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Abstract

Trace formulas appear in many forms in noncommutative geometry (NCG). In the first
part of this thesis, we obtain results for asymptotic expansions of trace formulas like heat
trace expansions by adapting the theory of Multiple Operator Integration to NCG. More
broadly, this construction provides a natural language for operator integrals in NCG,
which systematises and simplifies operator integral arguments throughout the literature.
Towards this end, we construct a functional calculus for abstract pseudodifferential op-
erators and generalise Peller’s construction of multiple operator integrals to this abstract
pseudodifferential calculus. In the process, we obtain a noncommutative Taylor formula.

In the second part of this thesis, we shift our attention to Dixmier trace formulas. First, we
provide an approximation of the noncommutative integral for spectrally truncated spectral
triples in the Connes—Van Suijlekom paradigm of operator system spectral triples. Our
approximation has a close link to Quantum Ergodicity, which we will use to state an NCG
analogue of the fundamental result that ergodic geodesic flow implies quantum ergodicity.
Furthermore, we provide a Szeg6 limit theorem in NCG. Next, we provide a Dixmier trace
formula for the density of states, a measure originating in solid state physics that can be
associated with an operator on a geometric space. We first provide this formula in the
setting of discrete metric spaces, and then in the setting of manifolds of bounded geometry.
The latter leads to a Dixmier trace formula for Roe’s index on open manifolds.
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Chapter 1

Introduction

Do not forget our motto “work harder”, and act accordingly.

Fedor Sukochev

The thesis before you covers a variety of topics in spectral theory, tied together by Alain
Connes’ philosophy of noncommutative geometry [Con94|. These will be served in two
parts: the first concerns pseudodifferential operators and multiple operator integrals based
on the paper [HMN24], the second part revolves around Dixmier trace formulas related
to Connes’ integral formula based on the papers |Aza+22; HM24a; HM24b|. All four
papers are joint works with Edward McDonald, and furthermore Nurulla Azamov, Teun

van Nuland, Fedor Sukochev and Dmitriy Zanin feature as co-author on one paper each.

Along the way we will additionally encounter heat trace expansions, quantum ergodicity,
and a little index theory. While this mix hopefully provides an entertaining read, as a
consequence there is a lot of background material to discuss. I have made an attempt to
summarise the five main themes of this dissertation in five sections. The experts and the
brave could skip ahead as the mathematical content of each chapter is meant to stand
alone — with the exception of Chapter [3] which depends on Chapter 2] In comparison
with the papers this thesis draws from, the presentation here is made more accessible,

with additional background information and some novel results.



CHAPTER 1. INTRODUCTION

1.1 Noncommutative geometry

Over the past decades noncommutative geometry has developed into a rich field of math-
ematics, bringing together differential geometry, functional analysis, spectral theory, K-
theory, representation theory, quantum field theory, and many more areas. It allows the
study of ‘manifolds’ on which coordinate functions do not necessarily commute, exotic
spaces which appear in various areas of mathematics and physics. As any brief summary
of this subject must, the overview here leaves out many interesting and important as-
pects of NCG. Recommended expositions which do more justice to the field can be found
in [Con94; GVFO01; Sui25|. The book [EIL8] is an excellent reference for many of the
analytical details that we will use. For a more algebraic introduction to noncommutative

geometry, see [Khal3].

1.1.1 Spectral geometry

As is taught in kindergarten, operators associated with geometric spaces carry geometric
information in their spectra which can be carefully extracted. Indeed, (hearing) children
can tell that smaller objects tend to produce higher-pitched sounds, hollow objects sound
different from solid ones, and can blindly distinguish between the sound of strings, drums,

and blocks. What their ears are picking up is the spectrum of the Laplace operator.

Modeling an object as a bounded domain (open connected set) in d-dimensional Euclidean
space QO C R?, the sound it produces when lightly struck decomposes into frequencies
which are determined by the eigenvalues of the Laplace operator A := ?:1 8]2 on () with
Dirichlet boundary conditions, that is, they are the eigenvalues of those A € R>( for which

there exists a solution of the Helmholtz equation
—Au(z) =du(z), ze
ulan =0.

Writing N(A) for the number of such eigenvalues (counting multiplicities) less than A,



1.1.1 Spectral geometry

Weyl’s law [Wey12; Cha84; Ivrl6| gives that

N(A) ~ ﬁw(ﬂ)x%, A = 00, (1.1)

where wy is the volume of the unit sphere $~! C R?, and ~ means that the ratio con-
verges to 1. This indicates that in a perfect world, our ears can detect the dimension d
and the volume of an object. For d > 2 and with technical assumptions on ) (smooth
boundary, set of periodic billiards has measure zero), Duistermaat, Guillemin and Ivrii
have shown |[DGT75; Ivr80; Ivr16] that even the d — 1-dimensional volume of the boundary
0Q), Vol(9Q)), can be ‘heard’ as indicated by the Weyl law with error terms

2 _\ol(Q)AT — Yl Vol(dQ)AT +0o(AF), A— oo (1.2)

N ~ A1) en*

d(27r)
This error term was already conjectured by Weyl himself |Wey13|. However, note that

spheres satisfy neither these technical conditions nor this version of Weyl’s law [lvr16].

See Figure [I.] for an illustration of the effect of the error term in Weyl’s law.

More is true: even information about an object’s curvature is hidden inside the spectrum
of the Laplace operator. Taking now a closed (oriented) Riemannian manifold (M, g)
with Laplace-Beltrami operator A,, Minakshisundaram and Pleijel [MP49| proved that

the heat trace admits an asymptotic expansion
Tr(exp(tAg) Zak 2, t— 0,

the first coefficients of which can be given as [Ber68; |Gil75|

_d

ap(Dg) = (47T) 2 Vol(M);
az(Dg) = %/ Rdy,,
where v, is the Riemannian volume form of M and R is the scalar curvature. The coeffi-

cients ay(A,) vanish for odd k, and the higher coeffients aj(A,) are integrals over M of

(complicated) expressions involving the metric of M |Gil75].

These facts raise the question how far this philosophy can be pushed. And indeed it is

tradition in any text on spectral geometry to cite an influential essay by Mark Kac from
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Figure 1.1: Weyl’s law and the spectral counting function for the Laplacian on a disk
and a 5-pointed star, with Dirichlet boundary conditions. Both domains have area equal
to 1, making the first-order term in Weyl’s law the same, N(\) ~ ﬁ)\, plotted in blue.
The 5-pointed star has a longer perimeter than the disk, resulting in a larger deviation
from Weyl’s law . These eigenvalues were generated in Python with the finite-element
method, using FEniCSx [Bar+23].

1966 with the title “Can one hear the shape of a drum?” . In this text, Kac asked
whether a bounded domain in IR? can be determined up to isometries by the eigenvalues
of the Laplace operator, and explored various aspects surrounding this question. For
Riemannian manifolds the answer was known to be negative — only much later
two isospectral domains in IR? were identified , answering Kac’s question in the

negative, see Figure |1.2

In some sense, the Laplacian is not too far off from pinning down a compact Riemannian
manifold, however. Let us say that the Riemannian manifolds (M, ¢1) and (Ma, g2) are
isometric if there exists a diffeomorphism ¢ : M7 — My such that ¢*gs = g1, where ¢* de-

notes the pull-back via ¢. Arendt, Biegert and Ter Elst proved that the data (Lo (M), A,)
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0 1 2 3 0 1 2 3

Figure 1.2: Two domains in IR? with spectrally indistinguishable Laplacians [GWW92].
This figure was created by Jitse Niesen and is in public domain.

in combination with the cone of positive elements Lo(M )., that is, those ¢ € Lo(M)

corresponding to positive real-valued functions, determines the manifold up to isometries.

Theorem 1.1.1 (|[ABE12|). Let (M, ¢1) and (M, g2) be connected compact Riemannian
manifolds, with corresponding Laplace—Beltrami operators A1 and As. Then the following

are equivalent:

1. the Riemannian manifolds (Mi,g1) and (Ma,g2) are isometric;

2. there exists a bounded linear map U : Loy(My) — La(Ma) such that

¢ € Ly(M1)y <= Ug¢ € Ly(My)y;

UMy = AQU.

Still, the cone of positive elements Lo(M )4 is in some sense not operator theoretical, and
one can wonder if there is a clever and natural way to nail down a compact Riemannian

manifold using only operators.

And indeed there is an algebra of operators on Lo(M) that we can add to the data
(L2(M),Ay) to do this job. It is the commutative C*-algebra C'(M) of continuous
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complex-valued functions on M, which represents canonically as bounded operators on
Lo(M) via pointwise multiplication: for f € C (M) we write
Mf : L2<M) — LQ(M)

g+ fg.
Then the triple (C(M), Lo(M),Ay) uniquely determines the Riemannian manifold.

Corollary 1.1.2. Let (M, g1) and (Ma,g2) be connected compact Riemannian mani-
folds, with corresponding Laplace—Beltrami operators A1 and Ao. Then the following are

equivalent:

1. the Riemannian manifolds (Mi,g1) and (Ma,g2) are isometric;

2. there exists a unital x-isomorphism v : C(My) = C(Ms) and a unitary operator

U : LQ(M1> — LQ(MQ) such that

UMf:Mw(f)U, fEC(Ml)

UA; = AU.

Proof. (1) = (2) is trivial. For the reverse direction, suppose we have a unitary U :
Lo(My) — Lo(Ms) as in (2). Because the manifolds M; are assumed to be compact, the
kernel of A; consists of constant functions. Since U intertwines the Laplacians A;, we can
therefore assume without loss of generality that Ulp, ;) = 11,(as)- By Theorem m,

we need only check that
¢ € Lo(My)4 <= Ud € Ly(My)+.
Indeed, we have

¢ € La(My)y = <Mf1L2(M1)7¢>L2(M1) >0 VYfeC(M),
= (My(p)lLy012)s UD) Ly(aay) = 0V € C(My) 4

<— U¢€L2(M2)+. OJ



1.1.2 Noncommutative geometry

1.1.2 Noncommutative geometry

Comfortable with the idea that operators on a Hilbert space can encode geometrical data,
we can now take the radical step that Alain Connes laid out and generalise geometry

beyond the commutative world.

With Gelfand duality in mind (the correspondence between commutative C*-algebras and
locally compact Hausdorff spaces [Mur90]), the study of noncommutative C*-algebras can
be thought of as ‘noncommutative topology’ Similarly, the theory of noncommutative
von Neumann algebras can be thought of as ‘noncommutative measure theory’. These
analogies are more than amusing observations. Such noncommutative C*-algebras and
von Neumann algebras have proven their value as two of the most versatile objects in
operator theory, appearing in countless areas of mathematics and physics. Topological
and measure theoretic constructions and arguments can inform analogues in C*-algebras

and von Neumann algebras and vice versa.

As a concrete example, K-theory was developed by Atiyah and Hirzebruch |[AH61] as
a theory of groups constructed from vector bundles on topological spaces (now called
topological K-theory). This was used with great success in a proof of the Atiyah—Singer
index theorem [AS68|. Soon after, K-theory was generalised to (noncommutative) C*-
algebras, where it became indispensable for operator algebraists, with landmark results
being Elliott’s program for the classification of C*-algebras [El76; EI93] and Brown—
Douglas—Fillmore’s development of K-homology and the classification of extensions of

C*-algebras [BDF77] (see [Weg93} Bla9d8; RLL0O0| for books on K-theory).

In the wake of the developments and ideas surrounding K-theory and the Atiyah—Singer in-
dex theorem, Connes postulated his noncommutative differential geometry |Con82; Con85;
Con94|. He saw that a noncommutative #-algebra of bounded operators, in combination
with a self-adjoint operator satisfying certain properties, can be interpreted as a noncom-
mutative generalisation of a (spin) manifold. These ideas and techniques are relevant for
badly behaved spaces like the unitary dual of a finitely generated non-abelian discrete

or Lie group, the leaf space of a foliated manifold, or the orbit space of group actions
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on manifolds, which are more easily described with noncommutative *-algebras than as a

usual point-set topological space.

Explicitly, a ‘noncommutative space’ is described by a spectral triple. This has its origin
in a paper on Kasparov’s K K-theory by Baaj and Julg [BJ83] where spectral triples are
introduced as a type of ‘unbounded K-cycle’. Spectral triples were later popularised by

Alain Connes who recognised their potential as a characterisation of manifolds.

Definition 1.1.3. A unital spectral triple (A, H, D) consists of:

1. a Hilbert space H;

2. a unital x-algebra A represented faithfully as bounded operators = : A — B(H),

where (1) = 1p(3);

3. a self-adjoint operator D on H with compact resolvent,

such that 7(a)dom(D) C dom(D) and [D,w(a)] extends to a bounded operator for all
a € A. We usually identify a € A with its image w(a) € B(H), and omit writing 7

altogether.

The spectral triple is called ‘even’ if equipped with a Zo-grading v on H such that D~y =
—~D and ay = va for all a € A.

The basic commutative example of a spectral triple has roots in the Atiyah—Singer index
theorem. It is not dissimilar from the triple (C(M), La(M),A,) that we arrived at in
Section We simply replace C(M) by C*°(M), and Ay by the Dirac operator, an
elliptic first-order differential operator which functions as a ‘square root’ of A,. Such an
operator does not exist on Lo(M), but it does on the Hilbert space of square-integrable
sections of the spinor bundle of so-called ‘spin manifolds’. An oriented Riemannian man-
ifold is called spin if there exists a complex Hermitian vector bundle S — M (the spinor
bundle) such that End(S) is isomorphic to a certain Clifford algebra, and there exists a
charge conjugation on S [LM89, Chapter IT][GVF01, Chapter 9][Sui25, Chapter 4]. The
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precise details do not matter much for this thesis, what is important is that the triple then
takes the form (C*°(M), L2(S), Ds), where La(S) are the square-integrable sections of S
and Dg is the Dirac operator associated with S. The terminology ‘even’ spectral triple is
motivated by the fact that for an even-dimensional spin manifold M, the canonical spec-
tral triple (C*°(M), L2(S), Dg) admits a natural grading vy making it an even spectral
triple [GVFO01, Chapter 9][Sui25, Chapter 4].

The claim that Dg functions as a square root of the Laplacian is motivated by the Lich-

nerowicz formula [LM89, Theorem I1.8.8][GVF01, Theorem 9.16]
9 1
DS = —AS + 18,

where Ag is the Laplacian associated with the spin bundle S and s is the scalar curvature
of M. In line with this formula, for general spectral triples (A, H, D), the operator D? is

commonly interpreted as an analogue of a Laplace operator.

In light of Section it is not surprising that the canonical spectral triple of a compact
Riemannian spin manifold is a unique invariant for the spin manifold. However, for spectral
triples we even have an explicit reconstruction theorem [Conl3]. From an abstract unital
spectral triple (A, H, D) with specific additional properties like A being commutative,
one can construct a compact spin manifold M which realises the spectral triple concretely
as (C*°(M), La(S), Dg). This highly non-trivial result requires recognising when the
x-algebra A is of the form C°° (M) for a smooth manifold M, using only how A and D
are situated relative to each other as operators on the abstract Hilbert space H. This
puts solid ground under the claim that spectral triples can be considered noncommutative

generalisations of (spin) manifolds.

Interest in NCG has not been limited to mathematics. In physics, noncommutative spaces
have been used to explain features of the quantum Hall effect [BES94] and topological
insulators |[Sch16], and there is extensive literature on applications of NCG in Quantum
Field Theory, see e.g. [Sza03; |CMOS; [Sui25| for overviews. The Standard Model of particle
physics, minimally coupled to gravity, can be entirely derived through an action prin-

ciple [CC96] from the description of the universe as a noncommutative space |[CCMOT}
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Sui25|. This unified geometrical treatment of both Quantum Field Theory and General
Relativity makes for an attractive approach to quantum gravity, and extends beyond the

Standard Model to, for example, the Pati-Salam model |[CCS13}; |(CCS15).

Wrapping up this overview of NCG, we will now give two examples of noncommutative
spaces which will appear throughout this dissertation. This exposition is taken from
the joint paper of the author with Edward McDonald [HM24b]; for more details on the
noncommutative torus (on which there is much literature) we refer to [HLP19a; [HLP19b]
and [GVFO01, Section IV.12.3], for details on almost commutative manifolds to [Sui25|
Chapter 10].

Example 1.1.4. Let d > 2 and let 6 be a real d X d antisymmetric matriz. The noncom-
mutative torus is the universal C*-algebra C(Tg) generated by a family of unitary elements

{un}peza subject to the relations

2
Up iy, = €2 {0m)

Uptm, N, M E z°

The functional

kezd
extends to a continuous faithful tracial state on C(T4). The smooth subspace C*°(T4) is the

subalgebra of x € C(T4) for which Z(k) = o(2u}) is a rapidly decaying sequence on Z°.
The Hilbert space in the GNS representation corresponding to Ty is denoted Lo (Tg), and
{un}neza is an orthonormal basis for Lo(T4). The self-adjoint operators Dy, j =1,...,d

on Lo (Tg) are defined on the basis by
Djuy := kjuy, k= (ki,..., kq) € Z%.

The operator D = Z;-lzl D;®j on Lo (Tg) ®@CNa, where 7v; are standard Clifford matrices
on CNa with Ny = QLgJ, gives a spectral triple

(C™>(T}), Lo(T§) ® CN, D),

where we represent C*(T4) as operators on Lo(T) @ CNe by acting on the first compo-
nent (GVFO01|, Section 12.3]. We write A := — Z;l:l DJ2~ as an operator on Lo (T%), so that
’D| AV _A ® 1CNd'

10
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Example 1.1.5. Given the canonical spectral triple (C*° (M), L2(S), Dar) of an even-
dimensional spin manifold with natural grading vyar, and a finite spectral triple (Ap, Hp, Dr),

meaning that Hr and Ap are finite-dimensional, the product spectral triple
(C®(M)® Ap, L2(S) @ Hp, Dy @ 1+ v @ D).

is called an almost-commutative manifold.

1.2 Pseudodifferential operators

Pseudodifferential operators naturally emerged from the study of partial differential equa-
tions (PDEs) [KN65; [Hor67], where they became a crucial tool in determining qualitative
properties of solutions to PDEs. For us, they are indispensable in obtaining Weyl laws
and in determining coefficients in heat trace expansions like those covered in Section [1.1

See [Tay81; [Shu01} Hor07] for classic books on the subject.

Let us loosely sketch a path leading to the definition of a classical pseudodifferential
operator, with no respect for technical details. Suppose we want to study a PDE on

Euclidean space,

S au(@)u(@) = f(z), =R

|| <k
for nice enough functions f and a,. The operator L := Z| al<k Ma, 0%, complicated as it
is, is much easier to study after a Fourier transform. For the Fourier transform, we will

use the convention

w(€) := F(u = 1 e @8y () da u
(©= FW(© = o [ ulw) o, € eRYue (R

In the frequency domain, the operator L then corresponds to multiplying with the poly-
nomial pr,(z,§) 1= 3|4 <k @a () (i€)7,
1

L) = g [ e e)a(e) de.

11
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In an ideal scenario, when pr(z,&) = pr(§) is non-zero and independent of x, we can

simply solve the PDE from before by putting

w(z) =L f(z) = 1 ei<x’>1 f
(@) = 1750 = g [ S g fO

Likewise, the heat equation
Lu(t,x) = Opu(t, x);
U(O,l‘) = f('r)7

can then be solved by putting

u(t,z) = et f(z) :=

: 1)d /}Rd @8 etrr(€) f(g) de.
)2

The idea behind pseudodifferential operators is that even though these operators L~! and

L are not differential operators, the analytical properties of an operator of the form

1
(27)

depend not so much on its symbol a being a polynomial, but rather on the qualitative

6t

Tau@) = — [ ¢ a(a,€)ale) de.

properties of a(x, &) like its asymptotic growth as |£] — co. Studying properties of these
more general operators, and deriving similar norm and regularity estimates as for differen-
tial operators, lets us conclude properties about solutions to PDEs, as the examples L™!

and el above show.

With the theory of pseudodifferential operators, it can be made precise when and in what

tL

ways the operator L™! behaves like an order —m ‘differential’ operator, e an operator

of order —oo, and an operator like (1 — A)% for s € R an operator of order s.

The oldest and most ‘standard’ theory of pseudodifferential operators is that of classical
pseudodifferential operators on R? [KN65; [Hér67]. Its definition is quite technical; we
follow [Tay81, Chapter IT], and write (¢) := (1 + |¢]?)2.

Definition 1.2.1. The symbol class ST, (RY), m € R, is defined as those smooth functions
a € C®(R? x RY) such that for all multi-indices o, 3 € IN?, there exists a constant
Ca,p = 0 such that

0507 a(x, )] < Cap(&)™ 1, 2,6 e RY

12



1.2. PSEUDODIFFERENTIAL OPERATORS

We say that a € ST (R?) is a classical symbol, denoted a € S} (RY), if there exist smooth
Mgl =1,

m
functions a,,—; € C* (RY x R?) for all j € N which are homogeneous of order m — j,

am_j(l', )\g) = Am_jam—j (xv §)7

with the property that
CL(ZL‘, 5) ~ Z amfj(ma g)?
Jj=0

meaning that
N
a(,8) = am—j(x,£) € STV HRY), NeN.

j=0
It is no coincidence that for the differential operator L from before, if each coefficient a,, ()
is smooth and it and its derivatives are bounded, the symbol pr(z,§) = 3|4 j<k @a () (i€)*

is in the symbol class S, (IR?). Tt is furthermore a classical symbol, as we can write
k
pr(@.§) =) > aa(x)(i€)
J=0lal=j

where each component 37|,_; aa(7)(i€)* is homogeneous of order j.
Definition 1.2.2. The Schwartz functions S(R?) are defined as those f € C*(RY) for

a, B € N%,

which all seminorms
[ fllas == sup |z*0% ()],
z€R4

are finite.
Definition 1.2.3. A pseudodifferential operator of order m € R, denoted T € ¥™(IR?),

is an operator T : S(R?) — S(RY) such that
1 . ~
[ e Sa@ o f)ds, | e SR,

Tf(z) = —=
(2)2
for some a € ST (RY) — see [Hor07, Theorem 18.1.6] for a proof that Tf € S(RY). If

m d
furthermore a € ST (RY), we write T € Y7 (R?), and call T a classical pseudodifferential

operator. Finally,
Yo(RY) = |J ¥™(RY), ¥ °(RY):= [ T"(RY).
meR meR
Similarly we define Y5 (R?) := U,,er ¥7(RY)

13



CHAPTER 1. INTRODUCTION

With these constructions, in many ways the pseudodifferential operators ¥ (]Rd) behave

oo
cl

S € ¥™(RY) and T € ¥ (R?), we have

like differential operators, and ¥°°(IR?) mimics this behaviour even more closely. For

SoT e Y™™ (RY), [S,T]e€¥™ ™ 1(RY),

as is the case for differential operators. Furthermore, we can define the Bessel-potential

Sobolev spaces (see e.g. [Hor90, Section VII.9] or [Tri78, Section 2.3.3])

lI-lls

H” = dom(l - A)% ) Hf”s = ”(1 - A)%fHLg(IRd)? seR,

which form Hilbert spaces. To be very precise, we take A to be the Friedrich’s extension
of the Laplacian, and dom(1 — A)% indicates the domain of the corresponding operator
on Ly(R?) defined via functional calculus [Sch12, Section 5.3]. For s > 0, this domain
is complete in the norm || - ||s, but for s < 0 taking the completion in the norm | - |5 is
necessary. For positive integer s, the space H?® consists of the s times weakly differentiable
Lo-functions. For the differential operator L = 37, <j Mq,0% as above, if all coeflicients

aq and their derivatives are uniformly bounded, then L extends to a bounded operator
L:H"™ 535 seR.

Pseudodifferential operators have the same property: if T € ¥™(R%), then T extends to
a bounded operator

T:HT™ 5 H5 seR.

Intuitively, T' therefore ‘removes’ m degrees of regularity from a function. Note, however,

that m € R need not be an integer — or even positive.

All these objects can similarly be constructed on smooth (not necessarily Riemannian)
manifolds [Shu01, Section I.4][Hor07, Chapter XVIII]. This takes some care, as we need
to think about how to handle the Fourier transform on manifolds. Commonly, pseudod-
ifferential operators are defined locally in coordinate patches via the definitions for R¢
above, and stitched together to define global operators on the manifold. However, sym-
bols can be defined intrinsically as functions on the cotangent bundle as well [Wid78}

Wid80: [Saf97].

14



1.2. PSEUDODIFFERENTIAL OPERATORS

The principal symbol of a pseudodifferential operator is of particular importance, as it can
tell us a lot about the operator’s (approximate) invertibility. For compact manifolds, we

have a short exact sequence of vector spaces
0— Y7 Y M) = Y7 (M) 2% C®(S*M) — 0,

where the map o is called the symbol map, and S*M C T*M is the cotangent sphere. The
manifold M is not required to be equipped with a Riemannian metric in order for this to
make sense: the cotangent sphere S* M can be defined independently of such a metric as the
rays in the cotangent bundle 7" M \ M, which is T*M with the zero vectors removed. The
intuitive explanation of this exact sequence is that an essentially homogeneous function

f € C®(T*M) of order m, which satisfies locally (up to a compactly supported error),

f(@,A8) = X" f(x,€), A€l =1,

clearly defines a function on S*M. The map o¢ in the exact sequence selects the part of
the symbol of the classical pseudodifferential operator that is essentially homogeneous of

order m and produces the corresponding function on S*M.

Turning this around, such exact sequences can be used to define principal symbols. For
example, since on compact manifolds the operators ¥~1(M) are compact, a map like o
above, now mapping from order zero operators into the Calkin algebra B(H)/K(H), is
the basis for a paradigm called the C*-algebraic approach to the principal symbol [Cor79;
SZ18; MSZ19; KSZ24a].

Furthermore, it should be emphasised that there are by now many different pseudodif-
ferential calculi, in different settings, for different purposes, all generalising differential
operators in a different way. Fundamentally, these various pseudodifferential calculi are
crafted for studying different classes and aspects of PDEs. On both Euclidean space
and on manifolds, various symbol classes have been used as a base (variations of Defi-
nition [BE73; Bonl3; NR10]. Other directions of research include pseudodifferen-
tial calculi on the Heisenberg group [BFG12; FR14], Lie groups [Mel83; Tay84; MS86;
RT'10], Lie groupoids [MP97; NWX99|, and types of manifolds like manifolds with bound-
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CHAPTER 1. INTRODUCTION

aries [Mel91; Mel93; MMO98|, Heisenberg manifolds [BG88; Tay84; Pon08|, and filtered
manifolds [EY19; AMY22; FFF24].

In this thesis, we will focus on a very general abstract pseudodifferential calculus which
strips away any reference to a geometric space. It is the purely operator theoretical skeleton
at the basis of any pseudodifferential calculus, and as such it is difficult to give accurate
credits towards its invention. Elements of this theory even predate the study of pseu-
dodifferential operators via the symbol calculus by Kohn—Nirenberg [KN65] and Hérman-
der |Hor67]. The abstract Sobolev spaces in this theory already appeared in their current
form in work by S. G. Krein where they are called Hilbert scales, see the reviews [Mit61;
KP66] and references therein. Later, Guillemin [Gui85], Connes—Moscovici [CM95] and
Higson |Hig04] amongst others have used general pseudodifferential calculi. Of these,

Connes and Moscovici introduced the formalism in NCG.

The basic principle is as follows. We take one operator @ as reference, a self-adjoint
boundedly invertible operator on a separable Hilbert space H. With this operator, define

the Sobolev spaces
H(O) := dom @' *,  |i¢|ls := |©°¢|ln, s €ER,

clearly inspired by the Bessel potential Sobolev spaces from before. And as before, here
dom ©° is defined via the functional calculus for unbounded self-adjoint operators [Sch12,
Section 5.3|, which is complete in the norm || - ||s for s > 0 but not for s < 0. Our ‘pseu-
dodifferential operators’ are simply operators on H which extend or restrict to bounded
maps

T:HT(®) - H(®), seR,

in a consistent and well-defined way. These operators are denoted by op”(®), sometimes

called operators of analytic order (less than) r [Hig04].

In this calculus, there is no notion of symbols, which is at once a strength and a weakness:
we will not be able to use any techniques based on symbol manipulations, but as a conse-

quence results are valid in any pseudodifferential calculus. And, importantly, this makes
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1.2. PSEUDODIFFERENTIAL OPERATORS

the pseudodifferential calculus perfectly adapted for noncommutative geometry where we

do not want to interact directly with a geometric base space in the first place.

Some properties of this calculus have been compiled in [Uuyll]. The following concrete
examples of this abstract pseudodifferential calculus are borrowed from the exposition

in [HMN24] (joint work of the author with Edward McDonald and Teun van Nuland).

o As remarked before, taking @ = (1 — A)% on Ly(RY) gives the classical (Bessel
potential) Sobolev spaces H* = Wi (IR?). (Pseudo)differential operators of order k,
and (unbounded) Fourier multipliers 7, with symbols |¢(£)| < (1 + [£])*, € € R?
are contained in op”(1 — A)% Note though that op(1 — A)% is a much larger class

than this, and for example also contains translation operators.

o For spectral triples (A, H, D), taking ©® = (1+ Dz)% recovers the calculus of Connes

and Moscovici as used in noncommutative geometry [CM95].

o Taking @ = (1 — A)%, where A is the sub-Laplacian on a stratified Lie group, gives
the Sobolev spaces defined by Folland and Stein |[FS74; |[RS76)].

