TH0,...,Hnϕ (V1, . . . , Vn)ψ

:=

∫
Ω

a0(H0, ω)V1a1(H1, ω) · · · Vnan(Hn, ω)ψdν(ω), ψ ∈ H.

Then,

TH0,...,Hnϕ : B(H)× · · · × B(H) → B(H)

and this does not depend on how we represent ϕ (its symbol).
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A natural phenomenon

Consider for example f : C → C holomorphic, and A,B ∈ B(H)

self-adjoint. Suppose we want to study f(A)− f(B).

For a large enough contour γ,

f(A)− f(B) = 1
2πi

∫
γ

f(z)(z− A)−1 dz− 1
2πi

∫
γ

f(z)(z− B)−1 dz

=
1
2πi

∫
γ

f(z)(z− A)−1(A− B)(z− B)−1 dz

= TA,Bf[1] (A− B).

The symbol f[1] here is very typical.
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Divided differences

Symbols of MOIs encountered in the wild are almost always divided
differences, which are defined recursively for f ∈ Cn(R) as

f[0](λ) := f(λ);

f[n](λ0, . . . , λn) :=
f[n−1](λ0, . . . , λn−1)− f[n−1](λ1, . . . , λn)

λ0 − λn
,

with an appropriate limit if λ0 = λn. In particular,

1
n! f

(n)(λ) = f[n](λ, . . . , λ).
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Why you should care

MOIs are a powerful tool in analysis:

• f(H+ V)− f(H) = TH+V,Hf[1] (V) (analogous to Duhamel’s formula);

• [f(H), V] = TH,Hf[1] ([H, V]);

• dn
dtn f(H+ tV)|t=0 = TH,...,Hf[n] (V, . . . , V),

each of which has been used to obtain sharp estimates. (Potapov,
Sukochev, Skripka, Caspers, Montgomery-Smith, McDonald, Peller, ...)

Furthermore, MOIs can systematise operator integral techniques in
NCG.
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A problem

If you write, like in The Local Index Formula in Noncommutative
Geometry by Nigel Higson, for a spectral triple (A,H,D) and a ∈ A,

[D−2z,a] =
[ ∫

γ

λ−z(λ− D2)−1dλ,a
]

=

∫
γ

λ−z[(λ− D2)−1,a]dλ

=

∫
γ

λ−z(λ− D2)−1[D2,a](λ− D2)−1dλ,

then [D2,a] 6∈ B(H), so this is not a standard MOI.

11



Part 2: Abstract
pseudodifferential calculus



Pseudodifferential operators

On Rd, a differential operator L =
∑

|α|≤k aα(x)∂α can be written as

L = F−1 ◦MpL ◦ F ,

where MpL indicates multiplying with the polynomial
pL(x, ξ) :=

∑
|α|≤k aα(x)ξα.

Generally speaking, a pseudodifferential operator of order k on Rd is
an operator of the form L = F−1 ◦MpL ◦ F where the function pL is
more general, such that

L : Hs+k,2 → Hs,2,

where

Hs,2(Rn) := {f ∈ S ′(Rn) : F−1[(1+ |ξ|2)s/2F f
]
∈ L2(Rn)},

are Bessel potential Sobolev spaces.

On a smooth manifold M, we can define classes of pseudodifferential
operators on L2(M) by patching together operators like this.
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Sobolev spaces

Given an invertible, positive self-adjoint operator Θ on a separable
Hilbert space H, we can define the ‘Sobolev’ spaces Hs, s ∈ R, as the
completion of domΘs under the norm

‖ξ‖2s = 〈ξ, ξ〉s := 〈Θsξ,Θsξ〉H = ‖Θsξ‖2, ξ ∈ domΘs.

This forms a Hilbert space. We have continuous embeddings

Ht ⊆ Hs, s ≤ t,

because
‖Θsξ‖ ≤ ‖Θs−t‖∞‖Θtξ‖.

We put
H∞ :=

∩
s∈R

Hs, H−∞ :=
∪
s∈R

Hs,

and we get for free that H∞ is dense in H.
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Analytic order

Even though Θ itself is an unbounded operator on H, if we regard it
as an operator

Θ : H1 → H0 = H,

it is a perfectly good bounded operator:

‖Θ‖H1→H0 = sup
ξ:∥Θξ∥≤1

‖Θξ‖ = 1.