« Related to the previous example is the anharmonic oscillator @2 = 1+ A% + |z|?
on R? for integers [,k > 1 and generalisations thereof, which define Sobolev spaces
and a pseudodifferential calculus that appear in the study of sub-Laplacian operators
on stratified Lie groups too [CDR21|. The special case where ®? is the harmonic
oscillator gives Shubin’s Sobolev spaces Q*(R¢) [Shu01, Section IV.25] and the I'-
pseudo-differential operators in [NR10, Chapter 2], see also [BT06).

o In the aforementioned pseudodifferential calculus in Van Erp—Yuncken [EY19], and
Androulidakis—-Mohsen—Yuncken [AMY22] on filtered manifolds, Sobolev spaces are

constructed with a similar procedure.
o A similar calculus has been constructed for quantum Euclidean spaces |[GJM22].

o Finally, we note the case where ® = 13, which gives that H* = H for all s € R, and
op"(1y) = B(H), r € R.

17



CHAPTER 1. INTRODUCTION

It is a basic fact that the square of an operator in op™(®) is an operator in op?™(®),
but what can be said of its square root? More generally, one can wonder for which type
of abstract pseudodifferential operators and class of functions there exists a well-behaved
functional calculus within the framework of this abstract pseudodifferential calculus. In
Chapter [2] we resolve this question by defining abstract elliptic pseudodifferential opera-

tors, and provide a functional calculus for these operators based on the preprint [HMN24].

1.3 Multiple operator integrals

To an extent, we have physicists to thank for the field of multiple operator integrals. To
see their ingenuity in manipulating operator integrals, simply open any book on Quan-
tum Field Theory. For example, chances are that you will encounter the time-dependent
operator

V(t) = eitHoe*it(HOJ“HI), te R,

where Hy and Hj are unbounded self-adjoint operators on a Hilbert space, which is ex-

panded by the Dyson series [Fol08, Chapter 6]
V(t) ~ I+ Z Vn(t)y
n=1
where
1 t Tn T2 H . H . H, i H.
Vi (t) = 7/ / / eimHo pr oi(m1=mn)Ho pr, . pilni—m)Ho py o ~imto gr . gr
1™ Jo Jo 0

Of course, the symbols ‘=" and ‘~’ in these formulas mean something different to physicists
than they do to mathematicians, and making these identities mathematically rigorous
requires some effort. The subject of Multiple Operator Integration provides a rigorous
foundation for identities like the Dyson series above and generalisations thereof. We will
mostly follow [Pell6; ST19] in this overview, but see also [PWS02; BS03; |ACDS09| for

important developments of the subject.

Suppose that we are interested in the Gateaux derivative

d _ . f(A+hB) - f(A)
dt tzof(AHB) = h ’
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1.3. MULTIPLE OPERATOR INTEGRALS

for A,B € B(H) and some holomorphic function f : C — C (using the holomorphic
functional calculus), taking the limit with respect to the operator norm. Picking a contour
v in the complex plane which encircles counterclockwise the union of the spectra of A+ tB

for t € (—¢,¢), we have

F(A+1tB) :;Lf(z)(z—A—tB)—ldz, te(—ee),

i
as a B(H)-valued Bochner integral. Using the resolvent identity, we have that

d (z— A—tB)~' =1lim (z—A—tB)L— (2 — A)!

t—0
t=0 t

=lim(z—A—tB)"'B(z—A)~!

t—0

= (2= A)'B(z— A)L.

Similarly, for the holomorphic function f above we can see that

1 d"

| f@rB) = o [ OG- BB A (1)

t=0
where we have an alternating product of n+ 1 factors of (2 — A)~! and n factors of B. In
case A and B commute, this formula simply reduces to

d’rL

ar — (4 B"
| f(A+tB) = f"(4)B".

t=0

When they do not, we can devise a way to describe the right-hand side of (1.3). First
define the divided differences f : C"*1 — C by

PO = F ),

g, ) = AP (O )

] :
F oy, ) - e ,

A07"'7)\71—17)\71 7& )‘0 € C7
defining fI" with an appropriate limit when Ay = Ay, so that
1
[n] — — £n)
MO N = n!f (), AeC.

By similar resolvent manipulations as before, it can be shown that for our holomorphic

function f, for a contour v encircling Ag, ..., A, € C counterclockwise,

A7 (A0r - An) :21i/f(z)(z—)\o)—l...(z—)\n)_ldz.
T Jy
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CHAPTER 1. INTRODUCTION

Hence, intuitively, the expression on the right-hand side of (T.3) is something like f"/(A4, ..., A)

with factors of B spliced ‘in-between’ the n + 1 copies of A.

Richard Feynman dealt with the issue |[Fey51] by defining a clever system of notation
213
ABC := BAC.

In this notation, we formally have

ar 1 3 2n+1 2 4 omn
@ﬂAJFtB):f["}(A,A,..., A )BB---B.

Obviously, this needs serious work to make well-defined and rigorous, see [Fey51; Mas76|[KM93|

Appendix I]|Jef04, Chapter 7]. Daletskii has made some historical comments on this mat-
ter [Dal9g].

A different approach, originally developed for studying evolution equations in Hilbert
spaces, was devised by Daletskii and S. G. Krein [DK51; DK56; Dal98]|, elements of which
had already appeared independently in work by Léwner [Low34]. Their work was continued
by Birman—Solomyak [BS66; BS67; BS73; BS03], Pavlov [Pav71|, Sten’kin [SS71; [Ste77],
and Peller [Pel06; [Pel16]. See also [ACDS09; PWS02; ST19]. Given a function ¢ : R**1 —
C, they define operators corresponding to the formal expression
Tyt (V) = /0<H0ﬁ(53;'(ﬁn’>%) dEo(Mo)VidE1 (A1) - - - Vind By (M),

where dE; is the spectral measure of the self-adjoint operator H;. While, like Feynman’s
approach, this too is only formal notation, in various settings it can be made precise. An
important class of examples is the following [Pel06; [Pel16]. Assume that ¢ : R**! — C

can be written as

$(X0,- -1 An) :/an(/\o,w)---an(/\n,w)dz/(w), (1.4)

where (Q),v) is a finite measure space, and the functions a; : R x Q) — C are bounded

and measurable. Then we can define

Tyt (VL V) ::/an(Ho,w)Vlal(Hl,w)---Vnan(Hn,w)z/Jdu(w), Y EH,
(1.5)
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1.3. MULTIPLE OPERATOR INTEGRALS

as an H-valued Bochner integral, where Vi,...,V,, € B(H) and Hy,...,H, are self-
adjoint. Peller proved that this defines a well-defined bounded operator, independent
of the representation chosen [Pel06; Pell6]. Furthermore, he proved that for func-
tions f : R — C in the Besov space BZ}OJ(]R), we have that the divided difference f (] g
of the appropriate form and hence Tﬁf]"”’H"(Vl, ..., V) can be defined. If furthermore
feBlL (R)NnBL ;(R) and fI"'is bounded, the formula

L 4" f(A+tB) =T+4(B,...,B)

| i

can be justified for unbounded self-adjoint A and bounded self-adjoint B [Pel06, Theo-
rem 5.6]. The operators T fo"“’H”(Vl, ..., Vi) are called multiple operator integrals, and

when n = 1 they are often called double operator integrals.

Multiple and double operator integrals (MOIs and DOIs) are not only useful for studying
derivatives, but they also come with the identities

AA
A,B '
as well as higher-order analogues. This indicates that DOIs and MOIs can appear in
many settings, and this framework has indeed been a powerful formalism in functional
analysis. The technique has been crucial in Potapov and Sukochev’s proof of the long-
standing conjecture that Lipschitz functions are operator Lipschitz on the Schatten classes

Ly, 1 < p < oo |[PS11], that is, the estimate
1F(A) = f(B)llp < CppllA=Bllp, 1<p<oo.

The case 0 < p < 1 has been studied in [MS22]. DOIs have similarly been used to provide
different kinds of sharp operator estimates [AP10; |AP16; CMPS14; |CPSZ19]. Further-
more, MOIs are used in the study of spectral flow and the spectral shift function [ACSO0T}
PSS13], and in many other areas of functional analysis like Biane—Speicher’s stochastic

analysis and their free It6 formula [BS98; Nik22|.

A useful consequence of the two identities (1.6) (and their higher-order analogues) is a
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noncommutative Taylor expansion:

HD+V)~ 33 ) ) feD), ()

nm=0mi+--+mp=m
where 0p (V) := [D, V], and Cy,,
in Section If the operators D and V happen to commute, this reduces to a standard

7777 m, are some combinatorial constants specified below
Taylor expansion. These Taylor expansions should for now be interpreted as purely formal,
but they have been made rigorous for classical pseudodifferential operators on manifolds
and in Banach algebras [Pay07}; Payl11; HL24]. We too will prove a precise version of the
noncommutative Taylor expansion for pseudodifferential operators in Chapter [3] using the

abstract pseudodifferential calculus described in Section [I.2]

For us, MOIs connect to the other themes of this dissertation due to their appearance
in noncommutative geometry, which has at times gone unrecognised. Take for example
the JLO cocycle |[JLO88|, which functions in NCG as the noncommutative analogue of
the Chern character in differential geometry. Given an even spectral triple (A, H, D)
with grading 7, the JLO cocycle is a collection of functionals (¢°, $2, ¢*,...) where ¢" :

A®"HL s C is defined as
d"(ap®ay- - @ay) = / Tlr(yaoe_toD2 [D, al]e_t1D2 - [D, an]e_t”DQ) dt.

Here, X, is the n-simplex with normalised Lebesgue measure dt. Comparing this expres-

sion with ([1.5)), it is not difficult to see that we have

2 2
¢"(ag, a1, ., an) = Tr(yaoT " ([D, arl, ... [D, an])),

where f(x) = exp(—=x).

This cocycle is a cornerstone of the local index formula, a landmark result in NCG which
generalises the Atiyah—Singer index theorem to noncommutative spaces. For this result
by Connes and Moscovici |[CM95], there exist by now several different proofs [Hig04;
CPRS06a; (CPRS06b; (CPRS08; CPRS13]. Stemming from manipulations of the JLO
cocycle, these papers contain many elaborate and technical arguments involving operator
integrals. The theory of MOIs can potentially be used to simplify these arguments. In

fact, the original statement of the local index formula already suggests this possibility.
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1.3. MULTIPLE OPERATOR INTEGRALS

Theorem 1.3.1 (Local index formula [CM95]). Let (A, H,D) be an odd unital spectral

triple with simple dimension spectrum, such that D™1 € Ly for some p > 0. The

following functionals ¢" : A®"1 — C define a cocycle (¢, ¢3,¢°,...) in the (b, B)-

bicomplez of A:

0" (a0, an) = V2 Y capgma(a0dpn (D ar]) 655 (1D, an))| D220,

4>0,k;>0

where ¢y, are some constants, and 74(T) := res,—oz? Tr(T|D|=2#). The cohomology

class of the cocycle (o', 83, ¢°,...) in HCM(A) coincides with the cyclic cohomology

Chern character ch.(A, H, D).

Even without knowing what a simple dimension spectrum, (B, b)-cocycles, cyclic coho-
mology, or the Chern character are, one can see that the cocycle defined in this theorem
involves something resembling a noncommutative Taylor expansion (1.7]). In fact, it more

closely resembles an expansion of a single MOI, which we will see in Chapter 3 of this

thesis (Proposition [3.5.2]).

The occurrence of MOI arguments in NCG is not limited to proofs of the local index
formula. They also appear in expansions of the spectral action [Skr14; Skr1&; Suill} |NS22]
and the heat trace (often studied for a noncommutative analogue of curvature) |[CT11}
FK12; FK13; (CM14; [DS15}; [LM16; KS18; Liul8; CF19; |Liu22; NSZ25]. See [FK19| for a
review of the topic of curvature in NCG. An important tool in the area of these curvature
computations is the rearrangement lemma [CT11; (CM14; Les17; HL24|, which is closely

related to MOIs. See [NSZ25| for an approach to curvature via multiple operator integrals.

The theory of MOIs can potentially be a useful tool in all these contexts in NCG, but there
is a hurdle to be taken. This is best illustrated by seeing what happens when one takes
a spectral triple (A, H, D) and applies an identity like (1.6) when the relevant operators
are D? and a € A like for the JLO cocycle:

[F(D?),a] = TR (1D, a)).

Such manipulations of MOIs are (implicitly) common in the literature, and indeed nec-

essary to interpret the local index formula, Theorem [[.3.1] as a MOI expansion. The
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problem is that the operator [D?, a] appearing as an argument in the MOI on the right-
hand side is typically unbounded in NCG, and the theory of MOIs as in [Pell6; ST19]
is only equipped to deal with bounded arguments. In the NCG literature, many ad-hoc
arguments can be found to justify such integral manipulations [CPRS06a; CM95; Hig04],

but an overarching theory is missing.

In Chapters 2 and [3| of this thesis, this is resolved by developing a theory of multiple oper-
ator integrals for abstract pseudodifferential operators (introduced in Section , based
on joint work [HMN24] with Edward McDonald and Teun van Nuland. Our results ex-
tend those by Paycha [Pay11] who proved a noncommutative Taylor expansion for classical
pseudodifferential operators on manifolds, and are comparable to those by Hartmann and
Lesch [HL24] on Banach spaces. Our results are more general than those of Paycha, both
in terms of the functions and the operators considered, and more closely adapted to oper-
ators appearing in NCG than those in [HL24|. Furthermore, while the Paycha, Hartmann
and Lesch papers prove Taylor expansions, our fundamental construction of MOIs also
systematises the underlying techniques involving operator integrals that are widespread in
NCG, allowing to justify the arguments illustrated above involving unbounded operators.
As a demonstration of the power and adaptability of this formalism, Chapter [3|resolves an
open question regarding the existence of certain asymptotic expansions in spectral triples,

posed by Eckstein and Iochum [EI18].

1.4 Connes’ integral formula

The fact that Riemannian manifolds can be completely captured by spectral triples, indi-
cates that there must be a way to integrate functions on manifolds spectrally. Alain Connes

recognised that Dixmier traces, or more general singular traces, are the appropriate tool.

The Dixmier trace was originally constructed as an example by Dixmier [Dix66], which
settled in the negative the question whether the operator trace is (up to constants) the

only trace that can be defined on B(H). With trace we mean a linear functional ¢ : J — C
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1.4. CONNES’ INTEGRAL FORMULA

on a two-sided ideal J C B(#H) which vanishes on commutators,
¢([4,B]) =0, AeJ,BeB(H).

See [SU16] for details on Dixmier’s original construction. We will take a different approach,

following |LSZ21; [LMSZ23].

Definition 1.4.1. The weak Schatten class L, C B(H), p > 0, consists of those compact

operators A for which

Ak, |A]) = O(k™7), k= o0,

where for a compact operator T we write {\(k,T)}72, for an eigenvalue sequence of T
counted with algebraic multiplicity, ordered in decreasing modulus. These sets are two-sided

ideals in B(H). The ideal L1  is called the weak trace-class ideal.

Definition 1.4.2. An extended limit w € ({x(IN))* is a continuous positive linear func-
tional on Lo (IN) such that w(1) =1, and for each sequence x € loo(IN) that converges to

zero, we have w(x) = 0.

Associated with each extended limit w, we can define the Dixmier trace Try, : L1 o — C by

Tro(A) = %{@ém,m} )

n=0
In general, the value of Tr,(A) may depend on the choice of w. If it does not, we call
A Dixmier measurable. Note that there is some inconsistency in the literature on the

definition of Dizmier measurable operators, we follow [LSZ21)]. See also [SUZ13; | Usal3).

At first sight, it might come as a surprise that the Dixmier traces are linear maps or even
traces. It is furthermore a crucial fact that they vanish on the finite-rank operators (a

forteriori, on £y), a property which characterises so-called singular traces.

There is a rich mathematical theory surrounding Dixmier traces and their more general
cousins the singular traces. Originally Dixmier [Dix66|, and later Connes [Con88||Con94,
Section 4.2], required additional properties of the extended limits w like dilation invariance

in their definitions of the Dixmier trace, and defined these on a larger ideal M o, which

25



CHAPTER 1. INTRODUCTION

is now sometimes called the Macaev—Dixmier ideal. There are many subtle points to be
made regarding these differing definitions, or the question when different extended limits
define the same Dixmier trace, or what the sufficient and necessary conditions are for
an operator to be Dixmier measurable and more. For these subtleties we refer to the

books |LSZ21; LMSZ23| and the many references therein.

The most important result illustrating that Dixmier traces can be used for integration,
comes from Connes’ trace theorem [Con88|. This provides that the noncommutative
residue (sometimes called Wodzicki residue or Wodzicki-Guillemin residue) for order —d
classical pseudodifferential operators on d-dimensional manifolds can be given by a Dixmier

trace.

If we equip M with a Riemannian metric g, and consider the operator M(1 — Ag)_%

on Lo(M), where f € C°(M) and A, is the Laplace-Beltrami operator, Connes’ trace

theorem reduces to Connes’ integral formula.

Theorem 1.4.3 (Connes’ integral formula [Con88|). Let M be a d-dimensional Rieman-
d

nian manifold. For all f € C°(M), we have that Ms(1 —Ag)"2 € L1, and for all

extended limits w € 0%

4 d— 1
Trw(Mf(l—Ag)_E)_VOIS /fdz/g, fece(M). (1.8)

For compact manifolds and R¢, this theorem admits a generalisation to all singular traces
on L1 (not just Dixmier traces), and all f € La(M), see [LPS10; KLPS13|, [LSZ21|
Chapters 7, 8] and [LMSZ23, Chapters 2, 3]. Interestingly, f € Lo(M) is both necessary
and sufficient for to hold [LPS10; KLPS13], illustrating that an extension to L (M)

is impossible as mistakenly claimed in |[GVF01, Corollary 7.22].

The state of the art for Connes’ integral formula can be found in [LSZ20b|, supplemented
by |2S23]. By modifying the left-hand side of (|1.8) to the symmetric expression

S((1— Ag) TMy(1—Byg) 1),

where ¢ is a singular trace on the aforementioned Dixmier-Macaev ideal M o, these

papers extend Connes’ integral formula to functions f in certain function spaces which
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1.4. CONNES’ INTEGRAL FORMULA

include the space L,(M) for p > 1 (on a compact manifold M). Even in this approach,

an extension to Lq (M) is demonstrably impossible [LPS10, Lemma 5.7].

In the field of noncommutative geometry, Connes’ integral formula is of significant philo-
sophical importance. It justifies that for d-summable spectral triples (A, H, D) (meaning
that (1+ Dz)_% € L1,), the functional

a— Tr,(a(l+D?)"2), ac A,

can be interpreted as a noncommutative integral, which allows us to talk about integration
on a noncommutative space. After all, for a spectral triple the operator D? functions as
the analogue of the Laplace operator (see Section[1.1]). We refer to [LS10; LSZ21} [LMSZ23|

for thorough studies of the noncommutative integral in this context.

The philosophy goes deeper, however. The integral formula shows that the Lebesgue mea-
sure can be completely ‘recovered’ from operator based computations with Dixmier traces.
It has led Connes to craft a paradigm where he considers compact operators to be infinites-
imals, with the weak trace-class L1 o being infinitesimals of order 1, and the Dixmier trace
being the integral [Con94]. This ‘quantised calculus’ is a completely operator-theoretical
approach to integration theory. In the words of Alain Connes: “I believe that most inte-
grals that we know of, are special cases of this” [Con21], i.e. are computable via a Dixmier

trace.

These Dixmier trace formulas have some advantages over the usual approach to integration.
Due to the nature of the Dixmier trace, properties like convergence or positivity of an
integral are easy to see on the operator-theoretical side. Furthermore, its robustness
towards trace-class perturbations (recall that Tr,, (7)) = 0 if T is trace-class) can lead to

deductions about similar robustness properties for the integral in question [Con94), p.558].

It should be remarked that in the noncommutative geometry literature, a popular alter-

native definition for the noncommutative integral is the functional

1+s
2

a ][a(l + D?)2 :=res—o Tr(a(l1+D?)7), acA
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1+s

Whenever s — (,.p(s) := Tr(a(1+ D?) 2 ) can be extended meromorphically to a neigh-
bourhood of the origin, we have for all extended limits w € ¢} [LSZ21 Theorem 9.1.5(a)]

1+s

2*) = Tr,(a(1+ D?)2).

ress—o Tr(a(1 + D?)

In general, however, it need not be the case that (, p allows such an extension, in which
case f a(1+ D?)? is not well-defined. Counterexamples are given in [CS12, Lemma 17][KLPS13,
Corollary 6.34, Corollary 7.23|[LSZ21, Example 9.3.3], of which [KLPS13, Corollary 6.34,
Corollary 7.23] is notable for providing an example on a d-dimensional manifold of a
compactly supported pseudodifferential operator of order —d with such behaviour. See
also |LSZ21, Chapters 8, 9] for extensive analysis on the relation between the Dixmier
trace and residue formulas. Throughout this thesis, to maintain maximal generality, we

will stick with the Dixmier trace formulation of the noncommutative integral.

In Chapter[4] the noncommutative integral is studied in relation to the paradigm of spectral
truncations in NCG due to Connes and Van Suijlekom [CS21}|CS22|. The result provides a
vehicle to relate NCG to a field of mathematics called Quantum Ergodicity. In Chapters
and [6], we provide a Dixmier trace formula for integrals with respect to a measure called
the density of states, on respectively discrete metric spaces and open manifolds based on

the papers [Aza+22; HM24a|, validating Connes’ mantra in this context.

1.5 Density of states

Parts of this section are borrowed from [Aza+22; HM24a], respectively a joint work with
Nurulla Azamov, Edward McDonald, Fedor Sukochev and Dmitriy Zanin, and a joint work

with Edward McDonald.

Many electrical and thermal properties of a material can be deduced from its associated
density of states (DOS), a construction in solid-state physics. Loosely speaking, the DOS
describes how many quantum states are admitted for the electrons in the material at each
energy level per unit volume. Over the years the topic has kept of plenty of mathematicians

and mathematical physicists occupied, see for example the books [PF92; |[Ves08; AW15].
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The rigorous definition of the DOS already takes some effort, and there exist differing
approaches. In this thesis we follow Simon [Sim82, Section C]. Given a (possibly un-

bounded) lower-bounded self-adjoint operator H on the Hilbert space La(X) where X is

some metric space with a Borel measure written as |- |, we consider the limits
) 1
dim mTf(f(H)MxB@O,R))a f € Ce(R),

where B(x, R) denotes the closed ball with center zyp € X and radius R, and x B(xzo,R) 18
its indicator function. When these limits exist (this includes assuming that f(H )M, (20 B)
is trace-class in the first place), we have a positive linear functional on C.(IR) and hence,
via the Riesz-Markov-Kakutani theorem, we obtain a Borel measure vy on R [Sim82,

Proposition C.7.2] such that

. 1
Jm g T ) My ) = /IR fdvy, feCu(R).

This measure, if it exists, is what we call the density of states of the operator H. This essen-
tially coincides with similar definitions elsewhere in the literature, at least for Schrodinger
operators on Euclidean space [Sim82|. Important to observe is that while we define the
DOS via increasing balls, in principle we could also consider taking another increasing
sequence of sets {Qy, }nen. However, the DOS in general depends on the choice of this
increasing sequence of sets, even for Schrédinger operators with radially homogenous po-

tentials on R? [AMSZ22].

Apart from its origin in physics, the density of states can be considered as a substitute for

the spectral counting function [Str12] which featured in Section
N(A) = ks Ak S A} = Tr(x(—oo ) (H)),

in case H does not have discrete spectrum. Indeed, when X has finite diameter and
| X| < oo, every self-adjoint operator H with compact resolvent admits a DOS and we
have

N(A)

VH(—OO,)\] == W

Common research areas for studying the DOS are its existence |[AW15; BS91; (CL9O0;
DIMO1; PF92; Shu79; |[Sim82], the analytical properties of the function A — vy (—o0, \] AW 15}
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BK13; (CL90; PF92| and its asymptotic behaviour as A approaches boundaries of the sup-
port of vy [AW15; BK13} |CL90; Lan91; PF92]. The study of the Anderson localisation
phenomenon, of interest to mathematical physicists, is inseparably related to the study of

the density of states [AW15; |CL90; |[Lan91].

The DOS can be connected to NCG, which will be the focus of the studies of the DOS
in this dissertation. Connes’ mantra that most integrals can be computed with Dixmier
traces was mentioned in Section [I.4] and since the DOS is a measure associated with
operators, it is a good case study for Connes’ philosophy. This was first observed and
investigated by Nurulla Azamov, Edward McDonald, Fedor Sukochev and Dmitriy Zanin
on R? for Schrédinger operators |[AMSZ22.

Let us consider the Laplacian on RY, A = Z;lzl 8?. We know that the classical Weyl law
covered in Section (equation (|1.1])) gives for the Laplacian Aq on a bounded domain
Q C R¢ with Dirichlet boundary conditions, that

Vol(S4—1)
d(2m)d

d
2

Tr(X(—oon (—B0)) ~ Vol(Q)AZ, A — oco.

It might therefore not come as a surprise that we have the limit

- VOI(Sdil) d

. 1
A% B, ] 1N M) = gy A A0

where we now have an exact equality instead of an asymptotic identity. See [Str12] for a

precise proof. In fact, the Laplacian admits a DOS v_, which satisfies

_ VOI(Sd_l) /\g

_A(—00, A = ———- A>0 1.9
v A( 00, ] d(271')d 2, > U, ( )
and more generally,
Vol(S41) a_,
dv_a(N) = ————=A27"d\, A>0 1.10
v A( ) 2(27T)d 2 ) > U, ( )

where d\ is the Lebesgue measure on R, see e.g. [Sim82} [Str12; AMSZ20|. The func-
tion (1.9) is sometimes called the integrated DOS.

The following argument was presented in [AMSZ22|. Recall Connes’ integral formula
(Theorem [1.4.3]), which gives for any extended limit w € €5,

B Vol(S4—1)

T, (0 (1= 8)78) = om [ Fayde, f e C(RY.
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1.5. DENSITY OF STATES

Since the Dixmier trace is invariant under unitary transformations, we can perform a
Fourier transform on the left-hand side to deduce that

Vol (S4—1)

Trw(f(—iV)M_d) = d(?ﬂ)d

() /Rdf(x) dz, f € C.(R%).

Suppose now that f is radially symmetric and f(z) = g(|x|?) for a continuous compactly
supported function g € C.[0,00). Then, f(—iV) = g(—A), and switching to spherical

coordinates we get

Vol Sd b
—d
Trw(g(_A)M<gg>) - d /]Rdg

Hence, we find that

Vol(S9—1)

Tro(g(-A) M) = 25

(@) /RQ(A) dv_s(A), g€ Ce(R), (1.11)

which is a Dixmier trace formula for the DOS of the Laplacian. The results of [AMSZ22]
extend the identity (1.11) to Schrodinger operators —A + My which admit a DOS and

where V € Lo (R?) is real-valued.

Chapters [5|and |§| in this thesis focus on extending formula to discrete metric spaces
and manifolds respectively, based on the papers [Aza+22; HM24a].The DOS in these
settings has previously been studied, as discrete spaces can serve as a model or a discrete
approximation [AW15; AO82; BK13;|CL90; Cha+86; [Hof93; KMO06; PF92; Ves05; Weg81],
and manifolds allow studying the DOS in even greater generality [AS93} [LPPV08; LPV04;
PV02} Ves08|.

Furthermore, a link between the DOS and Dixmier traces has previously appeared in the
influential work by Bellissard, van Elst and Schulz-Baldes [BES94], which provides an
NCG explanation of the quantum Hall effect. Noting the relation between Dixmier traces
and (-function residues |[LSZ21], a result by Bourne and Prodan [BP18, Lemma 6.1] also
bears some resemblance to formula .
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A notorious aspect of the DOS is that the existence of the DOS cannot be guaranteed in
general situations. One advantage of the Dixmier trace formula is that the Dixmier
trace on the left-hand side is guaranteed to be well-defined even if the DOS itself has not
been shown to exist. In fact, it can be interpreted as a generalisation of the definition of
the DOS. This is unlikely to be any good if this ‘DOS’ depends on the choice of extended
limit, so one might at least require g(H)M <;§l to be Dixmier measurable. In Chapter [5| we
will confirm on discrete spaces that this is a strictly weaker requirement than existence of
the DOS, but in other settings and for Schrédinger type operators it is not yet precisely

known what the relation is between Dixmier measurability and existence of the DOS.

Finally, the Dixmier trace formula allows questions regarding the DOS to be answered
with operator theoretical machinery. We will see examples of this in Chapters [5] and [6]
where questions like translation invariance of the DOS are answered in this manner. We
will also see a connection between the Dixmier trace formula for the DOS and index theory,

namely, Roe’s index theorem on open manifolds.

1.6 Preliminary material

This section serves as a brief overview of common notation, convention, and definitions
used throughout the rest of this dissertation. The covered material is standard and can be

found in [LSZ21; [LMSZ23} Sim05]. Some of the content has been copied from [HM24a].

The natural numbers are by convention IN = {0,1,2,...}. For functions f,g: R — Rsg

(or with other appropriate domains and co-domains) we write

f(x) ~ g(l’), T — o0,

to mean that
lim f(x)

=1.
Z—00 g(x)

All Hilbert spaces are assumed to be complex separable Hilbert spaces, denoted H, on

which the inner product (-,-) is linear in its second component. The set of bounded op-
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erators on H is denoted by B(H) and the ideal of compact operators by K(#). The
operator norm on B(H) is denoted | - ||. For any compact operator T' € K(H), an eigen-
value sequence A\(T') = {A\(k,T)}32, is a sequence of the eigenvalues of T' listed with
algebraic multiplicity, ordered such that {|\(k,T")|}32, is non-increasing. The singular

value sequence ((T") = {p(k,T)}32, of T is defined by
u(k, T) == Ak, |T]), k> 0.

Equivalently,
p(k,T) = inf{||T — R| : rank(R) < k}.