We define opr(Θ) for r ∈ R as those T : H∞ → H∞ that extend to a
bounded operator

T : Hs+r → Hs, s ∈ R.

We define OPr(Θ) as those T ∈ opr(Θ) for which δnΘ(T) ∈ opr(Θ) for
all n ∈ N, where δΘ(T) = [Θ, T].
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Examples

This framework is the operator-theoretic skeleton of any typical
(one-parameter) pseudodifferential calculus.

• If ∆ is the Laplace operator on Rn, setting Θ = (1−∆)1/2 gives
the standard (Bessel potential) Sobolev spaces. The k-th order
(pseudo)differential operators are contained in OPk(Θ).

• Taking Θ = (1−∆)1/2 where ∆ is the sub-Laplacian on a
stratified Lie group gives the Sobolev spaces defined by Folland
and Stein.

• For a spectral triple (A,H,D) it makes sense to put
Θ = (1+ D2)1/2. Then for example D ∈ OP1(Θ), and for a regular
spectral triple a, [D,a] ∈ OP0(Θ) for all a ∈ A.

• If Θ is bounded, Hs ' H and opr(Θ) = B(H) for all s, r ∈ R.
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Elliptic operators

Our goal is to construct MOIs where all operators are in op(Θ). First,
we need a functional calculus for such operators. Analogously to
usual notions of pseudodifferential operators, a functional calculus
can be constructed for elliptic operators.

We define T ∈ opr(Θ) to be Θ-elliptic, if there is a parametrix
P ∈ op−r(Θ) such that

TP = 1H∞ + op−∞(Θ);

PT = 1H∞ + op−∞(Θ).

By a Borel Lemma argument, it suffices if

TP = 1H∞ + op−1(Θ);

PT = 1H∞ + op−1(Θ).
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Elliptic operators 2

For any spectral triple (A,H,D) and Θ = (1+ D2)1/2, we have that
D ∈ op1(Θ) is Θ-elliptic. Furthermore, D+ V is Θ-elliptic if V ∈ opr(Θ)

with r < 1.

If T ∈ opr(Θ) is Θ-elliptic,

• If x ∈ H−∞, then Tx ∈ Hs implies that x ∈ Hs+r (elliptic
regularity).

• If T : Hr ⊆ H0 → H0 (i.e. r ≥ 0) is a symmetric operator, then it is
self-adjoint given domain Hr. This situation will be referred to
as ‘T is Θ-elliptic and symmetric’. Note: this does not imply that

T : Hr+s ⊆ Hs → Hs

is self-adjoint for any other s ∈ R. In fact, these operators need
not even be symmetric or normal.
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Functional calculus

We write f ∈ Lβ∞(R, E) for some β ∈ R and spectral measure E, if
f(x)(1+ x2)−β/2 ∈ L∞(R, E).

H.–McDonald–van Nuland (2024)
Let T ∈ opr(Θ), r > 0, be Θ-elliptic and symmetric with spectral
measure ET. If f ∈ Lβ∞(R, ET), β ∈ R, then

f(T) ∈ oprβ(Θ).

Furthermore, if A is self-adjoint on H, A ∈ opt(Θ), t ∈ R, and A
commutes strongly with T, then for f ∈ Lβ∞(R, EA), β ≥ 0, we have

f(A) ∈ optβ(Θ).

This second part applies for example to i ddx in op(1−∆)1/2 on Rd.
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Part 3: MOIs as pseudodifferential
operators



Unbounded MOIs

H.–McDonald–van Nuland (2024)
Let Hi ∈ ophi(Θ), hi > 0 Θ-elliptic and symmetric for i = 0, . . . ,n,
and Xi ∈ opri(Θ) for i = 1, . . . ,n. Let ϕ : Rn+1 → C such that

ϕ(λ0, . . . , λn) =

∫
Ω

a0(λ0, ω) · · · an(λn, ω)dν(ω),

with finite measure space (Ω, ν) with
aj(x, ω)(1+ x2)−βj/2 : R×Ω → C measurable and bounded. Then for
ψ ∈ H∞,

TH0,...,Hnϕ (X1, . . . , Xn)ψ :=

∫
Ω

a0(H0, ω)X1a1(H1, ω) · · · Xnan(Hn, ω)ψdν(ω)

is a well-defined vector in H∞ independent of the representation
of ϕ, and

TH0,...,Hnϕ : opr1(Θ)× · · · × oprn(Θ) → op
∑

j rj+
∑

j βjhj(Θ).
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Unbounded MOIs: the useful bit

If f ∈ Cn+2(R), and f(k) ∈ Lβ−k∞ (R) for k = 0, . . . ,n+ 2, then for
H ∈ oph(Θ), h > 0 Θ-elliptic and symmetric, and Xi ∈ opri(Θ),

TH,...,Hf[n] (X1, . . . , Xn) ∈
∩
ε>0

op(β−n)h+
∑

j rj+ε(Θ).

Note: the order is ε worse than that of 1
n!X1 · · · Xn f

(n)(H), which would
equal the LHS if X1, . . . , Xn commute strongly with H.

If f ∈ C∞(R) and f(k) ∈ Lβ−k∞ (R) for all k ∈ N, we write f ∈ Sβ(R).

For integral we saw earlier, with the appropriate conditions on D and
a, we have∫
γ

λ−z(λ−D2)−1[D2,a](D2−λ)−1dλ = TD
2,D2
f[1] ([D2,a]) ∈

∩
ε>0

op−2ℜ(z)−1+ε(Θ),

with f(x) = x−z and Θ = (1+ D2) 12 .
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Note: the order is ε worse than that of 1
n!X1 · · · Xn f

(n)(H), which would
equal the LHS if X1, . . . , Xn commute strongly with H.

If f ∈ C∞(R) and f(k) ∈ Lβ−k∞ (R) for all k ∈ N, we write f ∈ Sβ(R).

For integral we saw earlier, with the appropriate conditions on D and
a, we have∫
γ

λ−z(λ−D2)−1[D2,a](D2−λ)−1dλ = TD
2,D2
f[1] ([D2,a]) ∈

∩
ε>0

op−2ℜ(z)−1+ε(Θ),

with f(x) = x−z and Θ = (1+ D2) 12 .
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Two rules

MOIs as we defined them come with two identities:

1. f(A)− f(B) = TA,Bf[1] (A− B);

2. [f(H),a] = TH,Hf[1] ([H,a]),

and the higher order analogues (since THf[0]() = f(H))

1. TH0,...,A,...,Hnf[n] (V1, . . . , Vn)− TH0,...,B,...,Hnf[n] (V1, . . . , Vn)
= TH0,...,A,B,...,Hnf[n+1] (V1, . . . , A− B, . . . , Vn);

2. TH0,...,Hnf[n] (V1, . . . , Vj−1,aVj, . . . , Vn)−TH0,...,Hnf[n] (V1, . . . , Vj−1a, Vj, . . . , Vn)
= TH0,...,Hj,Hj,...,Hnf[n+1] (V1, . . . , Vj−1, [Hj,a], Vj+1, . . . , Vn).
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Taylor expansion

The first rule on its own gives a Taylor expansion:

f(H+ V) (1)
= f(H) + TH+V,Hf[1] (V)
(1)
= f(H) + TH,Hf[1] (V) + TH+V,H,Hf[2] (V, V),

and repeat. We get for all N ∈ N

f(H+ V) =
N∑
n=0

TH,...,Hf[n] (V, . . . , V) + TH+V,H,...,Hf[N+1] (V, . . . , V).

Note: if H and V commute,

TH,...,Hf[n] (V, . . . , V) = 1
n! f

(n)(H)Vn.
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Asymptotic expansions

We say that T ∼
∑∞

k=0 Tk for T, Tk ∈ op(Θ) if

T−
N∑
k=1

Tk ∈ opmN(Θ), mN ↓ −∞.

If f ∈ Sβ(R), if H ∈ oph(Θ), h > 0 is Θ-elliptic and symmetric, and if
V ∈ opr(Θ) with r < h, then

f(H+ V) ∼
∞∑
n=0

TH,...,Hf[n] (V, . . . , V).

If furthermore δnH(V) ∈ opr+n(h−ε) for some ε > 0 (for example H = Θ,
V ∈ OPr(Θ))

TH,...,Hf[n] (V, . . . , V) ∼
∞∑
m=0

∑
m1+···+mn=m

Cm1,...,mn

(n+m)!
δm1
H (V) · · · δmn

H (V)f(n+m)(H).