Let £+, denote the space of complex-valued bounded sequences indexed by IN. For = € /.,
we will denote by p(z) = {p(k,z)}72, € loo the decreasing rearrangement of {|zx|}72,.
This is consistent with the notation for the singular value sequence of an operator in the

sense that if diag(x) is the operator given by a diagonal matrix with entries {z;}32, then

pldiag(z)) = p(z).

For p,q € (0,00), we define the Lorentz sequence spaces £}, ¢, {p.oc and ls 4 as the spaces

of sequences x € f such that

[z

pq = <i(k5 + l)g_lﬂ(ka$)q> ' < 00,

k=0
1
@l = sup (k + 1) u(k, ) < oc,
k>0

and )

[2]lo0,q 2= (i(kﬁ + 1)1M(kaw)q> < 00,

k=0
respectively. The space {0 is defined as log o 1= loo, and £, is denoted as £,. Using

the previously defined singular value sequences, we give the definition of the Lorentz ideals

Ly, for p,q € (0,00] as the quasi-normed spaces of compact operators T such that

T llp.g = 11(T) gy, q < 00

Like for the sequence spaces, L, ,, is denoted as £,, and L oo := B(H). Indeed, consistent
with these definitions, the operator norm | - || on B(#) is sometimes denoted by || - oo if

confusion might arise with other norms.
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The spaces Lp4, 0 < p,q < oo form two-sided ideals in B(H). The ideals £, are called
Schatten classes, £; is the familiar ideal of trace-class operators (on which we can define
the usual operator trace Tr), and £ o is called the ideal of weak trace-class operators. The
ideal Lo is called the Hilbert—Schmidt class. All of these quasi-norms have the property
that, for p,q € (0, 0],

IABCllpg < [[Allcl Bllp.gllClico: B € Lpg, A,C € B(H).

In similar spirit, we define the following function spaces.

Definition 1.6.1. Let (X,%,v) be a measure space. We write Loo(X) for the quotient
space

Loo(X) :={f: X — C measurable | || f]lcc < oo}/ ~,

where || - ||oo indicates the essential supremum, and f ~ g if f(x) = g(x) v-almost every-

where. We define similarly for 0 < p < oo,
1
Ly(X):= {f : X — C measurable | || fl|, := (/ |f|pdu> < oo}/ ~
X

There is a way to define the spaces L, ,(X) as well, and to furthermore see the spaces
L,.(X), Ly, and £, , as instances of a more general integration theory on von Neumann

algebras [DPS23|. We will not delve into that matter in this thesis though.

Let J be a two-sided ideal in B(H). A linear functional ¢ : J — C is called a trace if it
satisfies

¢(BT) = ¢(TB), T e J,BecB(H).

This condition is equivalent with requiring
p(U'TU) = ¢(T), TeJ,UecUH),

where U(#H) are the unitary operators on H. Traces ¢ on J that vanish on finite-rank

operators called singular traces.

All traces on L4 are singular traces. In contrast with the situation on £, continuous

traces on L1 o are far from unique. A particular kind of continuous traces can be defined
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on L1 which are called Dixmier traces, as covered in Section [1.4] repeated here for

convenience.

Definition 1.6.2. An extended limit w € ({s(IN))* is a continuous positive linear func-
tional on Lo (IN) such that w(1) =1, and for each sequence x € loo(IN) that converges to

zero, we have w(z) = 0.

Associated with each extended limit w, we can define the Dixmier trace Tr,, : L1 o — C by

Tr,(A) :zw({w’i)\(k/‘,A)} >

0 n=0
In general, the value of Tr,(A) may depend on the choice of w. If it does not, we call A
Dizmier measurable (LSZ21).

More can be read about singular and Dixmier traces in [LSZ21; LMSZ23]|, for the topic of
measurability see [LSZ21; |Usal3; |[SUZ13]|.

Definition 1.6.3. Given an operator 0 <V € B(H), an operator A € B(H) is said to be
V-modulated if
supt2 |A(1+tV) "}y < oo. (1.12)
>0
As can be seen from the definition, a V-modulated operator is necessarily Hilbert—Schmidst.
The importance of V-modulated operators comes from the following theorem, see [LSZ21,

Theorem 7.1.3]. We will make use of this theorem in Chapters [4] and

Theorem 1.6.4. If V € Ly (M) is strictly positive, T is V-modulated and {ep}32 is

an orthonormal basis such that Ve, = u(k,V)eg, then as n — oo,

n n

SOAKE,T) = (ew, Tex) +O(1). (1.13)

k=0 k=0

Note that if 0 < V € L1 (H), then V is automatically V-modulated [LSZ21, Lemma
7.3.4], and if A is bounded and 7T is V-modulated, then AT is V-modulated, which directly

follows from ([1.12]).
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All manifolds in this thesis are smooth, oriented manifolds. The unique volume form on an
(oriented) Riemannian manifold (M, g) is written as v,, which is given in local coordinates
as

vy = y/|det(g)|dzt A -+ - A da?,

where d is the dimension of M. We then define Ly (M) as in Definition On Lo (M) we

will often consider the Laplace-Beltrami operator Ay, which is given in local coordinates as

Agf = wai(\/\deug)rg“ajf), f e (). (1.14)
g

|det

When not mentioned otherwise, we will consider this operator on Ly (M) as the Friedrichs

extension of (1.14]) [Sch12, Chapter 10]. Explicitly, we put
dom A, = H*(M),

where H k(M ) are the standard Sobolev spaces on Riemannian manifolds, see e.g. [Tri92,

Chapter 7]. With this domain, A, is a negative self-adjoint operator on Lo (M).
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CHAPTER 2. FUNCTIONAL CALCULUS FOR ABSTRACT
PSEUDODIFFERENTIAL OPERATORS

Chapter 2

Functional calculus for abstract

pseudodifferential operators

Take care, and work harder.

Fedor Sukochev

This chapter has appeared in slightly modified form as part of the preprint [HMN24],
joint work with Edward McDonald and Teun van Nuland. We thank Dmitriy Zanin for
help with Proposition The review of the abstract pseudodifferential calculus in
Section [2.1.1] contains established results, the results and definitions in the other sections
are novel. The main results of this chapter are the functional calculus for positive-order

pseudodifferential operators in Theorem and the zero-order case in Theorem

Much of the motivation for this chapter has already been covered in Sections [1.2] and
We will look at a scale of Hilbert spaces {#Hs}ser defined by a single operator ®, which
is a very plain generalisation of Sobolev spaces. On this scale, operators can be defined

which map in some well-defined and consistent way
T:HT™ - H5 sER,

which forms a bare-bones abstract pseudodifferential calculus. We will develop a functional
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calculus for these operators, which will therefore be applicable to any pseudodifferential
calculus. Though this is interesting in its own right, we are motivated by developing
multiple operator integrals for these operators in Chapter [3] which in turn is motivated

by applications in noncommutative geometry.

Usually, defining a functional calculus for a pseudodifferential calculus involves elliptic
operators [Str72; |IMS87; Bonl3]. We too will follow this strategy, although it breaks
down for zero-order operators. For the latter, we can instead directly apply work by

Davies [Dav95b; [Dav95c].

2.1 Abstract pseudodifferential calculus

2.1.1 Review

First, the details of the abstract pseudodifferential calculus that we use. See also [KPG66;
Dal67; |CM95; (Uuy11].

Definition 2.1.1. Let O be a possibly unbounded invertible positive self-adjoint operator
on a separable Hilbert space H. Define the Hilbert spaces H® := dom @5”'”3 for s € R
where ||@]ls = [|O°@|| — noting that taking this completion is unnecessary for s > 0. We

write H> := g H®, which is dense in H.

This definition dates back to work by S. G. Krein, see the reviews [Mit61; [KP66] and
references therein. Further developments were made in [Dal67; |[Bon67]. Furthermore, the

space H™ is a ‘countably Hilbert space’ in the terminology of [GV64, Section 1.3].

A quick first observation is that the embedding H?® < H! is continuous for all s > ¢. For

s > 0, there is a pairing between H*® and H~° given by
(U, ) (3gs 3—5) 1= (O°u, @ V), u€H  veEH.

This pairing identifies H™° with the (continuous) anti-linear dual space of H* and vice-

versa.
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The space H® = (\,cr H° is a Fréchet space equipped with the norms || - |5, s € R. By
construction, H* C H?® for any s € R, and in fact H is dense in H*. Since a subspace of
a separable metric space is itself separable it follows that every H* admits an orthonormal

basis consisting of vectors in H°.

We define H™°° as the continuous anti-linear dual space of H°, which can be identified
with
H = H. (2.1)

seR

This is an LF-space, in the sense of |[Tre67, Chapter 13]. From this perspective H® can
be interpreted as a Schwartz space and H~>° as a space of distributions. In case @~ ! € L,
for some s > 0, we have that the Gelfand triples H* C H C H™° and H®* C H C H™*°

are ‘rigged Hilbert spaces’ in the terminology of [GV64) Section I.4].

Given u € H*> and v € H™° it follows from (2.1]) that v € H™* for some particular s € R.

It is immediate that u € H?®, and we have

<U, 'U)(Hoo”]_[foo) - <u, U)(H.sﬁl.[fs) .

Proposition 2.1.2. The Sobolev spaces H® in Definition form an exact interpolation

scale. That is, let sg < s1, 19,71 € R, and let 0 < 0 < 1. Set
sp:=(1—0)so+0s1, 19=(1—0)ro+0rs.
If T is a bounded linear map
T:H® = H, Tlys :H? = H™,
then T|yso is bounded from H® to H™ for every 6. Moreover we have

—0 0
HTHHSGHHT@ < HT||%-[SO—>H’“0 ||TH'H51~>HT1'

Proof. See [KP66|. Or, after identifying H* with a weighted Lo-space through the spectral
theorem, this follows from the Stein—Weiss interpolation theorem for L,-spaces [BL76),

Theorem 5.4.1]. O
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Definition 2.1.3. We say that a linear operator A : H*® — H> is in the class op” (@) (it

has analytic order < r) if A extends to a continuous operator
AT et g
for all s € R. If no confusion can arise, we often write
AHSTT — HE.

Furthermore, op(®) := U,cr op” (©), and op~>*(0) := ,cr 0p" (®). We define OP"(©) C
op”(©) as those A € op”(©) for which §§(A) € op”(®) for each n > 0, where dg(A) :=
@, A].

Since H* < H! is continuous for all s > ¢, it follows that op” (@) C op!(®) for r < t. Both
op(®) and OP (@) := J,cg OP" (@) form a filtered algebra, as op” (©) - op’ (@) C op"™(O)
and OP”(®) - OP*(®) C OP"(@).

Commonly, this paradigm is also used when dealing with unbounded operators
T :dom(T) — H.
In this case, one writes T € op”(®) if H*° C dom(T), T(H>*) C H>®, and
T|n= € op"(®).
Conversely, for T € op” (®) with 7 > 0,
T H CH—H

can be interpreted as an unbounded operator. Furthermore, note that op™"(®) C B(H)
for » > 0 in the sense that for A € op™"(®) we have Z_T’Om € B(H). Similarly if
O~ € £L,(H), a Schatten class, then op~*(®) C L1(H).

2.1.2 Adjoints

Here we discuss various ways of defining the adjoint in op”(@).
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Definition 2.1.4. Let A € op”(®) so that A extends to a bounded operator
A:HTT — H®

for all s € R.

1. The adjoint of A as an endomorphism of the topological vector space H we denote
AT H ™ - H
defined by the identity
(A, v) (300 3y—o0) = <’U/,ATU>(HOO’H—OC), u€eH® veH ™.
2. In similar fashion we denote the adjoint
Als i H™5 5 HT
defined by the relevant identity
<AU, ’U>(Hs’7_[75) = <U, A/S'U>(Hs+'r7’;.[757r), u 6 HS+T, v E H_S.
3. We define the Hermitian adjoint
Abs CHS Hs-i-r
via the identity
(Au, v)ps = (u, A 0)qpeir, uwe HH v e Ho.
4. In case r > 0, the map
A HTT CHE — HE
is an unbounded operator on the Hilbert space H®, so we define another Hermitian
adjoint
A*s Dy — H?,
with domain
Dy:={ucH® | IvecHVpcHT : (u,TP)ns = (v, P)ps },

such that

(Au,v)s = (u, A% 0)ys, u € H" v e D,
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These adjoints are related in the following way.

Proposition 2.1.5. Let A € op”(®). Then, for all s € R,

1. Als = AT|
Hfs

2. Abs — @—25—2TAT@28

s

Ifr =0,

3. A = @ 2 AT@%

Proof. 1. Take u € H® C H5T" and v € H™% C H~>°. Then
<Au7 U>(’H5,’H*S) = <U, AlsU)('HS*T,'H*S*T)
— <u, A/S’U> (Hoo,’;_[—oo)
We also have
<Au, U>(HS7H78) == <AU, /U>(H007H700)
= (u, ATU>(HOO7H—OO)

Hence it follows that
Asv=Alw e H™>, veH .

2. Take u € H*°, v € H®. Then on the one hand,
(Au,v)ys = <Au,®281)>(7_[0077.[—oo)
= (u, ATO%) (300 3y,
and on the other hand
(A, v)ggs = (u, A 0)gecr
= (u, @2s+2q~Absv>(Hw7H7w)'

We therefore find
Abs — @—25—2TAT®25

Hs'
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3. Take u € H>®, v € Dy C H®* C H~°°. Then

(Au,v)ys = (Au, ®2SU>(HOO7H700)

— (1, ATO®0) 3y
and

<Au, U>'Hs = <U, A*SU>H5

et <u, @25A*SU>(HOO7H700) .

Hence

A¥s — @—QSAT®25

S

An important takeaway from this proposition is that if A : H°® — H°, we have a priori
that
Al i H™® 5 H,

but if A € op” (@) we have in fact that AT € op” (@) (or, more precisely, AT’HOO € op"(@)).

It is now also clear that the Hermitian adjoints A’ and A*s in general cannot be regarded
as operators in op(@®), as the operators A% and A" do not agree on the intersection

H* NH! for s # t, and the same holds for A*s.

Proposition 2.1.6. If A € op"(©), r > 0, then
A:H CHO - HO

is symmetric if and only if A = A'.

Proof. Suppose that A = Af. Let u € H>®,v € H". Then

(Au, v) 30 = (AU, ) (o0 3q—o0)

- <U, AT’U> (Hoof}_lfoo)

= (u, Av)ypo.
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By density of H* C H", the above equality holds for v € H" as well, and hence A : H" C

H — HO is symmetric.
On the other hand, if A : H" C H° — HY is symmetric, then for u,v € H>,
<U,AT/U>(H00’H7(>Q) = (Au,v)30
= (u, Av)y0
= <’LL, AU>(HOO7H7()O)7

showing that Afv = Av € H> which implies that A = AT € op”(@®). O

2.1.3 Elliptic operators

To prepare the way for a functional calculus on this Hilbert scale, we will define a notion
of ellipticity called @-ellipticity in this subsection. We then show that for A € op”(©),
r > 0, @-elliptic and symmetric we have that A as an operator on H is self-adjoint with

domain H". Furthermore, if A is invertible in an appropriate sense, then A~ € op™"(@).

Definition 2.1.7. We say that an operator A € op"(®) is O-elliptic if there exists a

parametriz for A of order —r, that is, there exists an operator P € op™"(®) such that

PA:1H00—|—R2,

where Ry, Ry € op~>°(0©) = Nser op®(@®).

We emphasise that the notion of @-ellipticity depends on ® and on the order r € R.

Remark 2.1.8. In the definition of @-ellipticity above, we could have equivalently required
the formally weaker condition of A having a right-parametric Py € op~"(®) and a left-
parametriz Py € op™"(©),

AP; = 1y + Ry;

PyA =1y~ + Ro,
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where Ry, Ry € op~*°(@). Namely, it is not difficult to deduce that this would imply
P —Pc Op_OO(G)).

We will now provide a lemma which lets us formally weaken the condition of @-ellipticity

in Definition R.1.71

For a pseudodifferential operator T' € op(®), we say that there exists an asymptotic

expansion
oo
T~y Ty,
k=0
if
N
T— ZTk €op™ (@), my | —oc.
k=0

Lemma 2.1.9 (Borel lemma). Let {A}72, be a sequence of linear operators from H>
to H* for which Ay € op™*(©) such that my | —oo as k — oo. There exists a linear

operator A € op™ (@) such that

A~ A
k=0

Proof. Let n € CX(R) be equal to 1 in a neighbourhood of zero, and let {e;}7°, be
a sequence of positive numbers tending to zero in a manner to be determined shortly.

Formally we define

A= i Ak(l — U(Ek@))
k=0

We will prove that {€;}72, can be chosen such that this series makes sense and A €

op™°(®) with the desired asymptotic expansion.
Let £ € H*°. Then for every k > 0 and n € Z, we have
[Ak(1 = n(er®))Ellrn < [ Akllggnemi s30n [1(1 = 1(ex©) )€l ggmsms
< ([ Akllpgrsmi e 1 = 1(10) [grsmo g € lpgmsmo-

Let a > 0 be a number such that a < ®. The norm of 1 —7(g,0®) from H" ™0 to H" Mk

is determined by functional calculus as

supt™ (1 —n(egt)) < e " sup s™FTO(1 —n(s)) < Chep.
t>a >0
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for some constant (), and for k sufficiently large so that mg —my > 1. Now we choose ¢,

sufficiently small such that
0 S SkCn maX{||Ak||Hn+mk_>Hn} < Z_k.
In|<k
With this choice of sequence {€;}72,, we have just proved that the series

Af = i Ar(1—=n(e9))¢

k=0

converges in every H", and defines a bounded linear operator
A:HTO W n € Z.

Since this holds for every n € Z, it follows that A : H>® — H* and by interpolation
(Proposition 2.1.2) A € op™(®). Note that with this fixed choice of {e;}72,, we have

proved the stronger result that the ‘tail’ of A

S Al - 1(e40))

k=N+1

converges in every H* and defines a linear operator in op™VN+1(@).

Now we prove that A has the desired asymptotic expansion. For every N > 0 we have

N N 00
A_ZAk = —ZAkT](ék@)—f— Z Ak(l—n(&‘k@))
k=0 k=0 k=N+1

Since 7 is compactly supported, it is easy to see that the first summand has order —oo
for every N > 0, and the second summand has order at most my_1 due to the result just

proved. O

Corollary 2.1.10. Suppose that A € op”(®) has an inverse B € op™"(®) up to order
—1. That is,

where Ry, Ro have order —1. Then A is ©-elliptic.
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Proof. Since R{ has order at most —j, we can use the Borel lemma to construct an operator

B’ such that

B'~ Y (-1)BR].
k=0

Then AB’ — 1 has order —oco. Similarly we can construct a left inverse. O

The condition for @-ellipticity in Corollary [2.1.10| corresponds to a definition of ellipticity

by Guillemin in an abstract pseudodifferential calculus [Gui85].

Proposition 2.1.11. Let A € op”(®) be O-elliptic. If the bounded extension
A HHT 3o

admits a bounded inverse

-1, s so+Tr
AL gs0 gyt

for a specific so € R, then A~! 2o © op " (®). Simply writing A~ = A7} pye? WE have
that
ATA = A4 = 1y,

Proof. Let P be a parametrix of A and take x € H°, so that

A7z = (PA—Ry)A Y (AP — Ry)x

= PAPx — RyPx — PRix + RoA™'Ryz.

Observe that for y € H!, t € R, we have A~ 'Ryy € H%°*t", so that RoA 'Ry € H™.
Hence,

RyAT'Ry € 0p~>(©),

and therefore

A"l = PAP — RyP — PRy + RoA™'R;
€op (@) +op (@) =op "(O). O
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Proposition 2.1.12. Let A € op”(©) be O-elliptic of order r > 0. Then the unbounded
operator

A HTT CH — HE

is closed for each s € R.

Proof. Define the graph norm of A on dom(A) = H*'" as
2]l Geay := [ Az|ls + llzlls, =R

By definition, A is a closed operator if and only if dom(A) is complete with respect to this
graph norm. We will show that for @-elliptic operators, the graph norm is equivalent to
| - || s+, which immediately implies that H5*" is complete with respect to the graph norm.

First, we have that
[Az]|s + l[zlls < [[Allzesr s 2l str +1O7 205200 [|O" |
S lllssr-

Next, let P be a parametrix for A, and take x € H* so that

[2llstr < [[PAZ|[s4r + || Ro[|sr

< 1Pllggsmppser [ Alls + ([ Rallpgs spgorr |l

S [Azls + [lls-

The assertion of the proposition is now immediate. ]

Elliptic operators have a property which is often called elliptic regularity, or maximal

subellipticity.

Proposition 2.1.13. Let A € op"(®) be a O-elliptic operator. If x € H™°° is such that

Az € H® for an s € R, then v € HS'.

Proof. Take z € H~>°, and suppose that Az € H®. Then PAx € H*'", which implies
that
x = PAx — Rox € H5'. O
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Finally we will now show that if A € op”(®), r > 0 is @-elliptic and symmetric, then A is
self-adjoint with domain H". Recall from Section that Af|y € op”(®), and for any

s € IR, we have that
<Au,v>(Hs7H—s) = <’U;7 AT'U>(Hs+r’H—S—'r), u E HS+T7U e H—S. (22)

And, by Proposition for > 0 we have that A = Al if and only if Ay CH—-H

is symmetric.

Proposition 2.1.14. Let A € op”(©), r > 0, be a O-elliptic and symmetric operator.
Then A is self-adjoint with domain H".

Proof. To prove that A is self-adjoint, we need to show that the Hermitian adjoint of the
closed operator A : H" C H® — HO, writing A% := (Zm)*,

A* : dom(A*) C H® — HO,
has domain dom(A*0) = H". Recall that, by definition,
dom(A*) := {u € H°: Jv € H® such that Vo € H" (u, Ad)g0 = (v, )50}
If u,v € H° and ¢ € H", then by and Proposition m

(u, Ad)yo = (ATu, 6) (3 30r)
= (Au, §) (3 3473
<U7 ¢>’H0 = <U7 ¢>(H*T7Hr).

Since H" separates the points of H~", we have that for u,v € H°,

<Au7 (b)(H_T,'HT) = <U, ¢>(H—T,H’“)7 v¢ € Hra

if and only if
Au=veH".

Hence,

dom(A*) = {u € H°: Fv € H° such that Au = v}

={ueH: AueH.
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By elliptic regularity (Proposition [2.1.13)) it follows that dom(A*°) = H", completing the
proof. O

2.2 Functional calculus for elliptic operators

Due to the results in the previous section, we know that for a @-elliptic symmetric operator
A € op”"(®), r > 0, the operator Ay C H — H is self-adjoint. Hence, we can ask
when the operator f (Z’n’o) defined via the Borel functional calculus is an operator in op(®).
An obstacle for a naive approach is that f (ZS+T’S) is not easily defined for s # 0 as an
operator on H?, as AT s generally not normal or symmetric as an operator on H?® when

A is on ‘H. Indeed, Proposition tells us that this is only the case when
A =0 *A0%.

The main idea in this section is the following. A functional calculus for the self-adjoint @
itself as a pseudodifferential operator is not difficult to construct. Namely, for measurable
f iR — C, one can define f(©) as an unbounded operator on H [Sch12, Theorem 5.9],

with operator norms

1 £(©)[ps+m 3 = |O° F(@)O™* ™Iy = I f (@)™ | Lo ()

which gives a quick and appropriate condition for f(®) € op™(®) (here, E is the spectral
measure of @, see Definition [2.2.2] below for a precise definition of Lo (E)). We can further
exploit this by the insight that for a @-elliptic symmetric operator A € op”(®), r > 0,
in fact the norms ||@%¢| and ||(A)7&|| are equivalent, where (z) := (1 + ]:c|2)% If we can

provide that

1
T

S =

H(O) = H((A)7), op*(©) = op®((4)7),

we can then obtain a functional calculus for A on the Sobolev spaces H“”((Aﬁ) as easily

as for © above, which lets us conclude that f(A) € op(©).

1

Proposition 2.2.1. Let A € op"(©), r > 0 be O-elliptic and symmetric. Then (A)r :=

(1+ Az)% extends to an invertible positive self-adjoint operator on H, and

dom @ = dom ((4)7)".
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The norms ||@%¢ | and ||(A)7 €|l are equivalent on this subspace of . Therefore, ® and
<A>% define the same Sobolev scale

HH(©) = H((4)"),

and we have

3=

op'(®) = op' ((4)

).

Proof. The first statement follows from Proposition[2.1.14] For the remaining statements,
it suffices to prove that

(1+A%)@ 2
extends to a bounded operator on H for all @ € R, as this would imply for £ € H*,
(A) "€l < (A 7O oo | ©°¢l|3 S 11©°E]31,
and an analogous estimate in the other direction.
Let P be a parametrix for A, so that AP =1+ R with R € op~*°(®). Since
(1+A*)P?=P*+ A(1+R)P=1+P?>+ R+ ARP

and P2+ R+ ARP € op~%'(0®) and similarly for (1+ A2)P?, it follows that the operator
1+ A? is also @-elliptic due to Corollary [2.1.10, Since A is self-adjoint with domain
H", applying Proposition [2.1.11] gives that (1 + A2)~! € op=2"(®). We therefore have
(14 A?2)k € op?*7 (@), k € Z. This in turn gives that H> C dom(1 + A?)? for any z € C.

We use the Hadamard three-line theorem, so define the function
F(2) = (z, (1 + A2)™*@ 2™y, z€C,

where m € Z and z,y € H™ are fixed. Let {e,}nen € H* be an orthonormal basis of

H, then

o0

F(z) = Z<:U, (1+ Az)mzen>7{<ena @—szry%{' (2.3)

n=0
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Using the dominated convergence theorem, it can be seen that z — (, (1 + A%)™%¢, )y

and z — (e, @~2MTy)s, are continuous maps. Applying the Cauchy-Schwarz inequality

to the series (2.3)) yields

Z [, (1 4+ A%) ™ en)al[{en, @72 y)ag| < I(1+ A%) ™2l ©7*"y |3,

which is uniformly bounded on compact subsets of C due to the continuity of the right-
hand side. We can therefore apply the dominated convergence theorem again to deduce
that F(z) is a continuous function itself. Furthermore, this uniform boundedness yields

through Fubini’s theorem that if v is a closed loop in C then

/ z)dz = Z / (14 A%)™%e, )y len, @722 y) oy d.

Using Fubini’s theorem once more, we have that

/F(Z) dz = Z/ / /(A,u)mz dz(z, dEY Y e, len, dE® " )3 = 0,
¥ n=0"0(072") Jo(1+A2) Jy

so that we can conclude by Morera’s theorem that F(z) is holomorphic.
Since 1+ A? and @ are positive operators and

sup | = 1,

>0

it follows from the Borel functional calculus that for s € R,

|[F(is)] = [((1+ A%) 72, @2y )y

< [zl llylla.
Likewise,

‘F(l + ’LS)| — ’<(1 + 142)*””83:7 (1 + A2)m®72mr®f2imsry>ﬂ|

<11+ A2)mO7* " [lgsallzllally e,

which we know to be finite since m is an integer.
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The Hadamard three-line theorem (see e.g. [BL76, Lemma 1.1.2]) now gives that for
a€(0,1),

|F(a)| < max |F(a+is)]

seR
< (%%F(is)l)(l_a)(rge%IF(l+i8)!)a

<1+ A"~ 18l
Hence, with « € (0,1) and m € Z,
[(1 4 A2)™ O™ [y py < [[(1 4+ A%) O ™]|9

which proves that (1 4+ A2)™*@~2m" extends to a bounded operator on H for all m € Z,
a € [0,1]. O

Definition 2.2.2. Let E be a spectral measure on R with the Borel sigma algebra. For a

Borel measurable function f: R — C we define the essential supremum seminorm

[ fllLo () ==sup{y € R : E(If|7"((y,00))) = 0},

which defines Loo(E) in the usual way, namely as the quotient of the set of measurable

functions with finite seminorm, by the set of those of zero seminorm. In the same way we

define L2 (E) by the seminorm
115 iy o= e = £@)) Py
for any B € R, where (z) = (1+ |z|?)!/2.

Theorem 2.2.3. Let A € op”(®), r > 0, be O-elliptic and symmetric, and let E denote
its spectral measure. If f € L5 (E),B € R, then

f(A) € op” (@),
and we simply write f(A) := f(ZT’O). More precisely,

£ (A lgesr—srae < Cooallf gz iy
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Proof. Let A € op™ (@), r > 0 be @-elliptic and symmetric. Using Proposition[2.2.1] we re-
place ® by <A)% so that A € op”({A) %) is @-elliptic and symmetric. By Proposition
the operator

A W (A CH > H
is self-adjoint; we denote its spectral measure by E. Then for f € L2 (E), using Borel
functional calculus to define f (ZT’O), we have

S

10AYF FA YA Pl = ILF AN A) Pl = 112, ) < o0

which shows that f(A"%)|ye € op"((A)7). Converting this estimate back into an esti-

mate on the spaces H*(®) introduces the constant Cj 4. O

Theorem has a converse in the following sense. If A € op”(®), 7 > 0 is an arbitrary
@-elliptic symmetric operator and if f : R — C is such that f(A) € op”"(®), then the
proof of Proposition m gives that f(A)(1+4 A?)~%/2 is a bounded operator on H. This
happens if and only if f(z)~# € L (E) [Sch12, Theorem 5.9], i.e. f € L5 (E).

Corollary 2.2.4. If A € op”(®),r > 0 is symmetric and @-elliptic and if f : R — C is

a bounded Borel measurable function, then for any t € R we have

1£(04) e < Coasup|f @),
xe

independent of t € R.

Proof. Like in the proof Theorem [2.2.3] we have

1f (Al 1y = fillzo ey < suﬂglf(@l,

Ho((A)F )= Ho ((A) e

where we wrote fi(z) := f(tx). O

We say that two normal (potentially unbounded) operators A, B strongly commute if all

their respective spectral projections commute.

The functional calculus constructed in Theorem [2.2.3] can easily be extended to a larger

class of operators. For example, on R? we have that i% is not (1 — A)%—elliptic, but
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it does commute strongly with a (1 — A)%—elliptic symmetric operator, namely (1 — A)%
itself. The following proposition shows that a functional calculus for i% does exist in

op(1— A)% for this reason.

Proposition 2.2.5. Let A be a self-adjoint operator on H with spectral measure E. If
there exists a O-elliptic symmetric operator H € Oph(@), h > 0 such that A strongly
commutes with ™" : H" C H — H, then for f € L% (E) we have that f(A) € op®(®). If
A € op”(0) itself for some r € R, we have that f(A) € op?(®) for f € L5 (E), 8> 0.

Proof. In light of Proposition [2.2.1] we can assume without loss of generality that H = ©.
If f € LY (E), then f(A):H — H is a bounded operator, and for £ € H*> we have

1£(A)ellgr = 10F F(A)E N < F(Aloollllzer, k€ Z,

which shows that f(A) € op?(®) through interpolation (Proposition . The second
part of the proposition is proved similarly, after the observation that the Hadamard three-
line argument in the proof of Proposition [2.2.1| goes through for A if m € N, i.e.

(14 A?)?®~2%7 is bounded for a > 0. O

Let us now compare the functional calculus of Theorem [2.2.3] with other examples. For
classical pseudodifferential operators, pseudodifferential operators in the Beals—Fefferman
calculus, and a generalisation thereof on manifolds, general functions in f € LEO(E) are
much too rough to guarantee that f(7') is again a pseudodifferential operator of the same
class [Str72; Bonl13|. To emphasise, our results provide that for such rough functions f, the
operator f(7T) is well-defined and maps boundedly between appropriate Sobolev spaces,
but nothing more. The typical function class that allows concluding that f(7') is again a

pseudodifferential operator of the right type, is the following [Str72; Bonl3].

Definition 2.2.6. For I C R an interval and 8 € R, we define S°(I) as the class of

smooth functions f : I — C such that
I fllse (1) n = Slél; |f(k)<90)|<l‘>k_6 <oo, ke&lN.

The quantities above are seminorms.
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From this perspective, the operator class OP(®) (recall Definition [2.1.3) behaves more

like typical pseudodifferential operators.

Theorem 2.2.7. Let A € OP"(®), r > 0, be O-elliptic and symmetric, with spectrum
o(A). If f € SP(0(A)),B € R, then the operator f(A) € op®"(®) defined in Theo-
rem [2.2.3, satisfies

f(A) e () OPPr<(@).

e>0

To prove this theorem, we need to estimate the appropriate operator norms of the re-
peated commutators 6g(f(A)). As mentioned in Section this is exactly what multiple
operator integrals are for. The proof of this theorem will hence be provided in Chapter 3]

as a consequence of Theorem [3.4.2

Remark 2.2.8. [t is unknown to the author whether the conclusion of Theorem|[2.2.7 can
be strengthened to
f(A) € OP?(@).

2.3 Functional calculus for zero-order operators

In Section [2.2| we proved that @-elliptic symmetric operators in op” (@) for r > 0 admit a
functional calculus. The approach of that section does not apply for the case r = 0. To
illustrate how different the zero-order case is, consider the situation where ®@ = (1 — A)%
on Lo(M) where M is a compact subset of R¢. We have that for ¢ : M — R, the

multiplication operator

M¢ : LQ(M) — LQ(M)

¢ &,

where ¢ - £(z) = ¢(2)&(x), is in op®(1 — A)2 if and only if ¢ is smooth. If f(My) €
op?(1 — A)% for all M, € op®(1 — A)%, then the identity

f(Mg) = Myog
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shows that the function f has to be smooth itself and no functional calculus with general

functions in L2 (E) is possible; smoothness is a necessary condition.

For op(®) we therefore use a different strategy altogether. An approach by Davies [Dav95c;
Dav95b| on the construction of a functional calculus using almost analytic extensions di-
rectly applies. The technique was introduced by Hormander [Hor69; Hor70|, and subse-
quently used in various contexts by many authors, though the formula is often called the
Helffer—Sjostrand formula due to their independent rediscovery in [HS88]. For detailed
notes on the historical origins, see [Hor69]. Using almost analytic extensions to obtain a
functional calculus for pseudodifferential operators has precedent in the works of, amongst
others, Hérmander [Hor69], Dynkin [Dyn70j; [Dyn72|, Helffer—Sjostrand [HS8§|, Dimassi—
Sjostrand [DS99, Chapter 8], and Bony [Bonl3]. In an interesting twist, some of the
earliest applications by Helffer and Sjostrand of this formula occured in the study of the
Schrodinger operator and its density of states [HS88; HS89; [Sj691], the main subject of
Chapters |5 and |§| in this thesis (but in which these extensions make no appearance). For

the details of this construction we follow Davies [Dav95b|[Dav95¢c, Section 2.2].

Definition 2.3.1 (|[Dav95b]). Let f € C2°(R). Recall that (x) := (1 + \x!2)% We define

an extension f:C — C by

Fla i) = vl ) 3 10 ()

k=0

where N > 1 and 7 : R — R is a smooth bump function with 7(s) = 0 for |s| > 2,
7(s) =1 for |s| < 1. Then we have
1

f(z) = ——/C (gf(@) (z—x)'dz, z€R,

™

independent of the choice of T and N. We refer to f as an almost analytic extension of f.

Definition 2.3.2. We define TB(I) as the space of smooth functions f : I — C such that

Iflrsna = [ 179 @)le) o < o0, keN.

Recall that we previously put

Flls (1) = sup f P (@)[(2)FF <00, keN.
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Hence, in case I = IR, we note the inclusions
U $*(R) ¢ T7(R) ¢ S°(R) ¢ LE(E), BER,
a<p

for any spectral measure F.

Theorem 2.3.3 (|Dav95b]). Let f € C°(R) with almost analytic extension f as in
Definition [2.3.1], so that

f(x):——/ (gﬁ( )) (:—2)'ds, zeR

For any closed, densely defined operator H with o(H) C R, if for some o € R>g we have

the estimate

-1 1 (z) \* 5
=) < Oy () - 2€CER

———/—z— “ldz

defines a bounded operator on H independent of the choice of N > « and T in the con-

then we have that

struction of the extension f, with

N+1

IF(H)]lo < Z £ ll7or

The integral should be interpreted as a B(H)-valued Bochner integral. In case H is self-

adjoint, this agrees with the continuous functional calculus.

We thank Dmitriy Zanin for providing a key step in the following proof, which is an

adaptation of an argument by Beals [Bea77, Lemma 3.1].

Proposition 2.3.4. Let X € op”(®) be such that [©, X] € op”(®). If the extension
X D HHOTT 5 50

has a bounded inverse

XL g0 — gysotr
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for one particular s € R, then X_l‘HOO cop "(@). We have XX Yy = X 1 X|po =
1yee. In particular, if X € op”(©) and [©,X] € op”(O) with r > 0, then we have as

(unbounded) operators
o(X : HOTT CHO = HO) = o(X : HITT CHE — HF)

for all s € R, where o denotes the spectrum of the operator.

Proof. Since op”(®) = op’(@®) - @, it suffices to prove the proposition for r = 0.

Suppose that X € op’(®) is a bijection on H* — H% and write X! : H%0 — H%.
Then X restricts to a necessarily injective map HT! — H%Tl We now prove that

X HOTE 5 H0TL s also surjective.

We follow |[Bea77, Lemma 3.1], filling in some omitted details. Take v € H*°*!, then there
exists u € H® with Xu = v. Let € > 0, then H% € op?(®), and
) Q) 1
u =
1+e0@ 1+¢0

@) )
= X! X! X| X o
1+6®U+ [1+6®’ } v

Now, the % norm of the right-hand side is bounded independent of &:

= <l -
1 +5® Hs0+1 5350 - Moo =30
® _ _
‘H X” = [|(1+0) 71O, X](1 +£0) "y mo < [|[©, X] 32030
1 +€® 50 —FH50

This implies that u € H%*!, a fact that can be quickly verified with the spectral theorem

and Fatou’s lemma. Therefore,
X oot gysotl

is a bijection. By induction and interpolation (Proposition [2.1.2)), the same assertion holds

for each H?, s > sg.
Finally, it is a basic fact that the adjoint of a bijective operator is bijective, i.e.

X0 = XT|pmug : HT% — H
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is a bijection (recall the notation from Section . Since
©, X7 = —[0,X]" € 0p’(0),
we can apply the same arguments as above to deduce that
XtoHq—s 5 nq—s
is a bijection for all —s > —sp. This implies that
X=XM:H -

is a bijection for all s < sq. O

As an aside, one may wonder how for r > 0 the condition A, [®, A] € op”(®) compares to
the condition of A being @-elliptic used in the previous section. The following consequence
of Proposition [2.3.4] shows that, under the assumption that A is self-adjoint with domain

H", O-ellipticity is a weaker condition.
Corollary 2.3.5. Let A € op"(®),r > 0, be such that
A:H CH - HO
has a non-empty resolvent set (for example if A is self-adjoint with domain H"), and
suppose that [@, A] € op”(®) as well. Then A is O-elliptic.
Proof. By assumption, there exists z € C such that
z—AH CHO - H°

is invertible, and because [@, A] € op”(®) it follows that (z — A)~! € op~"(®) by Propo-

sition [2.3:4 Now,
Alz—A) =14+ 2(z—A)~1.

In other words, —(z — A)~! is an inverse of A modulo op~"(®). Corollary [2.1.10] gives
that A is ©-elliptic. O
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This following type of estimate on the resolvent also appears in L,-boundedness problems,

see [Dav95a; [Dav95b; |JN94].

Lemma 2.3.6. Let A € op’(®) be such that [©,A] € op®(®) and A% o H s
self-adjoint. Then for all s € R, there is a constant Cs > 0 such that

A L@\
=) Mo < Cors (5 7))+ 2€C\R

Proof. The proof is by induction and interpolation (Proposition [2.1.2). For s = 0, the
estimate holds by self-adjointness of A" Note that (2 — A)~! € op® (@) due to Proposi-
tion 2341

Suppose the inequality is proved for a fixed s € R>g. Then for z € C \ R,

1(z = A) " lggsrrpgen
0z — A) O e e
<1z = A) Ml + (2 = A)7HO, Al (2 = A) IO e
<z = A) s (1 1[0, A0 + A) " Hlpeoaes 1+ A) (2 = A) " Hlpeopes H®1\HS—>H8>-
Note that (i + A)~! € op’(®) by Proposition so that for some constant B > 0,
I1©, A (i + A) " las 25 1O lpgs s < B
Using the resolvent identity, we have
(i+A)(z—A) " =(+2)(z—A)" -1
and therefore
G A) (2 — A e <14 2412 — A) s
This yields

1(z = A) gy s < (2 = A) 7 lagaome (1+ Bs)
+ 1z 4| Ball (2 = A) T 300

< (14 By)ll(z = A) " Hlpsospes - (L4 |2+l (2 = A) 7 lwsosmes)-
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This estimate also holds with |z — 7| on the right-hand side, and min(|z +i|, |z —i|) < (2),

so that

1(z = A) Mg s < (14 B (2 = A) 7 o - (1+ (212 = A) 7 lgwemsee),

from which the claimed estimate follows. Induction and interpolation now provide the

estimate for all s > 0.

The case s < 0 is proved in the same manner, using induction in the negative direction.

Namely, the norm
1(z = A) " Hlggs-1 901 = 1071z — A) 71Ol pyses

can be estimated as before. O

We now arrive at the main result of this section, a functional calculus for op’(®).

Theorem 2.3.7. Let A € op®(®) be such that [©, A] € op®(®) and A" : H — H is
self-adjoint. For f € C*(R),
f(4) € op’(©).

Specifically, we have the estimate

[2ls17+1

1f (Al < Z I fll7o(R) k-

k=0

Proof. Without loss of generality, we assume that f € C2°(R). As A € op®(®), it extends
to a bounded operator

AP HS - HE, seR.
Furthermore, by Proposition [2.1.11] we have
(z—A)teop’(®), zeC\R.
Theorem and Lemma combined give that

fA) :HS - H, sER,
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is a bounded operator with the norm bound as claimed. By construction, for £ € H*> we

have that

_[of

@ = [ Le-a)eas e,

as an H®-valued Bochner integral. It is clear that
A58\ —1 — _ —1
(z=A")7| = (-4,

and therefore these arguments show that for £ € H* the integral

of

A 5(2 —A)edz

can be evaluated as a Bochner integral in each Sobolev space H®. Hence
of -1
= | —=(z—A
¢ /C 0z (= ) Edz

forms a bounded linear map on H; denote this operator by f(A) : H>® — H*™. Then

since f(A) agrees with f(A™) on H*, we must have

and thus we have f(A) € op’(@®). O

Similarly to the @-elliptic case, we also provide a theorem for OP° (®) (recall Defini-
tion [2.1.3]) for which the proof will follow in Chapter [3[ using a multiple operator integral

technique. Specifically, it is a consequence of Theorem [3.4.2]

Theorem 2.3.8. Let A € OPY(®) be such that A% . % — H is self-adjoint. For
feC>®R),
f(A) € OPY(@).

Theorem and Theorem are consistent with [Bon13, Theorem 3|, which provides
a functional calculus for zero-order pseudodifferential operators on manifolds for f €
C*°(R). Since our pseudodifferential calculus is vastly more general, our results are both

more general and less specific than that in [Bon13].
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Chapter 3

Multiple operator integrals as
abstract pseudodifferential

operators

Thanks again, and work even harder!!!

Fedor Sukochev

Like Chapter [2] the content and exposition in this chapter has appeared previously as
part of the preprint [HMN24], joint work with Edward McDonald and Teun van Nuland.
For this chapter, we are indebted to discussions with Fedor Sukochev and Dmitriy Zanin.
The main result of this chapter, Theorem is a construction of multiple operator
integrals adapted to the abstract pseudodifferential calculus of Connes and Moscovici.
The other main results of this chapter are a more specific version of this MOI construction
in Theorem [3.3.3] a noncommutative Taylor expansion in Theorem and a result on
the existence of asymptotic trace expansions in spectral triples in Corollary

Due to the results in Chapter we have a functional calculus for abstract pseudod-

ifferential operators A € op(®). As explained in Section it would be incredibly
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useful in the field of noncommutative geometry if we can define multiple operator inte-
grals (MOIs) for this abstract pseudodifferential calculus. There are two closely related
constructions we could employ here: Peller’s approach [Pel06; Pell6] and Azamov—Carey—
Dodds—Sukochev’s [ACDS09|. The former works with a very general class of symbol
functions, constructing MOIs for operators on Hilbert spaces. The latter considers a more
restricted class of functions and achieves stronger results as a consequence (Fréchet ver-
sus Gateaux differentiability), and notably achieves this in the more general setting of
semi-finite von Neumann algebras. Since we wish to keep our symbol functions as general
as possible and the results in Peller’s work suffice for our purposes, we will use Peller’s

approach as a blueprint to construct MOIs of pseudodifferential operators.

In Section [3.5] we will provide asymptotic expansions for these MOIs including a non-
commutative Taylor expansion, which we will apply in Section [3.6] to noncommutative
geometry, answering a previously open question on the existence of asymptotic expansions

of heat traces in spectral triples.

Throughout this chapter, we fix a positive invertible operator ® on the separable Hilbert

space H, which yields a scale of separable Hilbert spaces {H®}scr by Definition m

3.1 Operator integrals

We start with standard definitions and results on measurability and integrability of oper-

ator valued functions.

Definition 3.1.1. Let Ho, H1 be separable Hilbert spaces and let (), X,v) be a measure
space with complex measure. A function f : Q — B(Hi,Ho) is called weak operator
topology measurable (weakly measurable for short) if for all n € Ho, & € Hi the complex-

valued function

w = <7]7 f(w)€>7'loa w e Qa

1s measurable. Similarly, f is said to be weak operator topology integrable if for all & and

1 the above map is integrable.
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Lemma 3.1.2. [LMSZ23, Lemma 1.4.2] Let Ho, H1, (Q,2,v) be as above, and let f :
Q — B(H1,Ho) be weakly measurable. Then the norm function

w = [[f (@)l -0, wEQ,

is measurable. If moreover

1@l ] () < ox.

then there exists a unique Iy € B(H1,Ho) such that

<777 IfE)'HO = /Q<77’ f(w)§>7-[0 dy(w)7 ne HOa‘S € Hl:

and

o < [ 1)l so A1)

We then write I = [ f(w) dv(w).

Proposition 3.1.3. [DDSZ20, Lemma 3.11] Let (Q,X,v) be a o-finite measure space,
let a: R x Q — C be measurable and bounded, and let H be an (unbounded) self-adjoint
operator on H. Then

w— a(H,w)
is weakly measurable.
Proof. Though [DDSZ20, Lemma 3.11] is only formulated for bounded H, the unbounded
case follows with the same proof. O

Lemma 3.1.4. Let Hy,...,Hant1 be separable Hilbert spaces, X; € B(Hzi, Hoi—1), and

let f; : QO — B(Hai+1, Hoi) be weakly measurable functions. Then

Q — B(Han+1, Ho)

w = fO(w)lel(w) o 'ann(w)

1s weakly measurable. Furthermore, if

101200+ (60 a7, V() < o0,
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the map

B(H1,Ho) x - -+ x B(Hon—1, Hon—2) = B(Han, Ho)
(X Xa) = [ fo(@)X1fiw) - Xafulw) di(e),
whose existence follows from Lemma is so-continuous when restricted to the unit

ball in each argument B(Ha;, Hoi—1).

Proof. The first part of the lemma is a consequence of the fact that the pointwise product

of weakly measurable functions is weakly measurable, see [DDSZ20, Lemma 3.7].
The so-continuity follows from the joint continuity of the multiplication
(Xl, . ,Xn) —> ao(Ho,w)Xlal(Hl,w) s Xnan(Hn,w)

in the strong operator topology when restricting to the unit balls [Bla06, Section 1.3.2],
in combination with the Dominated Convergence Theorem for the Bochner integral of

Hilbert space-valued functions [DS88, Corollary II1.6.16]. O

Recall the definition of L2 (E) in Definition and that we use the notation || - ||o for

the essential supremum.

Lemma 3.1.5. Let (), X, v) be a o-finite measure space, let a : R x Q) — C be measurable

and bounded, and let E be a spectral measure on H. Then the functions
wla(,w)lloo,  w e flalw)liz (m)

are measurable.

Proof. Both claims can be proved with the Fubini—Tonelli Theorem or by combining
Lemma and Proposition It is vital that || - || is the essential supremum,
and that E is a spectral measure on a separable Hilbert space as pointed out in [Nik23|

Remark 4.1.3]. O
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3.2 Multiple operator integrals as abstract pseudodifferen-

tial operators

In this section we construct multiple operator integrals following Peller [Pel06; Pell6]|. His
MOIs are constructed with symbols ¢ in integral projective tensor products
Loo(Eo)®; -+ ®; Lo (Ey) for spectral measures Ey, . .., E,. A precise study of this integral

tensor product can be found in [Nik23|. We first generalise this integral tensor product.

Definition 3.2.1. Let Iy, ..., I, be function spaces of bounded measurable functions R —
R equipped with (semi)norms | - |r,k, K € IN. We define I'oX; ---X; '), as the set of

functions ¢ : R — C for which there exists a decomposition

(X0, 3 An) :/an()\g,w)---an()\n,w) dv(w) (3.1)

where (O, v) is a o-finite measure space, a; : R x QO — C is measurable, a;(-,w) € T;, the

functions w — |la;(-,w)||r, x are measurable for each i and k, and

|- oot )lirg s -+ o) I, dlvl @) < oc. (32)
We define the seminorm
Ol roR; - 8,T ko> KOs~y kn €N
to be the infimum of the quantity over all representations (3.1)).
Remark 3.2.2. We have that
@ @I, CTyX,; - X; [y,

where ® denotes the algebraic tensor product for topological vector spaces. We refrain from
answering the question whether the space in Definition [3.2.1] is in general the completion

of the algebraic tensor product under the given seminorms.

Note that due to Lemma if a : R x Q — C is measurable and a(-,w) € S?(R),

we have that w — [la(-,w)|[gs(r), is measurable, and the same claim holds for T5(R)
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and L2 (E) (recall the definitions of the spaces S#(R), T?(R) and L2 (E) respectively in
Definition Definition and Definition [2.2.2)). Hence the construction in Defini-

tion [3.2.1] can be applied for these spaces without this extra assumption.

For LEO(E) with E a spectral measure, this gives the integral projective tensor product
L3S (Eo) ®; - - B Lz (Ep) = L2 (Eo)&; - -~ @i L5z (En),
which appears in particular for 5y = --- = 3, = 0 in the works by Peller [Pel06, pp.6, 7].
Remark 3.2.3. Observe that
SP(R)K; --- &, §°(R) C L2 (E)&; - -- &L (E,)
no matter what spectral measures E; are taken.

Proposition 3.2.4. If $ € S (R) K, ---X; % (R) and ¢ € S (R)K,; ---X; S/ (R),
then

D(Noy- -5 ) = 0(Xos -, A)(Nos ..y An) € SOTH(R) K, - - - K; ST (R),

An analogous statement holds for the spaces L2 (E).

Proof. According to Definition we can find o-finite measure spaces (Q,v), (X, )

and measurable functions a; : R x Q) — C, b; : R x £ — C such that
B0 ) = [ an(hiw) -+ an (hny) dv(e);

D 0s- 3 An) :/Zbo(/\o,a)---bn()\n,a)du(a).
As observed above, the maps
W= Hai('aw)HS"‘z‘(]R),k

are measurable, similarly for the functions b;.

Using Tonelli’s theorem,
/Q . ’CZO()‘()) W)b()()\(h U) T a‘n(Ana w)bn()\ﬂm U)’ d(l/ X /.L) (wv U)
X
< Q0 ) [ flag(w)llsonn - lan ()l son 0 ()

< [ Bo20)llgso 07 [1ba o)l g di(r) < oc.
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Hence, by Fubini’s theorem

D(Ngy ..y ) = /sz ap(Ao,w)bo( Ao, 0) « -+ an(An, w)bp(An, o) d(v x p)(w, o).

The fact that ® € S*+(R) X - - - X; S% 5 (R) now follows from the computation

llak (- )bk (- 0) | gon 84 < Z( )H% W)l s, j 10k (-, 0) | 984 iy

The following theorem is the first main result of this chapter. It is a construction of
multiple operator integrals adapted to the abstract pseudodifferential calculus by Connes

and Moscovici which we have seen in Chapter [2]

Theorem 3.2.5. Let H; € op™i(®), h; > 0,i=0,...,n, be @-elliptic symmetric opera-
tors with spectral measures F;, and let ¢ € LY (Ey) X, ---X; L (E,), given with explicit

representation
d)()\o,...,An):/an()\g,w)'--an()\n,w)du(w), N€o(H)i=0,....n.
Then the integral
Ty (X, X)) ::/an(Ho,w)Xlal(Hl,w)--~Xnan(Hn,w)¢du(w), e H®,

for X1,..., X, € op(0®), converges as a Bochner integral in H* for every s € R, and

defines an n-multilinear map
THosHn op™(®) x -+ x op™(O) — opzi Tyt Biki (©)

depending on Q) and the functions ag,...,a, only through the symbol ¢. For s € R we

have the estimate

HTfO"“’H"(Xl, - ,Xn)‘

n
< Ao sstrs s
HHZJ' TJ'*ZJ' Bihj _qys ™ ]1:[1 HXJHH 3T S HQZ)HL&’(Eo)ﬁy-‘&ing(En)’

for some specific s1,...,s5, € R depending on hj,r;, 3;.
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For © = 1y and By = --- = S, = 0, it is immediate that a;(H;,w) € op(ly) = B(H)
and
lla; (Hj, w)llas—me = llaj (- w)llzo, (&)

and the above theorem reduces to Peller’s construction of MOIs [Pel06; Pell6]. Hence,
this theorem is a strict generalisation of his results. The proof is a subtle modification of

(aspects of) the proofs presented in [ACDS09; Pel06].

Proof of Theorem[3.2.3. Fix the @-elliptic symmetric operators H; € op”i(®), h; > 0,

i =0,...,n, with spectral measures Fj;, and the function ¢ : R**! — C

$(X0,- -3 An) :/an()\o,w)---an(/\n,w)du(w),

where (Q,v) is a finite measure space and the functions a; : R x () — C are measurable

and such that (z,w) — aj(z,w)(z) "% is F; x v-a.e. bounded for §; € R.

By Theorem we have that H> C doma,;(H;,w). Now fix w € ) and take n, & € H™.
Then [Sch12, Theorem 4.13] gives that

aj(Hjaw)£ = lim aj(Hj,CU)X[,nm}(Hj)f,

n—oo

where X|_,, ,,] is the indicator function of the interval [~n, n], because esssup|y <, |a; (A, w)| <

n,n)

o0o. Now Proposition [3.1.3| gives that

W = <77,GJ(HJ,W)§>HS = lim <@2S’I’],CL](HJ,W)X[,n,n](HJ)S>’H

n—0o0

is measurable for all s € R.
Let now X; € op”i(®), i =1,...,n. Fix s € R and define s, ..., s2,+1 € R with

n n
s0:=58, Sont1 =8+ Y Bihi+ Y ri,
=0 i=1

so that the operators a;(H;,w) and X; extend to bounded operators

a;(Hj,w) € B(H®+ 1527),

X; € B(H® 1),
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By the previous argument,
W aj (H ) c B(H52]+1 HSQJ)
is weakly measurable since H* is dense in both H*% and H2i+1.

Using the functional calculus in Theorem [2.2.3

g (B )llaases s < Cotyllag Gl s

and so we have that
L o o) X (1,0 Xon (o ) s )

n
< TLIXs s s | Hnaj 2y g, AIVI() < 00,
j:

where Lemma [3.1.5] ensures the right-hand side is defined. This is a finite quantity
since a;(z,w)(x)™% is E; x v — a.e. bounded and v is a finite measure space. There-

fore, Lemma [3.1.2] provides that

/Q ao(Ho,w)X1a1(Hy,w) - - Xpan(Hy,w) dv(w)

defines an operator in the weak sense in B(H%2r+1, H%0) with

H /Q ao(Ho,w)X1a1(Hy,w) -+ - Xpan(Hp,w) dv(w)

7-[52n+1 —HS0 (33)

S TLG e s [ Huaj o3 g, A1)

With Pettis’ theorem [VTC87, Propositions 1.9 and 1.10], it now follows that for ¢ €
H52n+1’
w — ag(Hp,w)Xqa1(Hy,w) -+ Xpan(Hy,w)y € H®

is Bochner integrable in H®. This holds in particular for ¢ € H*°, and as s € R was taken

arbitrarily it follows that for ¢ € H>,
/ ag(Ho,w)X1a1(Hy,w) - - Xpan(Hy,w) dv(w) € H™.
QO
It is therefore clear that we have a well-defined operator

/ ao(Ho,w)X1a1 (Hy,w) - - Xpan(Hp,w) dv(w) € opzj ri+d.; Bihy (©).
0
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The claim that this operator is independent of the chosen representation of ¢

S(X0; -1 An) :/Qag()\o,w)~--an()\n,w)d1/(w)

permits taking the infimum over all representations on the right-hand side of the esti-
mate giving the norm estimate in the assertion of this theorem. This independence
follows from the proof of [ACDS09, Lemma 4.3]. Namely, given n,& € H™, it is easy to
check that 0, ¢ : H> — H defined by

en,ﬁ(w) = <77a ¢>'H€7 ¢ € Hoo’

is an element of op~>°(®). The computations in [ACDS09, Lemma 4.3] give that, for
Nk, &k € H, the integral

|, 20(Ho. )8, 01 (H1,0) -+ By, 6,00 (Hu ) () € B(R)
does not depend on the chosen representation of ¢, and so neither does

/Q ao(Ho,w)0p, ¢,a1(Hi,w) -0y, ¢, an(Hp,w) dv(w) € op~*(0).
’}_[00
The so-density of the span of {6,¢ : 1,6 € H®} in B(H**,H**~') combined with

Lemma concludes the proof. O

Proposition 3.2.6. The MOI constructed in Theorem |3.2.5 is linear in its symbol:

T (X, ., X)) = oL (X, LX) + BT (X, X)), B EC.
Proof. If both ¢, : R — C have an integral representation of the required form over
measure spaces () and X respectively, then a¢ + ¢ can be decomposed appropriately
as an integral over the disjoint union Q) LUX. The assertion then follows by elementary

arguments. ]

Remark 3.2.7. The MOI constructed in Theorem is independent of the operator ©®
defining the abstract pseudodifferential calculus in the following sense. If H; and X; are
operators on H such that X[~ € op(@®) and a;(H;,w)|ye~@) € op’hi (@) satisfying
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the conditions of Theorem[3.2.5, then the proof of Theorem[3.2.5 shows that we can define
T M (X0, X)) M T By 3 by

Ty (X, X)) = /an(Ho,w)Vlal(Hl,w)---Vnan(Hn,w)q,z)du(w) e,

(NS ’HZZ rity s, Bihi,

which is a map that, apart from the definition of its domain, does not depend on ©.

Furthermore, using the functional calculus for op?(®) in Theorem we can similarly

define multiple operator integrals for op®(@®).

Theorem 3.2.8. Let H;, [®, H;] € op’(®), i = 0,...,n, be such that each 70 s self-
adjoint. For ¢ € T°(R) X, ---X; TO(R) with corresponding representation

600 0) = [ a0(A0,w) - (s, 0) di (),
the integral
Tt (X, X)W ::/QaO(HO,w)Xlal(Hl,w)-~-Xnan(Hn,w)1,ZJd1/(w), W€ H®
for X1,..., X, € op(0®), converges as a Bochner integral in H* for every s € R, and

defines an n-multilinear map Tfo""’H" top™ (@) x -+ x op™(®) — Opzj "(0).