Combined,

f(H+ V) ∼
∞∑

n,m=0

∑
m1+···+mn=m

Cm1,...,mn

(n+m)!
δm1
H (V) · · · δmn

H (V)f(n+m)(H).
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Part 4: Noncommutative QFT



QFT in a nutshell

Quantum Field Theory is infamously not mathematically rigorous.

Its ingredients are:

• Objects called fields ϕ, which are in the best case functions
ϕ : M→ C on space-time M, or worse, operator-valued
distributions on M;

• An action S[ϕ] which is a functional on the space of fields. This
action is expressed in terms of a Lagrangian L through
S[ϕ] =

∫
M L[ϕ]dν .

For an observable F, also a functional on the space of fields, its
expected value is given by the path integral

〈F〉 =
∫

fields F[ϕ]e
1
ℏ S[ϕ]Dϕ∫

fields e
1
ℏ S[ϕ]Dϕ

.
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Standard model

LSM = − 1
2∂νg

a
µ∂νgaµ − gsfabc∂µgaνgbµgcν − 1

4g
2
sfabcfadegbµgcνgdµgeν +

1
2 ig

2
s(q̄σi γµqσj )gaµ+ Ḡa∂2Ga+gsfabc∂µḠaGbgcµ−∂νW+

µ∂νW−
µ −M2W+

µW−
µ −

1
2∂νZ

0
µ∂νZ0µ − 1

2c2w
M2Z0µZ0µ − 1

2∂µAν∂µAν − 1
2∂µH∂µH− 1

2m
2
hH2 −

∂µϕ
+∂µϕ

−−M2ϕ+ϕ−− 1
2∂µϕ

0∂µϕ
0− 1

2c2w
Mϕ0ϕ0−βh[ 2M

2

g2 + 2M
g H+

1
2 (H

2+

ϕ0ϕ0+ 2ϕ+ϕ−)]+ 2M4

g2 αh− igcw[∂νZ
0
µ(W+

µW−
ν −W+

νW−
µ )−Z0ν(W+

µ∂νW−
µ −

W−
µ ∂νW+

µ ) + Z0µ(W+
ν ∂νW−

µ −W−
ν ∂νW+

µ )]− igsw[∂νAµ(W+
µW−

ν −
W+

νW−
µ )− Aν(W+

µ∂νW−
µ −W−

µ ∂νW+
µ ) + Aµ(W+

ν ∂νW−
µ −W−

ν ∂νW+
µ )]−

1
2g

2W+
µW−

µW+
νW−

ν + 1
2g

2W+
µW−

ν W+
µW−

ν + g2c2w(Z0µW+
µZ0νW−

ν −
Z0µZ0µW+

νW−
ν )+g2s2w(AµW+

µAνW−
ν −AµAµW+

νW−
ν )+g2swcw[AµZ0ν(W+

µW−
ν −

W+
νW−

µ )− 2AµZ0µW+
νW−

ν ]− gα[H3 + Hϕ0ϕ0 + 2Hϕ+ϕ−]− 1
8g

2αh[H4 +
(ϕ0)4+4(ϕ+ϕ−)2+4(ϕ0)2ϕ+ϕ−+4H2ϕ+ϕ−+2(ϕ0)2H2]−gMW+

µW−
µH−

1
2g

M
c2w
Z0µZ0µH− 1

2 ig[W
+
µ (ϕ

0∂µϕ
− − ϕ−∂µϕ

0)−W−
µ (ϕ

0∂µϕ
+ − ϕ+∂µϕ

0)] +
1
2g[W

+
µ (H∂µϕ− − ϕ−∂µH)−W−

µ (H∂µϕ+ − ϕ+∂µH)] + 1
2g

1
cw (Z

0
µ(H∂µϕ0 −

ϕ0∂µH)− ig s
2
w
cwMZ

0
µ(W+

µϕ
− −W−

µ ϕ
+) + igswMAµ(W+

µϕ
− −W−

µ ϕ
+)−

ig 1−2c
2
w

2cw Z0µ(ϕ+∂µϕ− − ϕ−∂µϕ
+) + igswAµ(ϕ+∂µϕ− − ϕ−∂µϕ

+)−
1
4g

2W+
µW−

µ [H2 + (ϕ0)2 + 2ϕ+ϕ−]− 1
4g

2 1
c2w
Z0µZ0µ[H2 + (ϕ0)2 + 2(2s2w −

1)2ϕ+ϕ−]− 1
2g

2 s2w
cw Z

0
µϕ

0(W+
µϕ

−+W−
µ ϕ

+)− 1
2 ig

2 s2w
cw Z

0
µH(W+

µϕ
−−W−

µ ϕ
+)+

1
2g

2swAµϕ0(W+
µϕ

−+W−
µ ϕ

+)+ 1
2 ig

2swAµH(W+
µϕ

−−W−
µ ϕ

+)−g2 swcw (2c
2
w−

1)Z0µAµϕ+ϕ− − g1s2wAµAµϕ+ϕ− − ēλ(γ∂ +mλ
e )eλ − ν̄λγ∂νλ − ūλj (γ∂ +

mλ
u )uλj − d̄λj (γ∂ +mλ

d )dλj + igswAµ[−(ēλγµeλ) + 2
3 (ū

λ
j γ

µuλj )−
1
3 (d̄

λ
j γ

µdλj )] +
ig
4cw Z

0
µ[(ν̄

λγµ(1+ γ5)νλ) + (ēλγµ(4s2w − 1− γ5)eλ) +
(ūλj γµ(

4
3s

2
w − 1− γ5)uλj ) + (d̄λj γµ(1−

8
3s

2
w − γ5)dλj )] +

ig
2
√
2W

+
µ [(ν̄

λγµ(1+
γ5)eλ) + (ūλj γµ(1+ γ5)Cλκdκj )] +

ig
2
√
2W

−
µ [(ēλγµ(1+ γ5)νλ) +

(d̄κj C
†
λκγ

µ(1+ γ5)uλj )] +
ig
2
√
2
mλ
e
M [−ϕ+(ν̄λ(1− γ5)eλ) + ϕ−(ēλ(1+

γ5)νλ)]− g
2
mλ
e
M [H(ēλeλ) + iϕ0(ēλγ5eλ)] + ig

2M
√
2ϕ

+[−mκ
d(ūλj Cλκ(1−

γ5)dκj ) +mλ
u (ūλj Cλκ(1+ γ5)dκj ] +

ig
2M

√
2ϕ

−[mλ
d (d̄λj C

†
λκ(1+ γ5)uκj )−

mκ
u(d̄λj C

†
λκ(1− γ5)uκj ]−

g
2
mλ
u
M H(ū

λ
j uλj )−

g
2
mλ
d
M H(d̄

λ
j dλj ) +

ig
2
mλ
u
M ϕ

0(ūλj γ5uλj )−
ig
2
mλ
d
M ϕ

0(d̄λj γ5dλj )+ X̄+(∂2−M2)X++ X̄−(∂2−M2)X−+

X̄0(∂2 − M2

c2w
)X0 + Ȳ∂2Y+ igcwW+

µ (∂µX̄0X− − ∂µX̄+X0) + igswW+
µ (∂µȲX− −

∂µX̄+Y) + igcwW−
µ (∂µX̄−X0 − ∂µX̄0X+) + igswW−

µ (∂µX̄−Y− ∂µȲX+) +
igcwZ0µ(∂µX̄+X+−∂µX̄−X−)+ igswAµ(∂µX̄+X+−∂µX̄−X−)− 1

2gM[X̄
+X+H+

X̄−X−H+ 1
c2w
X̄0X0H] + 1−2c2w

2cw igM[X̄+X0ϕ+ − X̄−X0ϕ−] + 1
2cw igM[X̄
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X̄0X+ϕ−] + igMsw[X̄0X−ϕ+ − X̄0X+ϕ−] + 1

2 igM[X̄
+X+ϕ0 − X̄−X−ϕ0]

25



Gaussian integrals

A fundamental technique to calculate the path integrals in QFT is
inspired by the calculation that for A ∈ Mn(C) invertible such that
A = AT, <(A) ≥ 0, and i1, . . . , ik ∈ {1, . . . ,n},

∫
Rn
xi1 · · · xike

− 1
2 ⟨x,Ax⟩dnx =

0 k odd,
(2π)n/2√

det A

∑
(A−1)ij1 ij2 · · · (A

−1)ijk−1 ijk
k even,

where the sum is taken over all ways of grouping the indices i1, . . . , ik
into k/2 unordered pairs.
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Feynman graphs

The result of the previous computation can be expressed with
graphs. Suppose for example that we are computing∫
Rn x3i1x

5
i2 e

− 1
2 ⟨x,Ax⟩ dnx, i.e. the indices i1, . . . , ik are given by

i1, i1, i1, i2, i2, i2, i2, i2.