Proof. By definition of T°(R) X, - - - X; T°(R) we have for all ko, ..., k, € N,

L ool roy g - lau ) roqmy e, vl () < .

The proof of the theorem is then identical to the proof of Theorem [3.2.5] using that

[2ls11+1
laj(Hj,w)llags—ms <> llag(cw) lrom) g
k=0

see Theorem 0
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3.3 Divided differences

The conditions that appear in Theoremand Theoremon the symbol ¢ : R**!1 —
C need to be analysed more closely in order to prepare these multiple operator integral
constructions for practical applications. The main result of this section is Lemma [3.3.1
which gives that for f € T#(R), 8 € R, the divided difference fI"l has an integral rep-
resentation satisfying the conditions of the MOI construction for @-elliptic operators in
Theorem and that for f € C°(R) the divided difference fI" can be used in the

MOIs for zero-order operators in Theorem |3.2.8

First of all, for functions ¢ : R**! — C it is an equivalent condition to admit a represen-

tation
600 ) = [ an(30:0) -+ au (hn,0) d(e)

for a finite complex measure space (technically: of finite variation) (Q), ) and measurable
functions a; : R x Q — C such (z,w) = a;(z,w)(x) P is E; x v-a.e. bounded for 3; € R,

or a representation
620, - -1 An) :/Zbo(xo,a)...bn@n,a) du(o),
where X is a o-finite measure space, b; : R x () — C measurable, and
L1000y 10l o s, bl () < .

Namely, given the second representation, a representation of the first type can be obtained
by putting [ST19, p.48]
bj ()‘jv U)

aj()‘jva) = Hbj ) V(U) = Hbo('7U)HL§g(EO) T an(va)Hng(En)M(U)

s,

We now again use the construction of an almost analytic extension (see Definition [2.3.1))
to provide an explicit integral representation for f € T#(IR). Recall the definition of the
product X;, Definition [3.2.1

Lemma 3.3.1. 1. Take n € N, let a be some real number with —1 < o < n, and

consider any collection of real numbers —1 < By, ..., By < 0 such that ) B; = a—n.
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Then
feT*(R) = fM e $P(R)K; - - K; $5(R),

where for each kg, ..., k, € N we have

nty o kit2

177 Q0o M) Lo Ry 50 Rk S 2o [ Fllza@yr
r=0

2. Let o« <n. Then

ferR)=fMe Y  SPR)K, K S (R).
Bos--Bn<0
Bj=a—n

For each component ¢ € SP(R) X, ---X; S (R) in the (finite) decomposition, we
have
nty o k2

191l 580 (R)S: 80550 (R) koo = D W7oy,

r=0

3. Let o« >n. Then

feTR)= fMe Y SHR)K, - K % (R).
> Bj=a—n
For each component ¢ € S%(R) X, ---X; S (R) in the (finite) decomposition, we
have
nty ol kit2
191l 580 (R)S: 80550 (R) koo S D W ll7o (),

r=0

Proof. 1. For g € C°(R) with almost analytic extension g, we have

1 0g _
9($):—; o:%(Z_x) ldz,

and hence

g (No, . dn) = (_1)n/ng(z—)\o)_l---(z—)\n)_ldz. (3.4)
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Now take f € T*(R) with a < n and with almost analytic extension f. Directly from

S(2)

Definition [2.3.1} writing o(z) := T(ﬁ), it follows that (cf. [Dav95a, Section 2.2])

r!

f N 1$(2))" iS(2))N
2 - ;(z f(’")(%(Z))(())> (2(2) iy (2)) + £ 7O () o),
r=0
We define
U:={z€C: R(2)) <[S(2)] <2(R(2))}, Vi={zeC:0<|3(2)] <2(R(2))},

and note that the support of o is contained in V', while the support of o, and o, are

contained in U. More precisely,

1
lox(2) +ioy(2)] S ——xu(2).
Therefore we have the estimate [Dav95b, Lemma 1]
of 1 -1
/«: o IR R %

§TX_:NO/U\f“)(%(z))\I%(z)!’“‘"‘1<%(z)>‘1dz+/v!f(N“)(%(z))us(z)w—n—ldz

N+1 N+1

S 3 JIO@Ier ™ e = 3 1w

where the last estimate (integration over the imaginary direction) is justified when

N>n-+1.

Hence the integral

converges.

Since [Dav95b, Lemma 6] gives that C2°(R) is dense in T%*(R), the Lebesgue
dominated convergence theorem then gives that the identity (3.4) extends to all
feT*(R), a<n,ie.

f[n]()‘o’ 5 An) L /C if(z — o)t (2= M)
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In order to show that this is a decomposition as described in Definition with

aj(Aj,z) = (2= Xj)7L, we will now estimate the expressions

_ ok _
(2 =) Ml Ry 6 = sup(A)*7 W(Z—A) !
(3.5)
< (sup(/\) ’8]2—/\\_1> . (sup()\>k]z— /\\_k>.
€R
Note that, for A € R and z € C\ R,
(\) _ BN==x1 <14 |z 4 1]
lz—= A |z = |z — Al (3.6)
(2) '
<1+ ,
S(2)]

as min(|z + 1|, |z —i]) < (z). Next, we estimate
sup(A) 7|z = Al
AeR
for —1 < 8 < 0. We estimate the supremum over A > 1, [A\] < 1 and A < —1

separately. First, for || < 1 we have 1 < ()\) < /2, and so

1
sup (NP2 = A7 < .
SRS 15
For A > 1, we have (\) < v/2), so that
A+ R(z)) 7P
sup() Pz - AT g sp  AFREN
A>1 A>1-R(z) ()\2 +%(z)2)§

Writing v = (), 3(2)) € R2, then by using Cauchy-Schwarz for the inner product

on R?, we have

A+ R(z2))P (v- (1, 53) 7
sup ————————F = Ssup
A>1-R(2) ()\2 +§(z)2)§ A>1-R(x) H'UH

3 (1, &E))-2

< sup g —
A>1-R(2) [[v]|*+5
g

~ IS
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For A < —1 we have a similar estimate, and hence combined we have

z)~P
S

—~

sup(A) Pz — A7t <

max (1, 2|7P) <
sup S g e

Combining (3.5)), (3.6) and (3.7) we get an estimate

8k

sup(A)* 7 INF

AER

(==X~

Let —1 < o, ..., Bn < 0. Taking the inequality above and proceeding as before with
N >n+1+>7" (kj, we have

J

of

0z

(s
A ER

N+1

(r) ren—1-3"_ 5
DWW RCIE do < .

Lm(z — Ao)_1|> (Sup (A )n=Pn

O ko An€R

This converges in particular for Z}l:o Bj = a—mn. Since —n —1 < Z?:o Bj <0, this
choice is possible if —1 < a < n. We have therefore proved for —1 < a < n, and

—1 < Bo,...,Bn < 0such that 3> B; = a —n, that

1A o, -3 An) 0 Ry, 3,550 (R) ko,
_ _ of
= L1 = 9 ssoqmpso -+ 1 = lsommy | 2| 4=
nty o kit2 nbyn k2
S Z I fllrnwyr < Z | fll e () -
r=0 r=0

2. For f € T*(R), —1 < a < n, we have by the first part of the lemma that for each
n € N,
firl e % (R)X; - - - ) $% (R)

where each (3; can be chosen to lie in the interval [—1,0], and - 3; = o — n.

For f € T%(R) with o < —1, we can write f = g- (z +i)~* where g € T?(R),
—1 < B <0and k € N. The Leibniz rule for divided differences dictates

. gy [l
00, ) =3 g s M) (@) 7)),
=0
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From part 1 and the explicit form of the divided differences of ((m + i)_k>[n] we

therefore conclude that each term is an element of

Bo,-.-,Bn<0
Zﬂj:a—k—n

with the required estimate of norms.

3. This follows analogously to assertion 2, by analysing (g(x + i)k)[n] for g € T*(R)
with —1 < a < 0. ]

Remark 3.3.2. The proof of Lemma in fact shows that if f € C""2(R) such that

[ fllrs@)e < oo for k = 0,...,n+2, then given any spectral measures Ey, ..., Ey,, we
have
n+2
1,8 5y, ) S 19 s siniy .0 < 2 I oy <

For n = 0, the space of functions that satisfy this condition closely resembles the space

Fm(R) used in [Car+16] in the context of double operator integrals.

Theorem 3.3.3. Let Hy, ..., H, be such that each H; € op™(®),h > 0, is O-elliptic and
symmetric, and let f € C"**(R) such that ||f||lpsg), < 00, k = 0,...,n+2 for some
B € R. Then for any X; € op"(©), i =1,...,n,

Tﬁf]"“’H"(Xl, ., X,) € op'TETR (@),

with the estimate

n+2
H7 7H7l
||T 0 (Xl, ey )H'Hs-%—r-%— (B— n)h_y4s S Cs JHo,...,Hp, <Z ||f”Tﬂ > H HX ||HS +ri S0
k=0 i=1
for some s1,...,8, € R.
Proof. Lemma and Remark combined with Theorem [3.2.5 O

Theorem 3.3.4. Let H;,[©, H;] € op®(®), i =0,...,n, be such that each T3 H > H
is self-adjoint, and let f € C*°(R). Then

THY M (X1, ., X,) € 0p2i ™ (©),
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Proof. Lemma and Remark [3.3:2] combined with Theorem O

Due to Lemma the divided difference fI"! for f € C°°(RR) is in particular a permitted
symbol for Theorem [3.2.8

3.4 MOI identities

The most important identities for our applications of our multiple operator integrals are

the following. These are generalisations of the identities

(), X] = T (1, X)):

H+X,H
seeing that f(H) = Tﬁo] ().
Proposition 3.4.1. Let a, X1,..., X, € op(®), let H; € op"i(®), h; > 0 be symmetric
and @-elliptic and let f € T?(R), f € R. Then

Tﬁf]""’H"(Xl, o XjaX g, X)) — Tﬁ?]"”’H"(Xl, o Xja, X, X)) (3.8)
= 7l O L XG, TH ) X, X))
Tow ' (aXi, ., Xa) = aTg " (Xo, o, Xa) (3.9)
— Tﬁf;ﬁO’Hl"“’H”([Hg, al, X1,..., Xn);
T (X, Xo)a = T (X4, . Xpa) (3.10)

= Tfl.[{,,?jrl]’Hn,Hn ()(17 ey Xn, [H’I’L’ CL])

Moreover, for A € op®(®),a > 0, B € op’(®),b > 0 symmetric and @-elliptic,

1[10]7--~7ij17A,Hj+1,-~~7Hn

f’n

_ TI—[IOv--ijjfl7A7B7Hj+17---7Hn
fn+1

(X1,..., X)) — Tﬁj{""Hﬂ'*l’B’HJ‘“""’H” (X1,...,Xy) oy
11
(X1,..., X;, A= B, X 1,...,Xp).

The same assertions hold for self-adjoint H;, A, B € op?(®) such that [®, H;], [®, A], [0, B] €
op?(®) and with f € C*(R).
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Proof. We prove equation [3.8]in the @-elliptic case, the other identities and the zero-order
case follow analogously. For f € T?(R), the multiple operator integrals appearing in the

equation are then well-defined, see Theorem [3.3.3

Write

Fj(Aoy-- s dnt1) = oy s Nty A1, - An1),s

and observe that

Fi1(ho- - Ans1) = Fj (R0, -, Ans1) = (5 = M) S o, An).

Hence,

Ho,..., Hj;,Hj,....H
0 I n(Xl,...,Xj,[Hj,a],Xj+1,...,Xn)

Ho,...,Hj;,Hj,...,

= T (K X e XK X)
= ot (X X e X, X))
- Tgo""’Hj’Hj""’H" (X1, X a, Xy, X))
= Tﬁf]"“’H"(Xl, X aXi, ., Xy)
- Tﬁ,?]’“"H” (X1, Xja, X1, X)) O

With these identities in hand, we can show that the MOI constructed in the previous
section is an element of OP(®) if all its components are and the symbol is a divided

difference.

Theorem 3.4.2. Let Hy, ..., H, be such that each H; € OPh(@), h > 0, is symmetric and
@-elliptic, and let f € TP(R) for some 3 € R. For operators X; € OP™ (@), r:= 1" | ry,
we have that

T]{_[Ir?]““’Hn (le s aXn) € OPh(ﬁ_”H"T(@)‘

Similarly, if each H; instead is such that H;, [®, H;] € OP%(®) and H; is self-adjoint, then
for any f € C*°(R) we have that

Tﬁf]"“’H” (X1,...,X,) € OP"(©).
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Proof. We focus on the @-elliptic case, the zero-order case follows similarly. Taking n =1

to ease notation, using Proposition [3.4.1] gives that

[@ THQ,Hl(Xl)] T]{‘[I()],HO,Hl([@ HO] Xl)—f—THO’Hl([@ Xl])—f-THO’Hl’Hl(Xl’[@ Hl])

As [©, H;] € op"(®) and [@, X;] € op™ (@), Lemma combined with Theorem
gives that

Ty (10, Hol, X1), Ty ™ ([0, X1]), Ty ™™ (X1, [0, Hi)) € op"P*7(@).

Higher commutators and n > 1 follow analogously. O

We have now proven Theorem [2.2.7 and Theorem [2.3.§ which were claimed in the previous
chapter: they are special cases of Theorem

In the setting that @' € L, s > 0, it is immediate from Theorem and Theorem[2.2.3]
that for Hy,...,H, € op"(®),h > 0 symmetric and @-elliptic, and f € T#(R), the

multiple operator integral

Ty (Xu,. ., Xa) € opl? M7 (@) (3.12)

can be considered to be a trace-class operator on H if 8 is small enough. Namely, we have

[l < 107 [[1[|All20 -

3.5 Asymptotic expansions

Through the identities proved in the previous section, the theory of multiple operator inte-
grals lends itself well for establishing asymptotic expansions of operators. As an immediate

example, we prove a noncommutative Taylor expansion for pseudodifferential operators.

Theorem 3.5.1. Let f € T?(R), H € op"(®), h > 0, @-elliptic and symmetric, and let
V € op”(©) be symmetric. If the order of the perturbation V is strictly smaller than that

of H, i.e. v < h, we have

fH+V) Z o V), (3.13)
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in the sense that

with my | —oo.

Proof. Using the last part of Proposition with A= H 4V, B= H, we have

F(H + V)~ f(H) = TV () = TH )

H+V,H
= Tfm (V).
Repeating the argument, we get
f(H+V)— Z TH)(V,...,V) = Tﬁ;X]’H’“"H(V, L),

Now, if < h, Theorem [3.3.3] gives that

THIVHH (Y g opB=N-DhtNT (@)

f[N+1]

with
(B—N—1)h+Nr=N(r—h)+(8—1)h | —cc. H

Note that, if H and V are commuting operators, (3.13) recovers the classic Taylor ex-
pansion formula f(H 4+ V) ~ Y0° = JUH) Hence, the expansion (3.13) can be in-
terpreted as a type of noncommutative Taylor expansion. Each term in the expansion

can itself be expanded as follows. Recall that we write g (X) = [H,X]|, 04 (X) =

Proposition 3.5.2. Let X; € op’i(®), H € op"(®), h > 0 symmetric and O-elliptic,
and f € T?(R). Then

N
C
THn Xi,...,Xp) = E E M&ml X 5 (X, f(n-‘rm) H
i ]( 1 ) i (n_|_m) ( 1) H ( ) ( )

FSU(X, . X,
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where
Cm1,...,mn = ﬁ <‘7 +my At mj — 1)
j=1 "
and the remainder S¥ (X1, ..., X,) is a sum of terms of the form

621 <X1> T 62% (X]C)Tfl‘[{n+1\7+l] (17 L 6g+1_m1_m_mk <Xk+1)7 Lo 1, Xgga,y e 7Xn>

If the commutators 6’;_1 (X;) have a lower order than the expected rj + kh, explicitly if
05 (X;) € op"itH=9) (@)
for some € > 0, then the above gives an asymptotic expansion

T (X Xa) o~ 30 30 R () 0 () £ (1),

m=0mi+-+mnp=m

in the sense that the remainder term
Sy (X1,...,X,) € op™N(0)

with my = 3,1+ (8 —n)h —e(N +1) | —oo0.

The proof of this proposition is a lengthy combinatorial exercise, the computations of
which are standard and appear in many proofs of the local index formula [CPRSO06a,
Lemma 6.11][CM95, Equation (71)][Hig04, Lemma 2.12], see also [Dal98; Payll|. The
novelty is that they can be performed in the very general context of (unbounded) MOIs.

In effect, Proposition [3.5.2] is a generalisation of the cited results.

Definition 3.5.3. The multiset coefficient () for n,k € N is defined as

)= (")

Lemma 3.5.4. For f € T?(R), H € op"(®), h > 0 symmetric and O-elliptic, X; €

op”"i(®), we have

T]{{M(l,...,1,X1,...,Xn)

J

N
m—+1
= (( | )) ST,y (Lo L X Xn) + Ry (Xns o, X0,
m=0 J D

J+14+m
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where

I /N +1
ne(Xy, X Z(( )) Tﬁn+j+N+1](1,...,1,5g+1(xl),1,...,1,X2,...,Xn).
i= j—1 N+1+1

Proof. Multiset coefficients have the property that

S

The assertion of the lemma follows by induction on N. For N = 0,

Tﬁw]u,...,1,X1,...,Xn)
j
:XlTﬁnH](l,...,l,Xg,..., +ZT7W+1 oo L6 (X1), 1,001, Xe, o, X))
j+1 Jj—l 1+1

by applying Proposition [3.4.1] j + 1 times on Xj.

Suppose that the assertion holds for N — 1. Then

Tien (L L X1, X))
J
N—-1
m—+1
f— (( )) 5H(X1) [n+]+m](1 ,1,X2, e 7)(n)
m=0 j W—/
Jj+1+m
J N .
+2_ () ) Tiweaom (Lo Lo (X), Lo 1 Ko, X
- il N+

Jj+1+m
J
N
+Z (( l )) 5H(X1) f[n+J+N (1 717X27 7Xn)
=0 N+1+j
J
N
+Z<< >>Z vy (L, 1L 6NN (X)), 1,001, Xy, X))
l f 7 y Y YH y P ) ) )
=0 Gk N41+i+k

where in the step marked with % we applied Proposition j — 1 times on 6% (Xy).
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Continuing on,

Tﬁn+j](1,...,1,X1,...,Xn)

N—-1 m4+1
=) (( ) )) 62}(X1)Tﬁn+j+m](1,...,1,X2,...,Xn)
- ( N;L 1)) 65(X1)Tﬁn+jw](1,...,1,X2,...,Xn)
N+41+j
i il N
+) (( l >> Ty (Lo Lo (Xn), L1, Xy, X,
=0 k=0 j—l—k N+1+i+k

In the last sum, relabel r := k 4 [, so that

Norm+1
= Z (( . )) 6;?(X1)Tﬁn+j+m](1a"-717X27--'7Xn)
J N——

j+l+m
LI (N N+1
+Z l Tf[n+j+N+1](1)"‘7]"6H (Xl)vlv"')leZa'”aXn)
j—r N+1+r
N m+1 m "
= Z . 5H(X1)Tf[n+j+m](1,...717X2’...7Xn)
m=0 J —
Jj+1+m
I (/N +1
+;J (( . >> Tﬁnﬂwﬂl(l,...,1,5g+l(X1),1,...,1,X2,...,Xn).
j—r NA414r
This concludes the induction step. O

Proof of Proposition[3.5.3. Apply Lemma first to the first entry of Tﬁn] (X1,..., Xn),
N mq +1
T (X, Xn) = Y (( 0 )) O (X T iy (L, 1, Xo, o, X))

mi1=0 mat1

+R8,N(X1’ .« .. 7XTL)
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Apply Lemma once more, expanding up to order N — m; instead of V.

T (X1, X)

N N-mq

S ()

m1=0 mo=0 24-my+ma
m1+1 mi n—1 n
+ Z Si (X1) Ry s Ny (X203 X)) + Ri N (X1, -, X))

Repeating gives the formula

N n
mj+1 m m H
= [1 ST (X0) e O (X)) TH (1,1
<<3—1+m1+ - 1>> i (K1) 0" (Xn) Do (L 1)

n+m

. n—1 k m]~|—1
Sy(Xi,. X)) =% > ]I ((j—1+m2+"‘+mj—1>>

k=0 mi+-4mi<N j=1

Xé;fnl(X]-)éE( )Rz-i-f:nl-‘r +mg,N—mq1—-- 7mk(Xk+1)"'aXn>'

The observation that

()=
(-0

finishes the proof of the proposition. O

and the definition

Putting these results together, we now have a noncommutative Taylor expansion.

Theorem 3.5.5. Let f € T?(R), H € op"(®), h > 0, @-elliptic and symmetric, and let

V e op”(0), r < h, be symmetric. Assume that

81;(V) € op"H9)(@)
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for some € > 0. Then we have the noncommutative Taylor expansion

V)~ Y S S e () e ),

n,m=0mi+--+mnp=m

Proof. For N, M > 0, Theorem and Proposition [3.5.2] give

A=Y Y Y Tty e )0 ()

n=0m=0mi+--+mnp=m (n+m>' .
+ OpN(r—h) _|_ Z Opnr+ n)h— a(M—&-l)(@)'
As (N, M) — (00,00), we see that the order of the remainder decreases to —oo. O

The noncommutative Taylor expansion ((3.13)) features prominently in [Pay07] for classical
pseudodifferential operators on manifolds, and in [Dal98; |[Pay11] in a more abstract sense.
For bounded operators on Banach spaces, it has been studied in |[HL24]. For related

expansions for bounded operators V', see also |[Han06; |Suill; |Skr18; NS22|.

3.6 Trace expansions and NCG

The observation in the previous section that the local index formula is closely connected to
the noncommutative Taylor expansion in Theorem leads us naturally to the topic of
asymptotic expansions of trace formulas. In various contexts of noncommutative geometry

and beyond, expansions are studied of the kind
Te(f(tH +tV)) ~ > cpt™, (3.14)
10120

for an increasing sequence 1 T oo and constants ¢, € C, which means that as ¢ | 0

N
Tr(f(tH +tV)) = > cpt"™ + O(t"™+)
k=0

for every N € R. Or, more generally (c.f. [EI18]),

T(J(LH + V) ~ fj pi(t), (3.15)
k=0
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where py(t) = O(¢"*) and

Te(f(tH +1V)) = 3 pilt) + O +).
k=0

To study the asymptotic expansion of expressions like
Tr(ae—t(DJrV)2 ),

we will use a modified version of Theorem [3.5.1] and Proposition [3.5.2] For this purpose,
we need to make a more detailed analysis of norm bounds of MOIs and of the remainder

in the Taylor expansion in Theorem [3.5.1]

Proposition 3.6.1. Let H; € oph(@)) for a fired h > 0 be symmetric and O-elliptic
operators. If X; € op"i(®), r:=>1" 11, f € T*(R) with a <n, t <1, then

tHy,....tHp _
”Tf[n]o (X150, X”)HHQ*""*(D‘*")}L*)HQ St geR
Rephrased, if f € T%“‘, u <r, then

u—r

Hoy,...,tHp
ITgh (X X s SEF, g €R.

Proof. Lemma [3.3.1] gives that

fnl e S SHR)K, - K $5(R),
Bo++Bn=a—n

where each 5; < 0 since a < n (recall Definition for this notation). Consider one of
the summands, ¢ € $%(R) X, ---X; $% (R). Then

dNoy- - dn) = Ao+ (N +0)P - p(No, .., M),
for a function ¢ € SO(R) X; - - - X; S°(R), and thus, by Remark and Theorem

thsH(),---th" ()(17 . e ,Xn)

= Tt (¢ Hy + i) Xy (tHy + )%, Xo(tHy + 1), ..., X (tH, + 1)),
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Corollary 2.2.4 and Theorem give that
o (EHy + i) Xy (tHy + ), Xo(tHy +0)%, . X (tHy + 1)) gg0ertamn 20

S N (EHo + ) lgga0-50n 3430 - -~ [|(EH + 1) 3gan <5 —y30m
for g; some real numbers. Theorem [2.2.3] gives that
I+ 0y S sup (k2 + )% 2) 7 S £,
Therefore,
T (X, X, X lggaertammn g S EP0F T = g, O

Proposition 3.6.2. Let @' € L;, s >0, f € T?’(R), H € oph(®), h > 0 O-elliptic and
symmetric and V € op”(©) symmetric. Let h >r >0 and B < —%2. For every N € N,

we have ast ] 0,

T(f(tH +1V)) Zt"TrTﬂn] Vi V) + 0@,

Proof. The proof of Theorem gives that

N
FOH +tV) =3 THLV, ... V) + T;{ﬁfv et gy V).
n=0
The condition 3 < —7 assures that all terms on the left and right-hand side are trace-class

(cf. (3:12)). Furthermore, we have f € T#(R) C TWN+D=7)=7(R) so that Proposi-
tion provides that

HTtH+tVtH7 5 H(tV, o ,tV)Hl

f[N+1]

tN+1HTtH+tV JtH,. H(V,

(N1 V)lpi-s 5200

< N+ (A=7)—7 ]
This proposition makes it clear that to determine the coefficients of asymptotic expansions
of the type (3.14)) or (3.15)), it suffices to study the asymptotic expansions of the multiple
operator integral

TI'(T;E] (V7 ) V))7

which we do with Proposition [3.5.2}
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3.6. TRACE EXPANSIONS AND NCG

Theorem 3.6.3. Let @' € L,, s >0, f € T?(R), H € op"(®), h > 0 symmetric and
©-elliptic, V € op™ (@) symmetric. If h >r >0, 3 < =37, and 63 (V) € op” t(h=2) (@),
then Tr(f(tH +tV)) admits an asymptotic expansion ast ] 0 of type (3.15) given by

C
Tr(f(tH +tV)) b It Ty (R (V) - 6 (V) F U (6 H)
P R )
+O(t™),
where my := (N + 1) min (% (1— %)) — 7, s0 that my 1 00 as N — oo.
Proof. Combining Propositions [3.6.2] and we have that
C
Te(f(tH +tV)) grtm Ty Ty (ST (V) L g (V) ) ()
nz:()mzo m1+~~;nn:m (n +m)! ( " " )
N T S
+ Y T (SN (V... V) + O N0,
n=0
where S%; ,(V,...,V) is a sum of terms of the form

VLI (y) - -5;1”’“(V)Tf[n+ml (1, 1,6y Timmm e (yy 1 LV, V).

We then estimate

HtN“a;}l (V)0 (V)T g (1, oy T (V) 1, LV V)H

S (V) o (V)T ey (1 L8 T (V) 1Y)

1

Hs—HO
< NS (V) - 0 (V)]

Hkr+(m1+-»-+mk)(h7£)4)7{0

H e ( ...,1,5%“‘”1‘“"”’“(1/),1,...,1,V,...,V)H

H—s;ﬂ_ﬂkrﬂml+~-+mk)(h—e) :

Applying Proposition then provides that

stkrt(my+-tmy)(h—e) (n—k)r+(N+l—mj—-—my)(h—¢)
h

||S]7if’t<V,...,V>||1 StNH_ :
e R

9

and hence

Z " Te (SR, (V.. V) S D et (=,
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Defining
. (€ r s
my := (N + 1) min (h’ (1 — h)> -

concludes the proof. ]

This expansion in fact partially answers a specific open problem posed by Eckstein and
Iochum in [EI18]. Given a spectral triple (A, H, D) it is a common assumption to require

the existence of an asymptotic expansion as t | 0 of
Tr(ae P ’ )
where a € A. Their question is whether the existence of asymptotic expansions of
Tr(ae_t(D+V)2)

can be deduced for suitable perturbations V' from this, and whether it could be enough

for Tr(e~tP 2) to admit an asymptotic expansion.

First, we address the second part of the question by giving an explicit example where the

asymptotic expansion of Tr(e~*" 2) provides no control over the expansions of Tr(ae " 2).

Theorem 3.6.4. [El18, Theorem 3.2/ For a bounded operator a and invertible positive

operator D such that D™ € L,, s > 0, the existence of an asymptotic expansion
5 (o]
Tr(ae P ~ t),
(@) g 3 el

where

d
pr(t) == > ( > cnlog” t) 7,

z€X, \n=0
with ¢, € C and for suitable sets X, C C (for details, see [EI118, Theorem 3.2]), implies

the existence of a meromorphic continuation of

(p2,a(s) = Tr(a|D|7*)

to the complex plane, with poles of order at most d+ 1 located at points in Jj—y X C C.
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3.6. TRACE EXPANSIONS AND NCG

Example 3.6.5. Let A = ((Z>1), H = (2(Z>1) where A is represented on H by

pointwise multiplication, and let D be the diagonal operator on H given by
De, =ne,, n>1.

This is a spectral triple for trivial reasons: A acts on H by bounded operators, and
[D,a] =0 for all a € A. Despite being atypical, (A, H, D) satisfies most of the assumptions
commonly made in the literature in terms of smoothness or summability. The algebra A
is not separable, but all of the following arguments can be performed in a separable (even

finite dimensional) subalgebra of A.