As k = 8 is even, we need to consider all ways of
grouping these indices into 4 unordered pairs.

Each choice of such a grouping corresponds with a graph,

27



Feynman graphs

The result of the previous computation can be expressed with
graphs. Suppose for example that we are computing∫
Rn x3i1x

5
i2 e

− 1
2 ⟨x,Ax⟩ dnx, i.e. the indices i1, . . . , ik are given by

i1, i1, i1, i2, i2, i2, i2, i2. As k = 8 is even, we need to consider all ways of
grouping these indices into 4 unordered pairs.

Each choice of such a grouping corresponds with a graph,

27



Feynman graphs

The result of the previous computation can be expressed with
graphs. Suppose for example that we are computing∫
Rn x3i1x

5
i2 e

− 1
2 ⟨x,Ax⟩ dnx, i.e. the indices i1, . . . , ik are given by

i1, i1, i1, i2, i2, i2, i2, i2. As k = 8 is even, we need to consider all ways of
grouping these indices into 4 unordered pairs.

Each choice of such a grouping corresponds with a graph,

27



Amplitudes

Hence, for even k,∫
Rn
xi1 · · · xike

− 1
2 ⟨x,Ax⟩dnx = (2π)n/2√

detA

∑
graphs Γ

Ampl(Γ),

where the sum is taken over all graphs Γ with vertices given by the
indices present on the left-hand side, the degree of the vertices are
the multiplicities of the corresponding indices on the left-hand side,
and

Ampl(Γ) =
∏

e edges in Γ

(A−1)ieje .

The path integral ‘formalism’ in QFT is analogous to this computation
applied to

∫
fields F[ϕ]e

1
ℏ S[ϕ]Dϕ∫

fields e
1
ℏ S[ϕ]Dϕ

, but on steroids (and not mathematically

rigorous).
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Power counting

On the nose, the integrals
∫

fields F[ϕ]e
1
ℏ S[ϕ]Dϕ∫

fields e
1
ℏ S[ϕ]Dϕ

will typically diverge.

A common first step to ‘renormalisation’ in QFT is to introduce a
regularising parameter N (or ε), so that formally∫

fields(N) F[ϕ]e
1
ℏ S[ϕ]DNϕ∫

fields(N) e
1
ℏ S[ϕ]DNϕ

N→∞−−−−→
∫

fields F[ϕ]e
1
ℏ S[ϕ]Dϕ∫

fields e
1
ℏ S[ϕ]Dϕ

,

and ∫
fields(N) F[ϕ]e

1
ℏ S[ϕ]DNϕ∫

fields(N) e
1
ℏ S[ϕ]DNϕ

=
∑

graphs Γ

Ampl(Γ,N).

‘Power counting’ is the analysis of the divergence of Ampl(Γ,N) as
N→ ∞.
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Spectral action

By postulating that space-time is given by a very clever spectral
triple (A,H,D), Connes and Chamseddine managed to derive the
bosonic part of the Lagrangian of the standard model from the
asymptotic expansion as Λ → ∞ of

Tr
(
f
(D+ V

Λ

))
, f ∈ C∞(R).

Continuing work by van Nuland and van Suijlekom, one can instead
try to approach Quantum Field Theory by considering the spectral
action functional V 7→ Tr(f(D+ V)) itself as the functional of the
physical theory, instead of taking its asymptotic expansion first.
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A basic noncommutative QFT model

For D a self-adjoint operator with compact resolvent on a separable
Hilbert space H, we study∫

gauge fields Vi1j1 · · · Vimjme
1
ℏ Tr(f(D+V)−f(D)) d[V]∫

gauge fields e
1
ℏ Tr(f(D+V)−f(D)) d[V]

.

The space of gauge fields is given by

Ω1
D(A)sa =

{ N∑
j=1

aj[D,bj] ∈ B(H)sa : N ≥ 0,aj,bj ∈ A
}
.

As a very basic regularisation, we can simply study∫
HN Vi1j1 · · · Vimjme

1
ℏ Tr(f(D+V)−f(D)) d[V]∫

HN e
1
ℏ Tr(f(D+V)−f(D)) d[V]

,

where HN = span{|ψi〉 〈ψj| : 1 ≤ i, j ≤ N}sa in an eigenbasis of D and∫
HN
d[V] :=

( ∏
1≤j≤k≤N

∫
R
d(<(Vjk))

)( ∏
1≤i<j≤N

∫
R
d(=(Vjk))

)
.
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Hilbert space H, we study∫

gauge fields Vi1j1 · · · Vimjme
1
ℏ Tr(f(D+V)−f(D)) d[V]∫

gauge fields e
1
ℏ Tr(f(D+V)−f(D)) d[V]

.

The space of gauge fields is given by

Ω1
D(A)sa =

{ N∑
j=1

aj[D,bj] ∈ B(H)sa : N ≥ 0,aj,bj ∈ A
}
.

As a very basic regularisation, we can simply study∫
HN Vi1j1 · · · Vimjme

1
ℏ Tr(f(D+V)−f(D)) d[V]∫

HN e
1
ℏ Tr(f(D+V)−f(D)) d[V]

,

where HN = span{|ψi〉 〈ψj| : 1 ≤ i, j ≤ N}sa in an eigenbasis of D and∫
HN
d[V] :=

( ∏
1≤j≤k≤N

∫
R
d(<(Vjk))

)( ∏
1≤i<j≤N

∫
R
d(=(Vjk))

)
.
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Feynman diagrams

Assuming that f ∈ C∞c (R) and V ∈ HN, we use that

Tr(f(D+ V)− f(D)) =
∞∑
n=1

Tr(TD,...,Df[n] (V, . . . , V))

=
∞∑
n=1

1
nTr(VTD,...,D

(f′)[n−1](V, . . . , V))

=
∞∑
n=1

N∑
i1,...,in=1

1
n (f

′)[n−1]Vi1i2 · · · Vini1 .

It was found by van Nuland and van Suijlekom that this allows one,
using (rigorous!) Gaussian integral techniques, to write∫

HN Vi1j1 · · · Vimjme
1
ℏ Tr(f(D+V)−f(D)) d[V]∫

HN e
1
ℏ Tr(f(D+V)−f(D)) d[V]

=
∑

ribbon graphs Γ

Ampl(Γ,N),

where the sum is taken over a certain kind of ribbon graphs.
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Ribbon graphs

The graphs appearing in the expansion are given by (G0,n,G1) where
G0 is a set of internal vertices, n ∈ N is the number of external
vertices (each with degree 1, decorated by {1, . . . ,n}), G1 is the set of
edges, and where each internal vertex has a cyclic ordering.

3

1

2

Figure 1: A Feynman ribbon graph (G0, 3,G1).
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Ribbon graph amplitudes (I)

Given a Feynman ribbon graph G = (G0,n,G1), the relevant
amplitudes we need to calculate are given by a choice i1, . . . , in ∈ N,

Amplf,DN,i1,...,in(G),

using some combinatorial procedure. As an example,

Amplf,DN,i1,i2

(
1 2

)
=

N∑
k=1

i1

i2

k

=
N∑
k=1

f′[λi1 , λk, λk, λk, λi2 ]2
f′[λi1 , λk]f′[λk, λk]2f′[λk, λi2 ]

.
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Ribbon graph amplitudes (II)

For each vertex bordered by faces with indices i1, . . . , in, we multiply
by a factor f′[λi1 , . . . , λin ], e.g.,

i
j
k

l
= f′[λi, λj, λk, λl],

for each internal edge bordered by i and j, we divide by a factor
f′[λi, λj], i.e.,

i
j

=
1

f′[λi, λj]
,

and, finally, we sum over each unbroken face (face without external
edges), e.g.,

=
N∑
k=1

k .
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Examples

Two amplitudes in the spectral action matrix model are

i

j

=
N∑
k=1 i

j
k

=
N∑
k=1

f′[λj, λk, λj, λi]
f′[λj, λk]

,

and

i

j

=
N∑

k,l=1 i

j k
l

=
N∑

k,l=1

f′[λj, λk, λl, λk, λj, λi]
f′[λj, λk]f′[λk, λl]

.
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Divided differences

Together with Teun van Nuland and Jesse Reimann, we proved some
delicate estimates on divided differences. We say that f ∈ C∞(R) is
of precise order r ∈ R if for all k ∈ N there exist positive numbers
R, c1, c2 > 0 (depending on k), such that

c1|x|r−k ≤ |f(k)(x)| ≤ c2|x|r−k (1)

for all x ∈ R \ [−R,R].