It is a classical result that we have the asymptotic expansion

o0
T 7tD2 — 7tn2 ~ ﬁtil — —
M) = e g

n=1
see for evample [Gil04, Lemma 3.1.3]. Nonetheless, the functions Tr(a|D|=%%) for a € A

are very badly behaved. For example, let

=1
= —ep € A,
“ ;Z:Zlognen

so that
Cap2(8) = Tr(aD 28) = E ! n=2s R(s) > 71
a,D ~ logn. ) 97

which is holomorphic on R(s) > 3. Now,
ic 2(s) = —2 i n=2s
ds P =

1
:2_2C(25)7 éR(S) > 9
where ¢ is the Riemann zeta function which has a simple pole at 1. Therefore, (, p2(s) +
log(2s — 1) is the antiderivative of an entire function, which implies that (, p2(s) =
—log(2s — 1) + f(s) where f(s) is entire [Rud87, Theorem 10.14]. We conclude that
Ca,p2 does not admit a meromorphic extension to the complex plane, and thus Tr(ae*tDQ)

does not have an asymptotic expansion as t | 0 of the type in Theorem|3.6.4

An even more pathological example is
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where A is the von Mangoldt function which satisfies

log(p) if n=p"* for p prime;
A(n) =

0 otherwise.

A classical formula asserts that [Tit86, p.4]

(n)

lgn

G,p(s) = Tr(b|D| %) Z =log((s), R(s)>1

which is badly behaved at every zero of ¢ and at s = 1.

To answer the first part of the question, we deduce the following.

Corollary 3.6.6. Let (A, H,D) be a regular s-summable spectral triple, s > 0. Let
V,P € B, V self-adjoint and bounded, where B is the algebra generated by A and D.
Then for all f € TP(R) with B < —s, the expressions

Te(f(tD+1V)),  Te(Pe ' PHY)) and  Te(Pe~!IPHV1)

admit an asymptotic expansion as t | 0 given respectively by

Te(f(tD +1tV)) Z Z > t"*m((;:i =" Tr (71 (V) - 65 (V) fm) (¢D))

n=0m=0mi+--+mnp=m

4 O(tN—i-lfs)7

where Crny ..., 15 the same as in Proposition [3.5.3,

— n mCm, ,Mn m m
Tr(Pe !P+V)’ Z Z S (=t WT(PA( D AMn) exp(—tD?))
n=0m=0mi+--+mn=m
+O(tN+21—s)’

where A= DV + VD +V?, and A™ := §7,(A), and

N N
TP P =32 5T ST (e TP () 75 () expl D)

+ O(t(N_H)(l_E)_S),

where B :=|D + V| —|D| and € > 0 can be picked arbitrarily small.
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Proof. Given a regular s-summable spectral triple (A, H, D), write © := (1 + D2)%. Let
V,P € B, V self-adjoint and bounded, where B is the algebra generated by A and D. If
f € TA(R) with 8 < —s, Theorem immediately gives that

N N
LD+ V) =303 Y e () d o+ (V) )

n=0m=0mi+--+mp=m

4 O(tN+1_S).

Regarding the expansion of Tr(Pe_t(D+V)2) we have that D? € OP?(@), A € OP}(@)
since (A, H, D) is regular. As [D? A] = (0% A] = O[O, 4] + [0, A]®, we have that
Am) ¢ OPY™(@). Furthermore, B C op(®). The proof of this corollary is then the

same as the proof of Theorem [3.6.3] Filling in

. (¢ T s N+1-s

gives the order of the error term.

For the expansion of Tr(Pe P*V1) while |D| € OP}(®) due to Theorem to con-
clude something similar for |D + V| we have to do more work. Note that D has discrete
spectrum since (1 + Dz)*% € L,. IfV € OPY(®) is self-adjoint, then D + V has real
discrete spectrum too. Hence we can modify the function z — |z| slightly on a small
neighbourhood around x = 0 to get a smooth function f which has the property that
f(z) = |z] on (D +V)Uo(D), and f € S'(R) since the second and higher deriva-
tives of f are all compactly supported. Using Theorem and the observation that
SYHR) C T'*4(R) for all € > 0, we have
[D+V|€OP™(@), |D+V|—|D|=Tg""(V) e OP(O).

Therefore, we get

N N
- n mCm N Mo,
Tr(Pe~1PV1) = Z Z Z (—t)" " WTY(P‘ST&(B)”'(;M (B) exp(—t|D|))
n=0m=0mi+-+mp=m .

+ O(t(NJrl)(l—a)—s),

where B := |D + V| — |D| and € > 0 can be chosen arbitrarily small. O
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Apart from providing a perturbative expansion of the spectral action, Corollary [3.6.6]

shows that if for all P € B we have an expansion

e}

Tr(Pe_th) o Z ck (Pt (3.16)
k=0

for constants ¢, (P) € C, then for all P € B self-adjoint and bounded there exist constants
cx(P,V) € C such that

Tr(Pe Py o 5™ ¢ (P, V)i
( )tw,;) k(P V)

Similarly, if each Tr(Pe*tDz) admits an asymptotic expansions of the type in Theo-

rem then Tr(Pe~tP+Y)*) does too.

Remark 3.6.7. Corollary can be modified to work for non-unital spectral triples.
Given a spectral triple (A, H, D) with non-unital algebra A writing ®@ = (1 + D2)%, if
one assumes instead of @1 € L, that there exists p > 1 such that a®~% € L1 for all
a € AU[D, A] and s > p as is proposed in [CGRS1/), then we also have a-op~*(®©) € Ly
for s > p. It follows that ast | 0

N N C
Tr(af(tD+ V) =Y S ¢mtm 3 ﬁﬂ (a0 (V) -+ a3 (V) fr ™ (D))

n=0m=0 mi+--+mnp=m

+ O(tN—&-lfp)

fora e AU[D, A], V € B bounded and self-adjoint, and f € T?(R), B < —p.

We can now answer the first part of the question by Eckstein and Iochum. More precisely,

in [EI18, Chapter 5] the question is asked when, for a spectral triple (A, H, D), the ex-

istence of an asymptotic expansion of Tr(e_t‘D |)

Tr(e~HP*VI) for a suitable perturbation V. Corollary compared with Example m

implies the existence of an expansion of

suggests that this is not generally possible. We illustrate this with the following example.

Example 3.6.8. Let us revisit Example where (A, H,D) = (loo(Z>1),42(Z>1), D),
and D 1is defined by

De, = ne,, n>1.

98



3.6. TRACE EXPANSIONS AND NCG

We take as before

=1
a:= Z —en.
“= logn

Noting that |D + a| — |D| = a, we can apply C’orollay to get (in this situation we can
choose € =0)

Tr(e !1PFal) = Tr(e™tP) — t Tr(ae™P) 4+ O(t).
Taking the Mellin transform we get for R(s) > 1 (see [EI18, Proposition 2.10])

1 o0
Tr(|D+a|™%) = —/ 5 (e P+aly gt

I'(s) Jo
1t 1 oo
= — [ (e Pty gt + —/ 5= Ty (e HPFaly gt
Yol R G LAy (e 1P )

Since

Tr(e UPTa) < Tr(e ) = (¢! — 1) < 27!, t>1,

we have that

1 o0
s —/ 57 Tr(et1P+aly ds

I'(s) /1
is holomorphic. It follows that
S 1 1 s—1 —t|D+a|
Tr(|D 4 a|™®%) = 1"(8)/0 t°7 Tr(e ) dt + holog (s)
1 1
= ) /0 ! Tr(e™P) — t Tr(ae™*P) dt + holog )~ 1 (s)

= (o,0(8) = 54, p (5 + 1) + holog(5)~ 1 (s)-
Since s — (ap(s+ 1) does not extend holomorphically to any punctured neighbour-
hood of s = 0 as the computations in Example m show, we conclude that (4 p(s) =
Tr(|D + a|~%) does not admit a meromorphic extension to the entire complex plane. By

Theorem |3.6.

Tr(eft|D+a\)

does not admit an asymptotic expansion of the type listed in the theorem.

We conclude by remarking that the existence of an asymptotic expansion of Tr(Pe~*" 2) for
P € B of the type in Theorem is guaranteed for commutative spectral triples [GS95,
Theorem 2.7], and by the same theorem also for almost commutative spectral triples [Sui25|

Chapter 10].
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Chapter 4

Connes’ integral formula and

quantum ergodicity

I am extremely impressed by your taste displayed in

the opening epigraphs to each chapter.

Fedor Sukochev

This chapter is based on [HM24b|, joint work with Edward McDonald. Thanks are ex-
tended towards Nigel Higson for helpful comments and suggestions, and Magnus Goffeng
for pointing out the condition [D, A] being bounded is sufficient for Lemma We
also acknowledge Eric Leichtnam, Qiaochu Ma, and Raphaél Ponge for their assistance.
The main results of this chapter are a formula for the noncommutative integral in Theo-
rem a noncommutative Szegd formula in Theorem and a link between NCG
and Quantum Ergodicity in Theorem

For applications of NCG in physics and numerical computations in NCG, it is important to
know how well spectral triples can be approximated by a finite truncation, since this is all
we can measure physically or compute numerically. A physical detector in a measurement

for example is typically only effective in a certain energy range. Hence for a spectral triple
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(A, H, D) it makes sense to consider a spectral projection P = x;(D), and truncate the
triple into the form

(PAP, PH,PD).

Now, PAP is not generally an algebra anymore. Connes and Van Suijlekom introduced
the concept of operator system spectral triples for this purpose [CS21], a generalisation of

usual spectral triples.

Definition 4.0.1. A unital operator system spectral triple (A, H, D) consists of a unital
space A of bounded operators on a Hilbert space H such that its norm closure is x-invariant,
D is a self-adjoint operator on H with compact resolvent, and for all T € A we have that

T dom(D) C dom(D) and [D,T| extends to a bounded operator.

Developments in this direction were made in [DLM14} GS20; (GS21}; (CS22; [DLL22; Hek22;
GS23; Rie23; |LS24} Sui24aj; Sui24b] amongst others.

We will connect this paradigm with Connes’ (normalised) noncommutative integral

w(a(D)~?)

oy TlatD)) gy 41
Tr, ((D)~—%) () (4.1)
recall that (z) := (1 + ]a:\Q)% Namely, we will show that given a finite-rank spectral

projection Py 1= x[_) (D) where X[-,) Is the indicator function of the interval [—\,A] C

IR, the functional
Tr(PraPy)

PyaPy —
AGEA Te(Py)

a € B(H), (4.2)

approximates the noncommutative integral on spectrally truncated compact spectral triples
(Proposition Theorem [4.1.7). This is a result in the spirit of [Stel9], where finite-
rank approximations of zeta residues are given. We however do not assume the existence
of a full asymptotic expansion of the heat trace. Instead, we focus our efforts on the

computation of the first term of this expansion, which is the noncommutative integral.

The language involved is closely tied to the field of quantum ergodicity, the inception of
which can largely be credited to Shnirelman, Zelditch and Colin de Verdiére [Shn74; Col85;

Zel87]. For reviews of this field, see |[Zell0; Zell7]. Quantum ergodicity is a property of an
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operator which can mean various things. A common definition is that, given a compact
Riemannian manifold M and a positive self-adjoint operator A on Lo (M) with compact
resolvent, the operator A is said to be quantum ergodic if for every orthonormal basis
{en}22 of Lo(M) consisting of eigenfunctions of A there exists a density one subsequence
J C IN such that for all zero-order pseudodifferential operators Op(c) with principal
symbol o € C*(S*M),
Bljigloo@jyop(U)CﬁLz(M) = /S*Madv,

and where v is the measure on the cotangent sphere S*M induced by the Riemannian
metric. In this context, a density one subsequence means that

#JnA{0,...,n}
n+1

—1, n— oo

Quantum ergodicity implies in particular that the functions \ejlz become uniformly dis-
tributed over M as J 3 j — oo, in the sense that the measures |e;|2dv, converge to dv,

in the weakx-topology, see Figure [.1]

Although quantum ergodicity shares a philosophical link with NCG — emerging from a
functional-analytic approach to ergodic geodesic flow on compact Riemannian manifolds
— there has yet to be made an explicit connection between the two fields, despite their
contemporary development. We will show in Section [£.4] that our results on the noncom-
mutative integral on truncated spectral triples provide the means with which the gap can

be bridged.

We furthermore propose a straightforward noncommutative generalisation of the property
of ergodic geodesic flow on compact Riemannian manifolds for spectral triples, and explore
what some results from the field of quantum ergodicity provide in this context. Our
definition of ergodicity is known in the study of C*-dynamical systems as uniqueness
of the vacuum state, and hence a result by Zelditch |Zel96] can now be recognised as an
NCG version of the classical result by Colin de Verdiere that ergodicity of the geodesic flow
implies quantum ergodicity of the Laplace—Beltrami operator |Col85|, see Theorem

below.
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Figure 4.1: An illustration of 64 eigenfunctions of the Laplacian on a rose-shaped do-
main with Dirichlet boundary conditions, corresponding to the 64 smallest eigenvalues
(counting multiplicities). Generated in Python with the finite-element method, using
FEniCSx [Bar+23|. Quantum ergodicity would imply that there exists a density one
subsequence of eigenfunctions {e;};c; along which the measures |e;|?d\ converge to the
uniform (Lebesgue) measure d\ in the weak*-topology.
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Additionally, we will draw from a result of Widom [Wid79] on the asymptotic behaviour of
the functional , which directly implies a Szegd limit formula for spectral triples that
satisfy the Weyl law (Theorem . This provides that for all self-adjoint A € B(H)
which map dom |D| into itself and such that [D, A] is bounded,

Tr(f(Py,APy,))
Tr(Py,)

Tr, (D)%) - wo M( ) = Tr, (f(A)(D)%), feC(R), f(0)=0.

Here, M : o, — l~ is a logarithmic averaging operator, and w € ¢%_ is an extended limit.
Details are provided in Section Note that we use the short-hand notation w o M (ay,)
for wo M({an}22 ;). We remark that this result provides the insight that Szegd limit

theorems can be interpreted as versions of Connes’ integral formula.

An outline of this chapter is as follows. We first explore and make precise the relation
between the functionals and in Section Section provides the mentioned
Szeg6 limit theorem for NCG. Next, we discuss a way of interpreting the functional
when the noncommutative integral is not defined, for example in #-summable or Li;-
summable spectral triples. Namely, we relate the functional to a functional that is
sometimes called the Frohlich functional, which has been studied extensively in [GRU19]
as a KMS state. Finally, in Section [£.4] we exhibit our study in quantum ergodicity and

its relation to NCG through our results on the noncommutative integral.

4.1 Integration on truncated spectral triples

Let us fix a closed self-adjoint operator D on a separable Hilbert space H such that
(D)= € L1 o, where d > 0 and (z) := (1 + |x\2)% We fix an extended limit w € £, and
assume that Tr,, ((D)~?) > 0. We write Py := X[—x (D). This situation is modeled after

(compact) d-dimensional spectral triples (A, H, D).

We first provide the most straight-forward approach to the noncommutative integral
on truncated triples, using standard techniques that are employed in quantum ergod-
icity |Col85|. We write

ft) ~ct
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to mean

limt*f(t) = C.

t—0

Proposition 4.1.1. Let a € B(H). If there exist constants C,C(a) € R with

vl

Tr(e %) ~ cte, Tr(ae P*) ~ C(a)t™ 2,

then
Tr,,(a(D) ™) = Tr,((D)™) lim %'

Proof. By [LSZ21, Corollary 8.1.3] we have that

d d
C:F(§—|—1) Tr,((D)~), C(a) :F(§+1) Tr, (a(D)~9).
Recall that we assume Trw(<D>_d) > 0. An application of the Hardy—Littlewood Taube-

rian theorem [Fel71, Theorem XI1.5.2] to the function Tr(e~*2*) shows that

Tr(Py) ~ Tr,((D)"HA4, X — .

Tr(PyaPy)
. Tr(Py)
Tro (a(D)~%)

T, (D)) ° =

Applying the theorem again to the function Tr(ae~*P”) then gives that limy_,e

exists and is equal to

Remark 4.1.2. The Hardy-Littlewood Tauberian theorem itmplies that the condition
Tr(e tP%) ~ Ct~% ast — 0 is equivalent to Ak, D?) ~ Cki as k — oo (Fel71|, Theo-
rem XII.5.2].

Definition 4.1.3. We say that D? (as fized at the start of this section) satisfies a Weyl
law if Tr(e*tDz) ~ Ct_%, and it satisfies a local Weyl law for an operator a € B(H) if
Tr(ae tP*) ~ C(a)t_%.

See [MSZ22] for an investigation of the validity of the (local) Weyl law for spectral triples,
and |[Pon23| for an extensive study of Weyl’s law in relation to Connes’ integral formula.
The latter, work by Ponge, answers some questions regarding Weyl laws and the noncom-

mutative integral related to measurability of operators.
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Although the local Weyl laws hold for Riemannian manifolds and a wide class of spectral
triples |[GS95; [EI18; MSZ22|, we have seen an example of a spectral triple in which such
behaviour does not hold in Chapter 3| see Example In the remainder of this section
we show what can be deduced without this condition. We now fix an orthonormal basis
{en}52 of eigenvectors of |D|, ordered such that the corresponding eigenvalues {\, }52

are non-decreasing.

Lemma 4.1.4. Let A € B(H). Then
Tra(AD) ) = momss 3 () e, Ac) ).
log(n+2) /=
If D? satisfies Weyl’s law, i.e. A\ ~ Cké, this simplifies to
1

Tr, (A(D)™) = Tr, (D) ™) 'w<log(n +2) ,;) <e/’;’f ik>>

Proof. The first part is [LSZ21], Corollary 7.1.4(c)], i.e. a corollary of Theorem the
second claim is [LSZ21], Theorem 7.1.5(a)] or [LS11]. O

What appears in the lemma above is the logarithmic mean M : £,, — {~, defined by

1 i Tk >
M:x— .
v {log(n—}—Z)kZ:%k%—l}n_O

This can be compared with the Cesaro mean

1 & *
C:x»—){Zajk} .
n+13 )

Lemma 4.1.5. For any sequence x € £y, we have

(M(x))p=(MoC(z))n+o0(l), n— oo.

Proof. For x € {5 and k > 0 we have

o [ 1 iﬁ _k 1%%
k+1 - \k+1&7)  k+ri\k=™

[e=]

107



CHAPTER 4. CONNES’ INTEGRAL FORMULA AND QUANTUM ERGODICITY

Hence, as n — oo

1 LR
M
(M(z))n = log(n + 2) kzz;)k%—l
Z k-1
log n—|—2 ( k:l )

= (MoToC(x))n+o(1),

where T : (zg,x1,22,...) — (0,20,21,...) is the right-shift operator on f,. Finally, for

any bounded sequence a € {,, we have that

(MoT(a)),— (M(a)), =o0(1), n— oo,
which can be found in |[LSZ21, Lemma 6.2.12]. O
Since both M and C' are regular transformations in Hardy’s terminology |[Har49, Chap-

ter I1I], meaning that M(x), — ¢ whenever x,, — ¢, it is a consequence of Lemma m

that for x € lo, if C(2), — ¢ then M (z), — ¢ as n — co. We introduce one more crucial

lemma. Namely, writing @,, for the projection onto {ey,...,e,}, we want to switch freely
between
TI‘(P)\CLP)\) Tr(QnaQn)
Tr(Py) Tr(Qn)
Tr(Qn(x)aQN ()

The first can be written as , where N(\) is the greatest k& > 0 such that

Tr(QN()\))
Ar < A, and thus can be interpreted as a subsequence of the second. The following lemma
can therefore be applied, which appeared as [Aza+22, Lemma 4.8], i.e. the published

version of Chapter [0} in a slightly weaker form and in a different context.

Lemma 4.1.6. Let ¢ : N — Rsq be an increasing function such that ¢(n) — oo as

n — 00, let {artren € R be a sequence such that {ﬁ Iy \ak\}ooio is bounded, and let

{ko, k1,...} be an infinite, increasing sequence of positive integers such that
k
lim 2Una1) _
and
1 o
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Labeling k;, := min{k; : k; > n}, we have that
72”2%271 > ap+o(1), n— oo
¢(n) = ¢ (kin) (= ’

Proof. Without loss of generality, we can assume that {ay }reN is a positive sequence. We

have
1 n 1 kin ¢(kl) 1 kln
i _ < n 1 =o(1);
() 2 % ¢<km>k1“’“—<¢<kzn1> >¢>(k1n> 2 o= oll)
1 ki 1 & 1 Kin,
o < = o1 OJ
3o 2" 5w 2= = Gl 2, oW

We can now prove the main result of this section.

Theorem 4.1.7. Let A € B(H). If D? satisfies Weyl’s law (Definition , then

Trw(A<D)*d) . o . e — (wo Tr(QnAQn) — (wo TI“(P)\RAP)\H)
T, (o))~ (oM ({en Aen)) = M>< Q) >_( M>< (P )

If furthermore Q is an operator with (,>odom(D™) C dom Q such that for some s > —d,

Q(D)~* extends to a bounded operator, e.g. if Q € op*({(D)), we have

[ Te(P,QPy,) o

Trw(Q) = w(log(T)\r(P)\:))>’ s = —d;
T QD)) (s ) <m¢m> o
(Trw(<D>_d>>§+1 (d“‘l) M TT(PAH)§+1 ) > —d.

Proof. The first equality in the first equation appeared in Lemmal[4.1.4] the second equality

is a consequence of Lemma [£.1.5] and the trivial identity

Te(QuAQy) 1 &
Tr(Qn)  n+l 2_{ew, Ack).

k=0

The last equality follows from Lemma when taking ¢(n) = n+ 1, since the Weyl law

gives that N]\&iﬂ y 1. The assumption
N0 Z (e, Aeg) = o(1), n — oo
(An) k=N(An_1)+1
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in Lemma [{.1.6] is satisfied, since

N(xn)
1 N(\n) — N(An-1)
E l{ex, Aer)| < || Alloo =o(l), n— .
N(An) k=N(An_1)+1 N(An)

Now take an operator Q with (,>odom(D™) C dom @ such that Q(D)™* extends to
a bounded operator. For s = —d, the given formula for Tr,(Q) is a combination of

Lemma, and Lemma For s # —d, first, due to Weyl’s law
£+1 S S
) = (T (D))" (k+1)78 +o((k+1)7371), koo

and hence, since (k + 1)~ (ex, Qeg) is bounded, we have that

241

(M) ew, Qer) = (Trw(<D>_d)) (k+1)"a ey, Qer) + 0<<k + 1)_1>, k — oo.

Now applying Lemma [£.1.4] and then Lemma [£.1.5]

Tr,(Q(D) ™) =w <10g(nl+2) > ) e, Q€k>>
k<n

7+1

= (Tra((D)™))
= (Trw(<D>7d)> §+1w o M<

w o M((n + 1)_§<€m Q€n>)

Z (k+1)74( 6k,Q6k>>-

kSn

Using Abel’s summation formula, as n — oo

ni 1 Z(k‘—f— 1)_§<ek,Qek> = (TL+ 1)_3_1 Z(ek,Qek)
k<n k<n
n—ll—l > ((k+2) i—(k+1)" 5)2@,@@3)
k<n—1 i<k

By Taylor’s formula, we have

1
(k+2)78 = (e )74 G+ )78 =5 (G 4 1)/ (1-0)(k+140)"a2do.
d d\d 0
Therefore
1 _Ss
n"‘l;(k—i_l) d<6/€aQ€kz>
= (1) 12 e Qex) + C({(k+1 12 ej, Qej) }k; 0)

k<n i<k
S/S

—g(gJFl) /01(1—9)0({(k+1+0 ‘“ZZ ej, Qej) }k 0) de,
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where C' : £y — fo is the Cesaro operator. Since (j +1)7d(ej, Qe;) is bounded and

s > —d we have

’(k +1+46)"a2 Z(ej,er>‘ =0((k+1)™Y, k— 0.

i<k
Thus
1 _s —1
n+1£(k+1) d(eg, Qeg) = (n+1)~ %%Qek
+ 2 o({k+ )i Y e e ) ) +0<1°g(”+2))
d h 7 7 n n+1 ’

Using Lemma [4.1.5| again, we have

Z+1 s
Tr,(Q(D) " %) = (Tr,((D)™ )" (1+)woM| ————
QD)) = (e (D))" (14 5 )wo ((nﬂ Zm)
To apply Lemma [4.1.6] taking ¢(n) = (n+ 1)@ and k, = N()\,), we need to check that
) L Y e
— [{ers Qer)| S —~—=77 ki
S ~ =41
N(\,)at F=N O )41 N(\,)at =N O 41

< N = N(Ay)a ™

~ N(\,)att

=o0(1), n— oo.
Hence Lemma [£.1.6] applies, and we conclude that

Tra (QUD) ) = (5 +1) (T (D)) e M(Tf(PAnQPAn))

Tr(Py,)dt!

As an obvious consequence of Theorem 7, if for A € B(H)

TI‘(P)\AP)\)
TI'(P)\)

converges, it follows that, provided D? satisfies Weyl’s law, the limit must necessarily
be the noncommutative integral of A. Furthermore, if the noncommutative integral is
independent of w, meaning that A(D)~¢ is Dixmier measurable (see e.g. [LSZ21; [LMSZ23;
Pon23|) one can replace w o M by lim oM on the right hand sides of Theorem Finally,
with a Weyl law, for self-adjoint A € B(H) we have

TI‘(P)\AP)\) Trw(A<D>_d) . TI‘(P)\AP)\) .
li f A <1 f < <1 I A AT AR | Aer).
minf(ey, Aey) < Hminf —prPp = < e py—ay S Hmsup =T < limsup(ey, Aey)

111



CHAPTER 4. CONNES’ INTEGRAL FORMULA AND QUANTUM ERGODICITY

All results achieved in this section are different flavours of the observation that the non-
commutative integral is the limit point — in a weak, averaging notion — of the sequence
{{ex, Aeg)}2° . For the circle S! this is not surprising; given f = 302 aker € L1(Sh)
in Fourier basis, we have for every k € Z

<€k, Mfek> = ap = 51 f(t) dt.
More generally, Proposition combined with Connes’ integral formula (Theorem |1.4.3)
and Lemma shows that for any d-dimensional closed Riemannian manifold M with

volume form v, we have that the Cesaro mean of the sequence
(ens Myey), f€C(M)

converges to [, f dvg. This fact is precisely what started investigations into quantum er-
godicity. Recall that this covers the study of to what extent the matrix elements (ey, Myey,)

themselves converge to an integral of f. More details will be provided in Section [£.4]

Previously, in [LPS10; |LS11; |LSZ21] it had already been observed that for spectral triples

(A,H, D) where D? satisfies Weyl’s law that if the noncommutative integral

, a€ WA,
Tro,((D)~4)
is independent of w, then
1 = (ex, aey,)
log(n + 2) ];] k+1 "7 ac4,

converges as n — 00, which was interpreted as being related to quantum ergodicity.

In quantum ergodicity and related fields, there is a vast literature on the properties and
asymptotics of the operators PyaPy. Through the results established in this section, the
link with Connes’ integral formula unlocks this literature for study from the perspective of
noncommutative geometry. One result from this cross-pollination is a Szeg6 limit theorem

for truncated spectral triples.
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4.2 Szeg6 limit theorem

Szego proved various limit theorems concerning determinants of Toeplitz matrices, inspired
by a conjecture by Pdélya and after work on these determinants by Toeplitz, Caratheodory
and Fejér, see [Szel5] and references therein. Much later, Widom provided a generalisation
of these results with a simplified proof [Wid79|, see also [LS96| for a version for elliptic
selfadjoint (pseudo)differential operators on manifolds without boundary. We now provide
a translation of the results of Widom into noncommutative geometry. We thank Magnus
Goffeng for pointing out that instead of requiring that [|D|, A] is bounded, it suffices to

assume in the following lemma that [D, A] is bounded.

Lemma 4.2.1 ([Wid79]). Let D? satisfy Weyl’s law (Definition , and let A € B(H)
and B € B(H) map dom |D| into itself, and be such that [D, A] and [D, B] are bounded.

Then
li r( A ( )\) )\)

= 0.
A—00 Tr(P)\)

Proof. First, [D, A] being bounded implies that [(D)z, A] is bounded due to our results
in Chapter [3] namely Theorem and Proposition (alternatively, see [GVF01,
Lemma 10.13]). Hence, replacing D by (D)é, we can assume that D is positive and that
[|D|, A] and [|D|, B] are bounded. Then, by the Cauchy-Schwarz inequality, an equivalent

formulation of the statement is that for every B such that [|D|, B] is bounded, we have

o IPABO=Py)lls _

1 0
Ao T(Py) ’
where || - ||gs is the Hilbert-Schmidt norm. The following argument is essentially due to

Widom [Wid79], see also [Gui79, Lemma 3.4].

Let N > 0. A quick computation [Wid79} p. 145] shows that
IPAB(1 = Pain)lirs < N3P D], BI(1 = Payn) | s
By the triangle inequality, we have
IPAB(1 = Py)|%rs < 2[PAB(Prin — Pa)llfis + 2[|PAB(1 = Pain) s
< 2||B||% Te(Pyin — Py) + 2N Te(Py) | [|D], B]|

[ooh
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Weyl’s law implies that

Tr(Pryn — Pa) = o(Tr(Py)), A — oo,

and hence
: IPAB(1 - Py)ls 2 2
lim sup < 2N D|, B|||%..
msup A7 101 B
Since N is arbitrary, this completes the proof. O

Following Widom [Wid 79| further, Lemma can be combined with the characterisation
of Connes’ integral theorem in Theorem into a Szeg limit theorem.

Theorem 4.2.2. Let D? satisfy Weyl’s law (Definition , and let A € B(H) be
self-adjoint and such that it maps dom |D| into itself and [D, A] is bounded. Then

T (D)) - (wo M) (“(féﬂ*;f?nw = T (f(A)(D)). [ €CR), f(0) =0.