Theorem (H.–van Nuland–Reimann)
Let f ∈ C∞(R) be such that f′ is of precise order −p− 1 for some
p ≥ 0, and f is positive outside a compact region. Let n ∈ N≥1 and
assume that {λk}∞k=1 ⊆ R \ {0} is such that f′[λk1 , . . . , λkm ] 6= 0 for
every m = 1, . . . ,n and k1, . . . , km ∈ N≥1. There exist c1, c2 > 0 such
that, for all k1, . . . , kn with |λk1 | ≤ · · · ≤ |λkn |, we have

c1|λk1 |−p ≤ (−1)nλk1 · · ·λkn f′[λk1 , . . . , λkn ] ≤ c2|λk1 |−p.
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Power counting

Theorem (H.–van Nuland–Reimann)
Let f ∈ C∞(R)R be an even function such that f′ is of precise order
−p− 1 for some p ∈ R≥0. Let D have an eigenvalue sequence for
which there exist constants K, c1, c2 > 0 such that for all k ≥ K we
have c1k1/d ≤ |λk| ≤ c2k1/d. Assume f′[λk1 , . . . , λkn ] 6= 0 for all
k1, . . . , kn ∈ N≥1 and all n ∈ N≥1. Then for any Feynman ribbon
graph G = (G0,n,G1) whose vertices have valence ≥ 3, for all
external indices i1, . . . , in ∈ N≥1, there exist M, c3, c4 > 0 such that,
for all N ≥ M,

c3Nω(G) ≤ |Amplf,DN,i1,...,in(G)| ≤ c4Nω(G);

ω(G) = U+
p
d (Efi − Vfi),

where U is the number of unbroken faces of G, Efi is the number of
fully internal edges of G (propagators bordered on both sides by
unbroken faces) and Vfi is the number of fully internal vertices of G.
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Nonzero-condition

The assumption that f′[λk1 , . . . , λkn ] 6= 0 for all k1, . . . , kn ∈ N≥1 and
all n ∈ N≥1 is admittedly quite restrictive, but important.

This comes into play in asymptotics for essentially the following
reason. If f has precise order r < 0, then for x fixed with f(x) 6= 0 and
y→ ∞, we have

f[1](x, y) = f(x)− f(y)
x− y ≈ − f(x)y = O(y−1).

But, if f(x) = 0, the asymptotic is more like

f[1](x, y) = −f(y)
x− y ≈ − f(y)y = O(yr−1).
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The modification

Given a subset b ⊆ U of the set of unbroken faces of a Feynman
ribbon graph G, we let Gb be the graph obtained from G by artificially
declaring the faces in b to be broken. Elements of b are called
0-faces.
Theorem (H.–van Nuland–Reimann)
Conditions as before, but without assuming f′[λk1 , . . . , λkn ] 6= 0.
Then, for all external indices i1, . . . , in ∈ N≥1, there exist M, c4 > 0
such that for all N ≥ M,

|AmplN,i1,...,in(G)| ≤ c4Nω̃(G),

ω̃(G) := max
b⊆U

ωb(Gb) := max
b⊆U

(Ub +
p
d (E

b
fi − Vbfi) +

p+ 1
d (Eb10 − Vb10)),

where Ub is the number of unbroken faces of Gb, Ebfi is the number
of fully internal edges of Gb and Vbfi is the number of fully internal
vertices of Gb. Respectively, Eb10 and Vb10 are the number of edges
and vertices of Gb that border exactly one 0-face and for the rest
unbroken faces.
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A future project...

In the future, for operators V1, . . . , Vn, we will need to study the
behaviour of expressions

N∑
i.j=1

(V1)i1i2 · · · (Vn)ini1Amplf,DN,i1,...,in(G). (2)

Between the combination of abstract pseudodifferential calculus,
multiple operator integrals and our previous work on divided
differences, we are optimistic these divergences can be determined
too.
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Thanks

Thanks for listening!
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