If for every positive integer k there is some constant Cy, € R with
Tr(AFe P%) ~ Cut ™%,

then for every f € C(R) with f(0) =0 we have

Tr,, ( (D>7d) lim —Tr(f(P)‘AP)‘))

fim Sy = A

Proof. We sketch the proof of the stronger identity

T (D)) - (wo M) (TY(PW}Q;;‘”; A”)PA”) = T (F(A)D) ), fECR).
' (4.3)
Lemma gives that
) Tr (P)\Akp)\ — (P)\AP,\)k)
)\h_)n;o (P =0, k>1, (4.4)

which implies equation (4.3)) for polynomial f through Theorem An application of
the Stone—Weierstrass theorem provides an extension to continuous functions. Details can

be found in [Wid79].
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The second assertion for polynomial functions f is a combination of (4.4)) and Proposi-
tion If f is a continuous function on R with f(0) = 0, let £ > 0 and choose a
polynomial function p with p(0) = 0 such that

1 = Pl L (= Al oo Al ) < E-

Then
Tr((f —p)(PAAP)))
TI‘(P)\)
and
| Tro ((f = p)(AND) )] < el (D)~ l1,00-

Hence

: _ay Tr(f(PAAPY)) —d —d

11£Il_>S£p Tr, ((D) )Tpx\) — Tr, (f(AND) )| < 2e[|{D) " [l1,00-
Since ¢ is arbitrary, this implies the result. O

We emphasise that Theorem [£.2.2shows that the classical Szegd theorems for determinants
of Toeplitz matrices and Widom’s generalisations thereof can be interpreted as properties

of the noncommutative integral on spectral triples and their spectral truncations.

4.3 Frohlich functional

So far, we have considered situations modeled after d-dimensional spectral triples, where
(D)% € L. There are many examples of spectral triples that do not satisfy this
condition, however. Instead, one could consider the property of 8-summability, which says
that Tr(e *P*) < oo for all t > 0, or Lij-summability which requires Tr(e~“P!) < oo for ¢

large enough.

For this section, we therefore assume that D is a self-adjoint operator with compact

resolvent, but we do not assume Weyl laws. The functional

T —t|D|
a+— lim r(ae )

iy Te(eany 0 @€ B,
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which is sometimes called the Frohlich functional after [FGRI8; |CFF93], has been studied
extensively in the literature |[GM18; GRU19]. We highlight the relation between this

functional and the one that has been the object of study in this chapter.

Proposition 4.3.1. Assume there exists § > 0 such that Tr(e_”D') < oo fort > and

—t\D|)

limy g Tr(e = oo. Then, for any extended limit w € £} there exists an extended

limit ©p g € L5, depending on D and [ such that

Tr(ae~BHIPhY Te(Py, Py, )
w( Tr(e—(ﬁ+%)|D|) = wp,3 TPM) , a€ B(H).

Furthermore,

. Tr(PyaPy) . Tr(ae Pl
M Ry W Ty eaeny o @€ BOY;

in the sense that if the LHS limit exists, then the RHS limit exists and the equality holds.

Proof. Write {r,}32, for the eigenvalues of |D| counted without multiplicity so that ro <

r1 < ---. Observe the identity rx = Ay(,,) where N(\) := #{k : \x < A} is the spectral

k)

counting function of |D| and {\,}7%, are the eigenvalues of |D| counted with multiplicity.

Then,
TeaeCHIP) 1 = @+
Tr(ef(ﬁ+%)|D|) o Tr(ef(ﬁ-i-%)wl) kE::O (A§k<ewa6]>)e n
1 > Trv(P, aPr,)
. Te(P,, ) —— )
Tr(ef(ﬁJr%)lDl) kz:% ( r(Pr) Tr(P,,)
Te(Pr,_aPr, )\ _(g41y,
_Tr(PT'k—l) TrIEP ; )6 (B3,
Tk—1
Hence if we define &p g € (€so)* by
. 1 - (841
WD,ﬂ(bn) = W<TI.(6_(B+711)|D|) kz:%) (’I‘I.(PTk)bN(T‘k) _T‘I‘(Prkl)bN(’r‘k_l)>e (6+”) k), be 5007

we have by construction that

T(ae=G-DPYN  (Te(PyaPy)
w(Tr(e('B+711)|D) =Wpp W , aEB(’,L[)_

Crucially, &p g is an extended limit if and only if limy g Tr(e7P!) = oo, see [Har49,
Theorem II1.2]. The second assertion of the proposition is proved through the continuous

version of the cited theorem, namely [Har49, Theorem IIL5].
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Finally, if the limit

. Tr(PyaPy)
lim ————=~
A—00 TI"(P )\)
exists, then all extended limits on the sequence % coincide, and so we conclude
Tr(PyaP Tr(ae 417!
i DB, Tl D) e g, .

Avoo Tr(Py) = Tr(e~tPl)”’

Writing Pp := X|[9,00) and applying the above results to PpD instead of D, we have that

Tr(Ppae~P+w)P Tr D)a D

. r(Ppae 1 ) —Gpgs (X[O,/\n]( ) X[O,An}( ) . acB(H),
Tr(Ppe~(FT7)D) Tr(x(0,0,) (D))

which is a functional that is extensively studied in |[GRU19|. In particular, it defines a

KMS state of inverse temperature 3 on the Toeplitz algebra generated by a Li;-summable

spectral triple (A, H, D) satisfying some extra conditions.

4.4 Noncommutative ergodicity

Quantum ergodicity began as a study of geodesic flow on manifolds through abstract
operator theoretical language. On a closed Riemannian manifold (M, g) we can define
the geodesic flow as a map Gt : SM — SM, where SM is the unit sphere in the tangent
bundle of the manifold M. For a point (z,v) € SM, one simply takes the unique geodesic
v : R — M with v(0) = z and 7/(0) = v, and defines G¢(z,v) := (7(t),7/(t)). This
flow is said to be ergodic if every measurable function f € Lo, (SM) which is fixed by the
flow (i.e. foGy = f almost everywhere) is constant almost everywhere. Equivalently, the

geodesic flow can be defined on S*M, the unit sphere in the cotangent bundle.

Let {exr}32, be any orthonormal basis of eigenvectors of the Laplace-Beltrami operator
Ag and let Py = x|, A](_Ag)' Related to the result derived in Section it is known

that for compact Riemannian manifolds we have that

Tr(POp(a)Py)
Te(Py) /SW adv,
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where a € C*°(S*M) and Op(a) is a classical pseudodifferential operator with principal
symbol a. Colin de Verdiere showed [Col85] that this fact can be used, if M has ergodic
geodesic flow, to show that there exists a density one subsequence {e;};jecs of {ex}2y,

meaning that W — 1, such that

sl {ej, Op(a)e;) = /SW ady.

This and related properties are called quantum ergodicity of the operator A,. See also

Figure

Before we start to put quantum ergodicity results into a noncommutative geometrical
context, let us observe first that our labours in Section provide a result in the other
direction. The Weyl measure of an operator, which is the relevant measure for quantum

ergodicity [CHT18, Section 4], clearly admits a Dixmier trace formula.

Definition 4.4.1. Let M be a manifold equipped with a nonvanishing density p, and let
A be a self-adjoint positive operator on Lo(M,p) with compact resolvent. Let {ex}7,
be an orthonormal basis of La(M,p) consisting of eigenvectors of A with corresponding
eigenvalues { A }72 . If

1
lim —— (er, Myeg)
oo N(N) Ak% f

exists for all f € C.(M), then there exists a measure up such that

AILIEOE/\) > ler, Myey) = /MfdMA-

A<\

This measure is called the local Weyl measure of A.

Proposition 4.4.2. If A as in Definition[].4.1] satisfies Weyl’s law
A(k,A) ~ Cka

for some 0 < d € R and admits a local Weyl measure pp, then

d d
2 2

T (My (14 8) %) = Tea (L4 8)7%) [ . (45)

Proof. Consequence of Theorem [1.1.7] O
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This is relevant for sub-Riemannian manifolds, in which case one can take A to be the sub-
Laplacian and pa is not necessarily the usual volume form on the manifold M. Notably,
a rescaling of this measure was found very recently in [KSZ24b| to be a spectrally correct
sub-Riemannian volume of M, additionally providing in that context a generalisation of
the above Dixmier trace formula to any normalised continuous trace ¢. This measure is

studied extensively in this context in [CHT1§| as well.

We will now shift our attention to results in quantum ergodicity which are interesting
when viewed from the perspective of noncommutative geometry. To start, we provide an
analogue of ergodicity of the geodesic flow — a property a compact Riemannian manifold
can have, which we should therefore be able to see as a property of a spectral triple. For
this purpose we recall the following construction and theorem by Connes [Con95|. For
a spectral triple (A, H, D) we write ¥° for the set of operators admitting an asymptotic
expansion

P=by+b (D)L b o(D) 24+, bjeB,

with B generated by A and 6"(A), where 6(a) := [|D|,a]. The asymptotic expansion is
taken in the sense of Chapters 2] and [3| which means here that the difference between P
and the nth partial summand is an element of op~"((D)). Note that we do not include

the operators [D, A] in B. For A € B(H), we write o;(A) := Pl A4e= Pl ¢ € R.

Theorem 4.4.3. For a unital reqular spectral triple (A, H, D), where reqular means that
d"(a) € B(H) for alla € A, n € N, define

S*A = C’*( U o (‘i’()) + K(H))/K(’H).

teR

This C*-algebra comes equipped with automorphisms
oi(A+KH)) = etPlaePl 4 k(7).

For (A,H,D) ~ (C*°(M), La(S), Dpr), the Dirac spectral triple associated with a compact
Riemannian spin manifold, we have S* A ~ C(S*M). Furthermore, if A= Op' (c) € ¥°
fora € C®(S*M) we have o(A+ K(H)) = Op’ (0 0Gy) + K(H) where Gy is the geodesic
flow on S*M.
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The identity o,(Op’(0)) = Op’ (00 Gy) + K(H) is known as Egorov’s theorem, see
e.g. [Zell7, Section 9.2]|Zwo12, Section 11.1]. This provides the basis for interpreting oy

as an analogue of geodesic flow even in the noncommutative case.

In Theorem [4.4.3] it is important that the operators [D,.A] are not included in ¥°. For
illustration, in the commutative case the principal symbol of |D| acts as a scalar on the
vector bundle S, meaning that 1 and hence ¥° can be regarded as acting on L (M) instead
of L(S). The isomorphism S*C*(M) = C(S*M) in Theorem is then an extension

of the symbol map o : ‘I’gl — C°°(S*M) on classical pseudodifferential operators on M.

Remark 4.4.4. For a (unital) spectral triple, (D)~1 is compact and hence

S*A = C*< J o:(B) + K(H)) /K(H).

teR

Furthermore, since for b € B we have the convergence in norm

O't(b) —-b _

lim [1D], 6],

t—0

we in fact have

S*A = c*< | oe(A) + K(”H))/K(’H).

teR

A few examples of this construction are given in [GL98]. In the context of foliations of

manifolds, it has been covered in [Kor05].
The automorphisms o; provide an action of R on the C*-algebra S*A, and this noncom-
mutative cotangent sphere is thus an example of a C*-dynamical system.

Definition 4.4.5. A C*-dynamical system (A, G, «) consists of a C*-algebra A, a locally

compact group G, and a strongly continuous representation o : G — Aut(A).

There is a vast literature on C*-dynamical systems, see [BR87, Section 2.7] for a start.
In particular it has been a popular object of study in the field of quantum ergodicity, see

e.g. |Zel9o).

In Connes’s point of view, the automorphisms o; on S* A are the noncommutative analogue

of geodesic flow. Recall that for compact manifolds this flow is said to be ergodic if the
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only measurable functions that are invariant almost everywhere under the geodesic flow
are the functions that are constant almost everywhere. This definition is measure-theoretic
in nature, and to translate it into a statement on spectral triples we therefore define the
noncommutative Lo-space on S*A, which corresponds with Lo (S*M) in the commutative

case.

Proposition 4.4.6. Let (A,H,D) be a unital reqular spectral triple where D? satisfies
Weyl’s law (Definition . The functional

T(A+ K(H)) := —“(

defines a finite positive trace on S*A.

Proof. This is well-known. We remark that the traciality of 7 in fact follows from Theo-

rem Widom’s Lemma and the trivial identity
TI‘(P)\AP)\BP)\) = TI‘(P)\BP)\AP)\). ]

Definition 4.4.7. We define Ly(S*A) as the Hilbert space H, in the GNS construction
(77, Hr). Explicitly, writing I = {A+ K(H) € S*A: 7(A*A) = 0}, we define

Lo(S*A) = 57 AT %2,

N

where the completion is taken in the semi-norm ||A + I||L, = (T(A*A)) . The space
Ly(S*A) is a Hilbert space with inner product defined via

(A+1,B+ 1)1, :=7(B*A), A,BeS*A

Notation 4.4.8. In accordance with the paradigm called the C*-algebraic approach to the
principal symbol [Cor79; \SZ18; MSZ19; KSZ24a], we write sym for the quotient map

sym : C’*( U oi(A) +K(7—[)> — S*A
teR

A = A+ K(H),
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which is understood as a symbol map. Writing furthermore w for the other quotient map-

ping

m:STA = Ly(S*A)

A — A+,

where I is as in Definition [{.4.7, we will furthermore use the notation

symp, := 7 osym : C’*( U Ut(A) + K(H)) — La(S*A).

teR

Example 4.4.9. 1. For the Dirac spectral triple coming from a compact Riemannian

spin manifold, (C*(M), L2(S), D), we have that S*C*°(M) ~ C(S*M) with
Tg*A = [qeps- Hence La(S*C®(M)) =~ Lo(S*M). The action o, agrees with the

usual geodesic flow.

Given an even dimensional compact Riemannian manifold, and a finite dimensional

spectral triple (Ap,Hp, Dr), we have for the almost commutative manifold (see

Section[1.6)
(A;: COO(M)®AF,L2(S)®HF7D = DM®1+7M®DF)7

that S* A ~ C(S*M) @ Ap with T5-4 = [g3; @ Tr. Hence Ly(S*A) ~ Ly(S*M) ®
HSp, where HSp is simply Ap equipped with the Hilbert—Schmidt norm. The au-
tomorphisms oy act as oM @ 1, where o} is the usual geodesic flow on S*M. This

corrects (GL9S, Lemma 2.2].

For the noncommutative torus (C>(T%), Lo(T%) ® CNe, D) (see Section @), we
have that S*C(T%) ~ C(T4%) ® C(S¢1) with Tgerd = Trd © Jga-1 and @ is the mini-
mal C*-tensor product. Hence La(S*T$) ~ Lo(T$) ® La2(S4Y). The automorphisms

o act as

or(ur ®g) = up @explitk-z)g, teRkeZzecS™ ' CRY ge (8.

. Let A be the Toeplitz algebra, i.e. the C*-algebra generated by the shift operator on

l3(IN), and let D be the operator on £2(IN) defined on the standard basis {e;}jeN

D:ejr jej, j€N.
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For the spectral triple (A, l2(IN), D), we have S*A ~ C(S') with Ts=4 = [q1. Hence

Lo(S*A) ~ Ly(S'). The automorphism oy is given by rotation.

Proof. (1) can be found in |Con95].

(2): Since |D| = \/D% ®@ 1+ 1® D%, it follows that |D| — |Dys| ® 1 is a compact operator
on Ly(S) ® Hp. We will show this with the double operator integrals from Chapter
First, one can omit the kernels of | D| and |Djs| ® 1 from the Hilbert space as the projection
onto the kernel of either operator is finite-rank and thus compact. Both operators have
compact resolvent. Hence, after this modification, the function f(z) = y/x is smooth on
a neighbourhood of the spectra of the operators |D| and |Dys| ® 1. Define the Sobolev
spaces H® := dom |Dy|° ® 1, s € R, and apply Proposition and Theorem to
find that, for 0 < e < 1,

2 D2
|D|—|DM|®1:TD ,D1,®1

1 (1 ®D%) € Op_1+€(|DM| ®1) C K(H),

It now follows from Duhamel’s formula (see e.g. [ACDS09, Lemma 5.2]) that
1
(P! — DI iy [ P D] — Dy @ 1) 0PI s € K ().
0

Therefore,

U o(B)+ K(H) = U O’i\/l(BM) RAp+ K(H),

teR teR

where o is the geodesic flow on M and By the algebra generated by 5‘7})M|(C°O(M)) C
B(Ly(M)). We conclude that S*A ~ C(S*M) ® Ap. This proof shows that the action
oy on C(S*M) ® A is given by oy = o ® 1.

(3): Although the Hilbert space of the spectral triple is Ly (T%) @ CV¢, since |D| = vV-A®
1 (see Section similarly to the manifold case B acts trivially on the CNd-component.
We can therefore make the identification B C B(L2(T%)). In fact, we claim that B s a
C*-algebra stable under the action oy () = ¢V =2(.)e~#V=2 and therefore

s*C(Td) ~ (B + K (Lo(T4)))/ K (Lo(TE)).

@

t)kék . .
-0"(a), and this sum is actually norm

The claim holds since formally o;(a) = Y32,

convergent for a € Poly(T¢) := span{uy,},cz¢. Denoting the generated *-algebra Bpoty =
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(a, 5”(a)>aepoly(Tg) we therefore have
ot : Bpoiy — Bl

Since Poly(T¢) is dense in C°°(T4) and o is an isometry on B(La(Tg)), it is easily seen

that this implies that o; maps B into itself.

By construction C(T¢) is represented on L2(T%) as bounded left-multiplication operators

(denote the representation m1), and C(S%71) is as well via the representation

) —o( 2L D

2 \/j7 R \/j

where D; : uy, +— kjug. It is shown in [MSZ19] that, writing IT1(C(T¢), C(S%1)) for the
C* -algebra generated by m1 (C(T%)) and m2(C(S%71)) inside B(L2(T%)), we have

). gec(st,

I(C(TG), C(871))/ K (La(T§)) ~ C(T§) @ C(871).
To determine that S*T¢ ~ C(T%) ® C(S%1), it therefore suffices to show that

B 4 K (Ly(T9)) = T1(C(T4), C(S% 1)) + K(Lo(TY)) € B(Lo(TY)).

To start, it is immediately obvious that 71 (C(T%)) C Bl Next, the operators \/D_LA

generate my(C(S971)) as a C*-algebra, and we claim that

i, V=B ) - e € K(La(TH)).

where e; € Z% is the standard unit vector. This would imply
[(C(TH), C(8") + K (La(T5)) € B 4 K (Ly(T5)).

The claim is proven by writing
D; k;
* /_A e.] — J — k; | — k _ 9 .
(uej[ 7u]] /jA)uk (| +6]| ’ ‘ |k’>uk

f(t,k) = |k+te], keZtecR,

Now define

and note that its derivatives in the ¢t variable are

k4 te? — (kj +1)?

/ ki +1 1"
= t, k)=

|k +tey|

124



4.4, NONCOMMUTATIVE ERGODICITY

Hence

* / D;
<u€j[ _Aa uej] - \/_jiA> Up = (f(L k) - f(ov k) - f/(oa k))uk’
1
— / (1= &) f"(t, k) dt - up.
0
From the form of f”(t, k) above, we therefore have

IF(1,k) — f(0,k) — f'(0,k)| € co(2%),

which indeed shows that uf [v'—4, ue,] — \/D_LA is a compact operator.

For the other direction, the above arguments already show that
V=2, ue,] € TI(C(T), C(S)) + K (L(T)).
Since by explicit computation
0% () = (w2, V=B, e, )",
and since uZJL = Ume,, W€ have that
0" (u) € TI(C(T§),C(S"™")) + K(L2(T§)), n € Zso,k € Z°,

and hence

Bl ci(c(Td), C(8Y)) + K (L2(TE)).
: *rd ~ d d—1 :
, ~ . ts
In conclusion, S*T§ ~ C(T§) ® C(S*'). For the automorphism oy, first note that

Dy Dy

(o = Da
Utg\/j,“"\/j

Ny M)’ ge (st .

) = g(

Next,

ezt\/—Aueje—zt\/—Auk _ ezt(\k+ej|—|k|)uejuk

= uej eXp(itu:j [\/ja Uej])uk

= U, exp (zt \/ﬁ)uk + e, (eXp(Ztue]- [V=A, ue,]) — exp (”ﬁ))“’“‘
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We have already seen that uf [v'—4, ue,] — \/D_LA € K(Ly(T%)), and hence as in the proof

of (2) it follows from Duhamel’s formula that

exp(itug, [V=A, ue,]) — exp (z’t \/lzjj) € K(Ly(TE)).

Thus, we see that
or(un ® g) = up @exp(itn-z)g, tcRneZ'zecS™ ' CRYgeC(S).

(4): Tt is well-known that, after identifying fo(IN) with the Hardy space H?, any element
in the Toeplitz algebra A can be written as Ty + K, where Ty is the Toeplitz operator
with symbol ¢ € C(S!) and K € K (¢3(IN)), see e.g. [Mur90, Section 3.5]. By an explicit

computation, it can be seen that
DI D] — T
where R; is rotation by the angle ¢t. Hence o4(A) = A, and
S*A = A/ K (£s(N)) =~ C(SY).

For the noncommutative integral, we can use the diagonal formula in Theorem [£.1.7] so

that for an arbitrary element Ty + K € A,

Too (T + K)(D) ™) = wo M((en, (Ty + K)ew)) = [ 6(2) e =

Sl

Observe that the automorphism o, on S*A extends to a unitary operator o, € B(La(S*A)).

Definition 4.4.10. We say that (A, H, D) is classically ergodic if for a € La(S*A), we
have oi(a) = a for allt € R if and only if a = \-1 € La(S*A) for some X € C.

The construction of Lo(S*A) has now reached its goal; for spectral triples derived from
compact Riemannian manifolds, this definition is precisely the usual definition of ergodicity

of the geodesic flow.

We now immediately claim the following theorem, the NCG analogue of the classic result
in quantum ergodicity by Shnirelman, Zelditch, and Colin de Verdiere [Shn74; |Col85;
Zel87].
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Theorem 4.4.11. Let (A, H,D) be a unital reqular spectral triple with local Weyl laws
for a € A (Definition . Assume that the closure of A in B(H) is separable. If the
triple is classically ergodic, then for every basis {en}>2 of eigenvectors of |D| there exists
a density one subset J C IN such that

ry,la —d
lim (e;,ae;) = Try(a{D) ™)

J3j—b00 Tr,((D)=4) "’ acd

Proof. Classical ergodicity of (A, #H, D) means precisely that the C*-dynamical system
(S*A,R,0¢) has a unique vacuum state in the terminology of [Zel96]. Hence, due to

Proposition the theorem is a consequence of [Zel96, Lemma 2.1]. O

This theorem, while its mathematical core is already an established result in quantum
ergodicity, gives a fresh perspective on the criterion of a C*-dynamical system having a
‘unique vacuum state’. And while the vast majority of results in the paper [Zel96] are for-
mulated for ‘quantised abelian’ C*-dynamical systems, which in our case would mean S*.A
is represented as a commutative algebra on Ly(S*A), the philosophy of noncommutative
geometry provides solid reason to study not quantised abelian C*-dynamical systems but

ones with a unique vacuum state, as proposed by Zelditch [Zel96].

Example 4.4.12. We continue Ezample [{.4.9

1. The canonical spectral triple corresponding to a compact Riemannian spin manifold,
(C°(M), L2(S), D) is classically ergodic if and only if M has ergodic geodesic
flow.

2. Any nontrivial almost commutative manifold (C*°(M) ® Ap, L2(S) @ Hp, Dy @1+
M ® D) is not classically ergodic. Note that this corrects [Zel96, Corollary (3.1)],

which was already known to experts to be false.
3. The noncommutative torus, like the commutative torus, is not classically ergodic.

4. The spectral triple of the Toeplitz algebra is classically ergodic. See [Zel96, Exam-

ple (D)] for a generalisation.
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Proof. (1): See [Col85|.

(2): Since oy acts on Lo(S) ® HSp by oM ® 1, any element of the form 1 ® a is a fixed
point of oy.

(3): It follows from Example that for any f € C(S%71), the element sym;, (1® f) €
L2(S*TY) is a fixed point of oy.

(4): Since the only rotationally invariant functions in Lo(S!) are the constant functions,

the claim follows. O

We note that the well-studied examples of spectral triples in noncommutative geometry
often possess a high degree of symmetry, and in geometric examples a high degree of

symmetry can obstruct ergodicity.

We now conclude the paper by giving some equivalent conditions for classical ergodicity.

First, we invoke von Neumann’s mean ergodic theorem.

Proposition 4.4.13. For any a € La(S*A), there exists aqpg € Lo(S*A) such that,

putting
1 /7T
ar = T/o oi(a)dt,
we have
Tlgréo lar — aavgllL, — 0.
Furthermore,

<17aavg>L2 =(1,a)L,,

and the map a — aqyg is Lo-continuous.

Proof. The existence of aqny and the Lao-convergence of ar to aqyg follows from von Neu-
mann’s mean ergodic theorem. Next, since oy is a unitary operator with o;(1) = 1, we

have

<1a Ut<a>>L2 = <17 a>L2'
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Hence,

(1, Gaug)r, — (1, a),

< {1, Gavg) 1, — (1, a7},

+ (1 ar)z, = (La)z,

= |<1aaavg _aT>L2| =0

< ||aT - aangL27
which converges to 0 as T'— oo due to the first part.
Finally, for the continuity of a — a4, note that

T
larlle. < 7 | lov(a)l L, dt = lal|z,,
and taking the limit T — oo,
@avglly < llallz,- O

Remark 4.4.14. Since S*A is represented as bounded operators on Lo(S*A), we can
consider the von Neumann algebra 7 (S*A)" in B(L2(S*A)), denoted as Lo (S*A), to
which T extends as a faithful normal tracial state. We can define the noncommutative Ly,
spaces Ly(S*A) := Ly(7) for 1 < p < oo via standard constructions (we recover La(S*A)
forp = 2). This is precisely how the spaces L,(T%) are constructed [LMSZ25, Section 3.5].
It is possible to show that oy : L,(S*A) — L,(S*A) are isometries for all 1 < p < oo, and
the averages in Proposition exist and converge in every L,(S*A).

Proposition 4.4.15. Given a unital reqular spectral triple (A, H, D) satisfying Weyl’s

law, the following are equivalent:

1. the spectral triple is classically ergodic;

2. for all a € Ly (S*A),

Qavg = <17a>L2 -1

3. writing
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where < Urer at(.A)> is the x-algebra generated by ;g 0+ (A), for all A € < Urer O't<./4)>
we have
2

Tr,((D)~"%)?%- lim wo M((ek, |AT|2ek)) = ‘ Tr, (A(D)~%)

T—o0

Proof. (1) < (2) is easily seen from the fact that aqyg is a fixed point of oy.
Next, if A € <Ute]R crt(.A)>, then by Theorem [4.1.7|it follows that

T, (D)) o M ({ens [ ArPer) ) = To (D)) T (s (D))
= Tr,({D)~)*(symp, (Ar),symp, (A1) L,
Since symp, (A7) = symy,(A)r, Proposition gives that

T, (D) 2 Jim o M ({en, [ r Per) ) = Teu (D)) sy, (Along, sy, (Aang) o
(4.6)

(2) = (3): This now follows from Equation (4.6) and the identity (1,symj,(A))r, =
Tro, (A(D)~9)

Tro((D)~%)
(3) = (2): For a € Lo(S*A), Proposition 4.4.13| gives that (agug, 1)z, = (a,1)r,, and

hence

||aavg —(L,a)- 1”%2 = (aavg,aavgﬁz - <aavgv Dy (1 a)r, — (1, aavg>L2<1v ayr, + (1, a>L2|2
= (@avgs Gavg) L, — |(1, a>L2‘2-

Therefore, assumption (3) combined with Equation (4.6 gives for all A € <Ut€]R O’t(.A)>,

symyp, (A)avg = (1, symp,, (A)>L2 -1

The image of < Urer Ut(.A)> under the map sym;, being dense in Lo(S*A), and the map

a — Ggypg being Lo-continuous, we can conclude that
am,g = <l,a>L2 -1

for all @ € La(S*A). O
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Chapter 5

The density of states on discrete

spaces

Best wishes and remember: WORK HARDER!!!

Fedor Sukochev

This chapter is an adaptation of [Aza+22|, joint work with Nurulla Azamov, Edward
McDonald, Fedor Sukochev, and Dmitriy Zanin. The main result in this chapter is a

Dixmier trace formula for the density of states on discrete metric spaces, Theorem [5.0.1]

Given a metric space (X, d) with a Borel measure, and a self-adjoint operator H on La(X),
a Dixmier trace formula for the density of states is an equality of two Borel measures on
R that can be associated with H. On the one hand, we can fix a weight w : X — C
such that M, € L1 , which implies that f(H)M,, € L  for all f € C.(R), inducing a
measure

Trw(f(H)Mw):/]Rfdyl, feC(R), (5.1)

where w € £% is an extended limit. This measure v; is guaranteed to exist due to the

Riesz—Markov—Kakutani theorem, and a priori it might depend on our choice of w. On
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the other hand, we can look more geometrically towards the measure based on the limits

. 1
A e T ) M) = /IR fdvs, feCu(R), (5.2)

where xo € X is some chosen basepoint and |B(z, R)| is the measure of the closed ball
B(zo,R). For the definition of this measure to make sense we must require that the

volume of the balls B(zo, R) is finite for all R > 0 and that f(H)M,,, . € L1, but even

(=0,
then the limits in equation (5.2]) are not guaranteed to exist. If the limits do converge, we

say that H admits a density of states (DOS), and we commonly write vy for vs.

In the paper [AMSZ20], it has been proven for the choice X = R?, w(z) = (1+ ]:):\2)_%,
and H = —A + My with V € Loo(R?) real-valued, that the measures and are
equal up to a constant depending on d (and independent of w). Hence, the measure
in that setting is in fact independent of w. It was explained in Section that the case
V = 0 is a Fourier transform of Connes’ integral formula (Theorem , the general

case is substantially more work.

In this chapter, we prove this Dixmier trace formula for countable discrete metric spaces.
This comes with an additional condition on the metric space, a condition that ensures the
volumes |B(zg, R)| grow in a regular and sub-exponential manner as R — oo. Namely,

we will require that
| B(0, k+1)|
| B(zo, 7k)]
where {r;}72, is the set {d(y,z0) : y € X} (without multiplicities) ordered in increasing

—1, k— oo,

manner. We will call this Property (C'). The main theorem of this chapter is then the
following, the proof of which is specific to the discrete case and is based on recent advances
in operator theory and the notion of V-modulated operators hatched in the theory of

singular traces, see [KLPS13| or [LSZ21}, Section 7.3] and Section

Theorem 5.0.1. Let (X,dx) be a countably infinite discrete metric space such that every
ball contains at most finitely many points, and let xg € X. Then the image of the map
dx (-, z0) : X = Rxq is a collection of isolated points which can be ordered in an increasing
way, denote this by {ry}ren C R. Suppose that

lim ’B(anrkJrl)‘

k—o0 \B(wo,rk)] =L (C)
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Then for any positive, radially strictly decreasing function w : X — C with M,, € L1

we have that for every extended limit w € €%,

B(zg,7k) )

Te(TM,
Tr,(TMy) = Try, (M) lim

for all bounded linear operators T on l3(X) for which the limit on the right-hand side

exists.

In particular, if H is a self-adjoint, possibly unbounded, operator on {2(X) admitting a

density of states measure vy, then for all extended limits w,

Trw(f(H)Mw):/IRfduH, feC(R). (5.4)

Because {rj}72, denotes all possible distances dx (o, -) in the discrete space X, the limit

on the right-hand side of equation (5.3]) exists if and only if the continuous limit

(M)
R—o00 |B(l‘0, R>|

exists, and these limits are necessarily equal. This is therefore in line with the definition

of the density of states (5.2)).

In comparison with the Euclidean case, we do not have to make any assumptions on the
operator T' beyond the existence of the existence of the limit (5.3), whereas [AMSZ20]
is specific to the case T = f(—A 4+ My ). Furthermore, [AMSZ20| has the requirement
d > 2 on the dimension of the space R?, an analogue of which is not necessary in the
discrete setting. Finally, Theorem [5.0.1] holds for any choice of radially symmetric strictly
decreasing function w : X — C such that M, € L (the latter can be written more

briefly as w € 1 »o(X)). In particular, we can always pick

w(z) !

= , reX,
1+ |B(x0,dx(:c0,a:))\

for which Tr,(M,,) = 1, see Corollary This provides that the constant of propor-
tionality in (5.3), Try, (M,), for this choice of weight w is independent of the choice of w.

Hence, for this choice of w, when T' = f(H) for an operator H admitting a density of
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states, this ensures that the measure (5.1 is independent of the choice of w as in the

Euclidean case.

By definition, independence of the measure (5.1) with respect to w is equivalent to the
operators f(H)M, being Dixmier measurable. Let us conclude this introduction with an
example illustrating that this is a strictly weaker requirement than H admitting a density

of states.

Example 5.0.2. Let X = N with the usual metric d(z,y) = |z —y|, and take the base-
point o = 0. On l2(IN), a diagonal operator H(e,) = Ane, admits a density of states if

the limits

lim ——— Te(f(H)M m LS Fw), feCuR),

3% [B (w0, )| o) = T 2

exist.

With the choice w(n) := %H’ we have that My, € L1 . Then, for f € C(R), we have

that f(H)M,, € L1 o is Dizmier measurable if and only if the limit
1 n
lim ———— S" Ak, f(H)M,
A e @) kZ:% (k, f(H)M,)
exists (LSZ21), Theorem 9.1.2(c)], where X\(f(H)M,,) is an eigenvalue sequence of f(H)M,,
ordered in decreasing modulus. Since f(H)M,, is M,,-modulated (see Section[1.6 or [KLPS15]
and [LSZ21|, Section 7.3]), we have through Theorem that

Z (k, f(H Zf n — oo.

k=0

Hence, f(H)M,, is Dizmier measurable if and only if the limit

f(Ak)
lim
n—>oolog n+2 Z k417

exists.

With the choice
0, ne2®m4+1,22"" m=0,1,2,...,

1, ne[2" 141,22, m=1,2.3,...,
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the diagonal operator H does not admit a density of states, but f(H

measurable for all f € C(R).

Proof. Observe that n%rl > k—o An does not converge as n — 00, since

22m

1 1 2m

_ k
=0 =0

B 1 1— (_2)2m+1
Co22m 4] 1+2

-2
3’

22m+1

1 1 2m .
22m+1 1 | ; An = 22m+1 | | ];)(_2)

B 1 1— (_2)2m+1
©22mil 4 1+2

1
3,

H

)M,

w 18 Dixmier

where we used the closed-form formula for the sum of a geometric series. Hence H cannot

admit a density of states.

Next, we show that log(ﬁ

n Ak . .
Iy Wl converges as n — 00. For convenience, we will

prove the convergence of log Zk 1 k , taking n > 2, and we will use that the harmonic

number H(n) = 32}, + has the expansion H(n) =log(n) + v+ 5 + O (p>, where 7 is

the Euler-Mascheroni constant [Knu97, Section 1.2.7]. For m > 1,

92m

1 Ak - Qk 2k—1
— — = 1 H(2°") — H(2
log(22m) z_: k 2mlog ( +Z ( )

= 1 (2k—1
2mlog kz:l og(2 )+
1 1 UG | 1
T om log(2) + 2m log(2) k; 4k 4k —2
1
—
2

where for the last term we used that for any sequence that converges to zero, its Cesaro
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mean also converges to zero. Likewise,

22m+l

1 A 1 m B
log(22m+1) 2 ?k ~ (2m+ 1)log(2) <1+];H(22’“)—H(22’f 1))

=" 4 ! +
S 2m+1 0 (2m+1)log(2)

1 o1 1 1
+ > = - +O<)
(2m +1)log(2) = 4k 4k —2 k2

1
5

Note that @ Iy /\—k’“ increases monotonically on n € [22™~! 4 1,22™] and decreases

monotonically on n € [22™ + 1,22mF1]. Therefore the above shows that @ )y ’\?" —
%, and hence also % Sy % — % Hence, for f € C(R),

log(n

1 ~fw) . f(0)+ (1)
log(2—|—n)kz::o k‘k - 2 ’

n — 00,

which thus shows that f(H )M, is Dixmier measurable. O

Do note that the above example is not a (discrete) Schrodinger type operator. It is
unknown whether these two conditions still differ when restricting to such operators. This
is also an open question for the Euclidean case, and in [AMSZ20] it was conjectured that

these conditions are in fact equivalent for Schrédinger operators on Euclidean space.

The structure of the rest of the chapter is as follows. First we will discuss Property in
Section [b.I]and give examples of spaces where it is satisfied. In a way, we will return to the
origin of the density of states, and show that crystals are included, the original source of
the concept of a DOS (see [HBES7] and a very early use of the DOS in this context in 1929
by F. Bloch [Blo29]). Other concrete examples taken from physics will be considered too,
demonstrating that condition appearing in this theorem is very natural. Section
is the heart of the chapter where we prove the main result, Theorem [5.0.1}] Finally, in
Section [5.4 we apply the Dixmier trace formula for the DOS to provide a new proof of the

equivariance under translations for the DOS on lattices.
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5.1. METRIC CONDITION

5.1 Metric condition

The main theorem of this chapter is applicable to countably infinite discrete metric spaces
such that every ball contains at most finitely many points and that also satisfy property
holds. Namely, we require that

B(xg,r
lim |B (w0, 7141 =1, (C)
k—o0 ’B(:L‘g,?“kﬂ
where {7} }reN is the increasing sequence created by ordering the set {dx(xo,y) 1y € X}
in increasing manner (which results in a sequence rp — oo since every ball in X contains

at most finitely many points).

First, observe that property is a condition on the so-called crystal ball sequence
{IB(z0,7k)|}xen of the metric space X [CS97], or alternatively after defining S(zo, 7)) :=
B(zg, i)\ B(xo, k1) it is a condition on the coordination sequence {|S(zo,7%)|}en [Bru79;

CS97; [OKe95).

To build some intuition, consider the following comment by J.E. Littlewood. Upon en-

countering the condition lim,, )‘;\121 = 1 he remarks [Lit11]: “[This condition is| satisfied
when A, is any function of less order than e®” for all values of €, which increases in a regular
manner. When, however, A\, > €°", the theorem breaks down altogether.” This observa-
tion is apt, indeed our restriction on the metric space X is a strictly stronger assumption
than sub-exponential growth of the sequence {|B(zo, )|} ken (With respect to k), but ex-
actly what kind of regular growth plus subexponential growth would imply condition

is difficult to pin down.

There is an equivalent description of property , the proof of which can be found in
a recent paper by Cipriani and Sauvageot |[CS23, Proposition 2.9]. The proposition they
prove is slightly different, but the given proof is immediately applicable to the following.

Proposition 5.1.1. Let (X,dx) be an infinite, discrete metric space such that each ball

contains at most finitely many points, choose some point xo € X and order {dx(xo,y) :
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CHAPTER 5. THE DENSITY OF STATES ON DISCRETE SPACES

y € X} in increasing manner to define the sequence {ri}ren. Then

lim |B($0,7“k+1)’

=1
k—o0 ]B(aco,rk)]
if and only if

| B(wo,7)| ~ o(r)

for some continuous function ¢ : Ry — R

Proof. The proof is exactly the same as in [CS23| Proposition 2.9] after replacing Ny, ()
by |B(zg,r)| and My, by |B(xq, rg)|- O

Remark 5.1.2. For the Cayley graph of the free group Fy we have r, = k, |B(xo, k)| = 2k
and hence |B(zo,7)| = 21!, but

| B(zo,7)|
27‘

— olrl—r

which does not converge as r — oo. This illustrates that |B(xo,r)| ~ @(r) for some

continuous function @ is a stronger assumption that one might expect.

In the same paper, another condition is given which is sufficient for property to be
satisfied [CS23| Proposition 2.8].

Proposition 5.1.3. Let X be a metric space as in Proposition|5.1.1. If |B(xq,rg)| ~ f(k)

(letting now k — oo over the integers) for a function f € C*(0,00) such that ];,((f)) — 0 as
T — 00, then
lim (B0 )l
k—o0 ‘B(J}(),Tk)’
In particular, if |B(xzo,7k)| is a polynomial in k, then % — 1 ask — oo.
Proof. See |CS23|, Proposition 2.8]. O

To be used later on, we also provide the following lemma.
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Lemma 5.1.4. Let X be a metric space as in Proposition |5.1.1. If there exist constants
C1,Cs,d and R such that for rp, > R we have

C1k? < |S(xg, )| < Cak?, (5.5)

then X has property .

Proof. If C1k% < |S(x0,71)| < Cok?, we can deduce that also |B(xg, )| > %l{:d+1 +
O(k?) for r;, > R, and therefore

lim |S (0, k41)]

=0, 5.6
k—o0 |B({L‘0,Tk)| ( )

which is equivalent with

k—o0 ’B(:L‘g,?“k)|
As a final general comment, when writing condition in the manner of Equation (5.6, it
resembles a type of Folner condition. In particular, it is reminiscent of work by Adachi and
Sunada on the DOS on amenable groups where a closely related property is the subject
of interest, namely Property (P) in |[AS93, Proposition 1.1], also compare with [AS93,

Lemma 3.2].

5.1.1 Solid matter

Consider any kind of rigid matter whose atoms or molecules are arranged in Euclidean
space in such a way that it can be described by a tiling of that space. To be precise, we
mean a tiling generated by only a finite selection of different tiles, with each type of tile
having a fixed arrangement of atoms within (at least 1). Any crystal can be described in
this a way using only one tile by considering its underlying Bravais lattice [AM76, Chap-
ter 4], but the definition above includes quasicrystals [SBGC84; |LS84]. For the approach
of quasicrystals by tilings see for example [Hof95; Jar89; Nel86]. Specifically, [Hof93]
establishes the existence of the integrated DOS, which is the existence of the function
A — v (—o0, \), for every self-adjoint vertex-pattern-invariant operator on aperiodic self-

similar tilings.
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If we define the set X of the metric space (X, dy ) as the atoms or molecules of the material

and impose the induced Euclidean metric, then we claim that this space has property .

Proposition 5.1.5. Let X be a discrete subset of R with the inherited Euclidean metric,
such that X can be defined by a tiling as described above. Then (X, dx) has property .

Proof. Without loss of generality, assume that the diameters of the tiles are all less than
1. Hence 741 € (rg, 7k + 2], and therefore it suffices to show that

|B(zo, 7% +2) \ B(20,7k)| koo

0.
|B(LE0,Tk)|

Now, the number of vertices contained in B(zg, 7 + 2) \ B(zo, 7)) is bounded from above

)4=1: if the smallest tile has volume V, and each tile contains

by some constant times (7
at most n atoms, and B(zo,r; + 2) denotes the ball in RY, then there can be at most

n‘B(IO’TW%/)\B(IO’T’“)‘ vertices in B(zg, 7, + 2) \ B(zo,7%), which is bounded by Cj ()% 1.

If the volume of the biggest tile is W, the number of tiles that are fully contained in

w because we assumed that the

B(xo, ) is similarly bounded from below by
diameter of the tiles is less than 1. Recall that we assumed that each tile contains at
least one atom. Then the number of atoms in B(zg, 7)) can be bounded from below by

|B(x°’+1)‘, which is of the form C’z(rk)d + O((T‘k)d_l)- Hence indeed

0< |B(wo, 7k +2) \ B(xo, %) Cy (ry,) %! k=00 o
- |B(@o, )| = Co(re)? + O((re)?1) ’
and we see that this metric space satisfies condition . ]

5.1.2 Crystals

In another approach, we can take the atoms of crystals as the vertices of a graph and define
our discrete metric space (X, dx) as this graph with shortest-path metric (as a first obser-
vation, note that for any graph with the shortest-path metric, we have r;, = k). Common
choices for such a construction are the contact graph [CS97] and the Voronoi graph [CS93,
p. 33]. See for example the very recent paper [POO21| based on the model |[OP05] which
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5.1.2 Crystals

shows the existence of the DOS measure on Z for a suitable family of Dirac operators, the

very recent [PRCB21] or [Pas80] for an older result.

For crystals specifically, such a graph I' comes with a free Z% action such that the quotient
graph I'/Z is finite. This is a simple observation by considering the underlying Bravais
lattice of any crystal [AM76, Chapter 4]. A recent advancement by Y. Nakamura, R.
Sakamoto, T. Masea and J. Nakagawa [NSMN21| concerns exactly such (even possibly
directed) graphs ' with a free Z¢ action such that I'/Z? is finite. Namely, these authors
have proven that the coordination sequence {|S(zo,k)|}ken is then of quasi-polynomial
type, by which they mean the following. A quasi-polynomial is defined as a function
p:IN — Z with p(k) = cpn(k)E™ + cpp1k™ 1 + - - + co(k) where ¢;(k) are all periodic

with an integral period. Equivalently, it is a function such that for some integer N

po(k) k=0 mod N

p1(k) k=1 mod N

pn-1(k) k= N—-1mod N,

where po,...,pny—_1 are polynomials. A function of quasi-polynomial type is then defined
as a function f : N — Z such that there exists some quasi-polynomial p and an integer

M such that f(n) = p(n) for all n > M. See also [Sta86}, Section 4.4].

Proposition 5.1.6. Let T’ be a graph with a free Z% action such that the quotient graph
I'/Z% is finite. Then (T,dr), where we take dr as the shortest-path metric, has prop-

erty .

Proof. By [NSMN21, Theorem 1.1] we have that |S(zo, k)| is a quasi-polynomial, denote
this quasi-polynomial by p(k) and its constituent polynomials by p1,...,py—1. Suppose
that the polynomial p, is one with maximal degree, i.e. deg(p;) < deg(p,) = t for all
i =0,...,N —1. Then there exist some constants Cy,Co and L such that p(k) < C1k?
for all k > L, and also p,(k) = Cok! + O(k'™1). Now take k € Z>( arbitrary, and define

a € Z>o as the smallest positive integer such that & = mN +r + a for some m € Z.
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It follows that a € {0,...,N — 1}, and hence note that mN = k—r —a > k—2N, i.e.
k k

m

k
> p(n) > > pr(nN+r)

n=1 n=0
m

— Z Co(nN + 1) +0((m+1)(nN + )71
n=0

=) (nN)! + O(K)

n=0

= C3k' + O(KY).

Therefore we have that

0 < p(k+1) < Ci(k+1)t e
T Yk _ip(n) T CsktTU 4+ O(K)

0,

|S(zo0,k+1)]

Blao k)] Converges to zero as k — oo. -

i.e.

5.1.3 The integer lattice

From the previous two subsections it follows that respectively (Z2,|-|,) and (Z%,|-|,)

have property , where we define

d 1/p
[oll, :== (Z !vz’\p>
i=1

for 1 <p < oo and for p = o0

[0l := sup fuil.
i=1,...,

Even though the base space of these two metric spaces is the same, the difference between
these is the domain undergoing the thermodynamic limit in the definition of the DOS,
which can make a difference as demonstrated in [AMSZ22|. As mentioned, the existence of
the DOS in the case Z has been established for a suitable family of Dirac operators |[OP05].
Another example is that, using (Z<, || - ||.,) as a model, the existence of a surface DOS

was established for a quantum model with a surface [EKSS88].
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5.1.4 Quasicrystals

In fact, (Z4, [|[I,) has property for all 1 < p < oo. This is simply because in the
metric space (Z, |-||,,) we have [B(0,r)| = V,(d)r? 4+ O(r*") where V,(d) denotes the
volume of the £, unit ball in R, and Proposition then implies condition .

5.1.4 Quasicrystals

Analogously to Subsection [5.1.2] one can consider graphs constructed from quasicrystals,
but these will be aperiodic by definition [Jar89; Nel86]. For some investigations of the
DOS on quasicrystals, see [Hof93}; Hof95].

On a case-by-case basis, there are some aperiodic tilings for which condition can be
expected to hold on their vertex graph. Firstly, a Penrose tiling. This proposition is

entirely based on recent results by A. Shutov and A. Maleev [SM15; |SM1§].

Proposition 5.1.7. Consider a 2D Penrose tiling in the construction of [SM15|], which
is a Penrose tiling with five-fold symmetry with respect to a chosen origin 0. Consider
the graph induced by this tiling (i.e. with the same vertices and edges as the tiles) and
take this graph with the shortest-path metric as the definition of the metric space (X,dx).
Then this metric space has property .

Proof. For this particular tiling, Shutov and Maleev showed [SM18] that
|5(0,k)| = C(n)n+ o(n)

where C(n), denoting 7 = (1 ++/5)/2, takes a value between 10772 ~ 3.8 and 1072 +
(5/2)77! ~ 5.4 depending on n. By Lemma we can then conclude that the vertex
graph of this Penrose tiling satisfies condition . O

Remark 5.1.8. Similar asymptotic behaviour can be expected when taking a different base
point, or different Penrose tilings, but this is still an open problem. Numerical data sup-
ports this conjecture for Penrose tilings (BG06], as well as that this metric condition will
be satisfied by aperiodic tilings like the Ammann-Beenker tiling [BG00], a certain class of

quasi-periodic self-similar tilings [SMZ10] and two-dimensional quasiperiodic Ito—Ohtsuki

143



CHAPTER 5. THE DENSITY OF STATES ON DISCRETE SPACES

tilings [SMOS]. To this author’s knowledge, no quasiperiodic tiling is known that can serve

as a counter-example to property .

5.1.5 Percolation

A successful model for studying conduction properties of a crystal with impurities via the
density of states is percolation (in this context also called quantum percolation) |[AO82;
Cha+86} [KMOG6} [Ves05; [YN8T], see also [Gri99, Section 13.2] for a general approach. In
broadest generality, percolation describes the study of a statistical procedure on a graph,
which means adding, removing or otherwise manipulating edges or vertices based on some

probabilistic method |Gri99, Chapter 1].

Let us focus on so-called bond percolation on the graph Z?. Choosing some chance
0 < p < 1, we declare each edge on the graph Z¢ to be open with probability p (in an
independent manner), and closed with probability 1 — p. It is a well-known fact that there
exists a phase transition at a critical probability p.(d) |Gri99, Chapter 1]. Namely, for
p > pc(d) there exists almost surely a unique infinite cluster of vertices connected by open
edges, while for p < p.(d) almost surely all clusters of vertices that are connected by open

edges are finite.

In the super-critical region, meaning p > p.(d), one can wonder if our metric condition
holds on the infinite cluster, meaning that we take (X,dy) as the infinite cluster with
induced shortest-path metric. This turns out to be true, which follows quite directly from

a result by R. Cerf and M. Théret |[CT16].

Proposition 5.1.9. Let X be the (almost surely unique) infinite cluster on Z% after super-

critical bond percolation (with p > p.(d)), and let dx be the shortest path metric on X.
Then (X, dx) has property (C).

Proof. We first set up the exact situation as in [CT16]. Denote the set of edges in our

graph Z? by E?, and consider a family of i.i.d. random variables (¢(e),e € E?) taking

values in [0, c0] (including co), with common distribution F. To be very precise, for each
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variable t(e) we take [0, 0o] as sample space, we define a o-algebra by declaring A C [0, oo]
measurable if A\ {oo} is Lebesgue measurable in R, and F : [0, c0] — [0, 1] is a measurable

function that defines the distribution of the variable t(e).

These variables can be interpreted as the time it takes to travel along the corresponding
edge. Then consider the random extended metric on Z? by defining for z,y € Z¢

T(x,y) = inf{)_t(e) : v is a path from z to y}.
ecy

Note that if the distribution F is such that F({1}) = p, F({o0}) = 1 —p, T'(z,y) is always
either a positive integer or infinite and defines precisely the usual induced shortest-path
metric on Z? after bond percolating on Z? with chance p. Also observe that generally,
if F([0,00)) > pc(d), there exists almost surely a unique infinite connected cluster of

vertices [CT16).

Now define B(xg,t) := {y € Z% : T(x9,y) < t}. Then by [CT16, Theorem 5(ii)], if
F([0,00)) > pe(d), F({0}) < pc(d) and ¢ is a vertex on the infinite cluster, as t — oo we

have almost surely
|B (mU’ t) ‘

2 - C
for some constant C' € R. Returning to the distribution F({1}) = p, F({cc}) = 1 —p,

we can then conclude that

‘B(xo,k+1)| kd

Bloo k)| (h1)d 7

as k — oo, and hence
‘B(x(b k+ 1>|
—_—— 1. O
’B(x()v k) |
Remark 5.1.10. Site percolation is similar to bond percolation, but as the name suggests
we would assign each verter to be open with probability p and closed with probability 1 —
p [Gri99, Section 1.6]. Arguably, this is a more physically suitable model of an alloy. The

argument used above to prove the cited result for bond percolation can be used for site

percolation as well, but this author is not aware of an explicit demonstration.
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5.2 Dixmier trace formula for the DOS

In this section we prove Theorem based on a series of lemmas.

To start off, we will demonstrate the existence of a function w such that M, has positive
Dixmier trace as required by Theorem For that purpose we first need a lemma
generalising the fact that 32}'_; 1 ~ log(n).

Lemma 5.2.1. Let {a;}ren be a divergent, increasing sequence of strictly positive real

numbers, such that limy_,oo 2+ = 1. We use the convention that a_1 = 0. Then
2 ag
k
Z ~log(a), k — oo.

Proof. Note first that Z?:o % equals 1 plus a lower Riemann sum of the integral
J

Jur &

a o - Hence,

k
Z < log(ax) + 1 —log(ap).

Next, since limy_, a(’;—zl = 1, for ¢ > 0 we can choose K such that for £ > K we have

a2~ < 1+e¢, which can be rearranged to .~— — -~ < =. Note that log(ay) —log(ag) <

a1 —1
le %—7{1]1_1 since it is an upper Rlemann sum of the integral [ * Cg”. Therefore, for
k> K,
log(ay) —log(ag) < Z #
j=1 %t
k K
a; —ai_q 1 1
:Z J a-j +Z(aj aj—1) (a —a>
j=1 J j=1 j—1 J
k
1 1
+ Z (aj —aj-1) (a _a>
j=K+1 -1
i 11
<(1+8)Z +Z a]l < _>-
Y aj-1  aj

Dividing by log(ay) (assuming without loss of generahty that ar # 1) and taking the

lim inf, we get

k
1 a; —a;_1
1< (1 lim inf E J I
<(1+e) o log(ax) N
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Combined with our earlier estimate, we can conclude that

k
> R i log(ag), k — oo. O
; a;

We will now make use of Lemma[4.1.6], which originally appeared in a slightly weaker form
in the paper this chapter is based on [Aza+22, Lemma 4.8]. For convenience, let us restate

it here.

Lemma 5.2.2. Let ¢ : N — Rsg be an increasing function such that ¢(n) — oo as

n — 00, let {ar}kew C R be a sequence such that {ﬁ > h—o ]akl}oo . is bounded, and let
n=
{ko,k1,...} be an infinite, increasing sequence of positive integers such that
k
lim L( n+1) =1,
and
1 o

0] k_,g_:ﬁ_l lag| = o(1), n — .

Labeling k;, := min{k; : k; > n}, we have that

& 1o
M;;ak:7¢(kin>,§)ak+0(l)7 n — 0.

Corollary 5.2.3. Let (X,dx) be a countably infinite discrete metric space such that every
ball contains at most finitely many points, satisfying property (C). Let xo € X, and define
w(z) == (14 |B(xo,dx (z,20))])"". Then w € £y o (x), My is Dizmier measurable, and

Tr,(My) = 1 for all extended limits w € €5, .

Proof. Applying Lemma to the sequence ay = 1+ |B(zo, )|, we obtain

1 k

lim
k—o0 log(2 + | B(zo,7k)]) j=

0B (w0, 7;)|(1+ |B(xo,)) 7! = 1.
1
By Lemma it follows that

ke, My) = 1. O

k
=1

lim —
Koo log(2 + ) :
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We now present a modified Toeplitz lemma, which follows from much the same proof as

in Shiryaev [Shi96, Chapter IV, §3, Lemma 1].

Lemma 5.2.4 (Toeplitz lemma). Let {c,,}72 be a sequence of non-negative numbers, and
let {zn}02 be a sequence of complex numbers such that z, — L € C. If dp, = Y p_ock

diverges, then:
> cpzr = Ldn + o(dy).
k=0

as n — o0.

Proof. Let € > 0 and take K > 0 sufficiently large such that if £ > K then |z — L| < e.
For any n > K, rewriting the left hand side of the equality above as

n

n n K
Z Ckll = Z CkL + Z Ck(Zk - L) + Z ck(zk - L),
k=0 k=0 k=0

k=K+1

we see that
K

1
< —chlzk—L’—f—E.
n k=0

1 n
T Z ck(zp — L)
™ k=0

Since d,, — o0 as n — o0, it follows that:

n

di ch(zk —L)

™ k=0

lim sup <e.

n—oo

Since ¢ is arbitrary, we have:

and this completes the proof. O

Lemma 5.2.5. Let {x,}32, and L € C be such that as n — oo,

zn:xk = Ln+o(n).

k=0

Let {a,}5% be a sequence of non-negative numbers such that:

1. {an}ye is non-increasing;

2. supy>g kar, < oo, that is, the sequence is in {1 ;
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3. by = > j_gax diverges.

Then

Z apXl — Lbn + O(bn>
k=0

as n — 00.

Proof. Let y, = Zz;é x with yo = 0. Abel’s summation formula gives

n n
Z apTg = Z ar(Yr+1 — Yk)
k=0 k=0
n

= Yn+1an — Z(ak — ap—1)Yk
k=1

n
= Yn41an + Z yf -k(ar—1— ag).
k=1

By assumption (1) we have ax_1 > ai so the sequence ¢ := k(ag_1 — a) is non-negative,
and moreover as n — 0o,

n
Z cr = by_1 —na, — oo,
k=1

since by assumption (3) b, — oo and by assumption (2) na, is bounded. Therefore
Lemma, applies to ¢ and z; := ¥&, since by assumption limg_,o, ¢ = L, and hence
it follows that

n

SUS AR I
k=1

as n — oo. Thus,

n
Z apTy = Yntl nan + L(bp—1 — nay) + o(bp—1 — nay)
k=0 n
= Lby—1 + O(bnfl - nan)a

where in the last equality we have absorbed the vanishing term (y”T“ — L) na, into o(bp—1 —

nay). Since by assumption (2) the sequence {na,}5°; is bounded, it follows that:

> apar = Lby 4 0(by). O
k=0
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We could also write the result of Lemma [£.2.5] as:
lim 722:0 Tk _ lim 722:0 BTk
n—00 ZZ:O 1 n—00 ZZ:O ag

whenever the left hand side exists and {ax}32, satisfies the stated assumptions.

Our next aim is to prove Lemma [5.2.6] which is the crux of the proof of Theorem
The proof is based on the notion of a V-modulated operator from [KLPS13| or |[LSZ21,
Section 7.3], see also Section Recall that, since 0 < W € Ly o, we have that TW is
W-modulated for all T € B(H). Applying Theorem we have as n — oo,

n

zn: Ak, TW) = (eg, Tex)u(k, W) + O(1). (5.7)
k=0 k=0

Lemma 5.2.6. Let 0 < W € L1,o(H) \ L1(H), and let {ex}72, be an orthonormal basis
such that Wey = u(k,W)ey for all k > 0. If T is a bounded operator such that

n

> Aew,Tex) = Ln+o(n), n— oo
k=0

where L € C then:

znj Ak, TW) = L (Zn: u(k, W)) +o (Zn: u(k, W)) . (5.8)

k=0 k=0

Moreover,

T, (TW) = Tr,, (W)L

for all extended limits w.

Proof. By the assumption 0 < W € L o \ £1, Lemma applies with a = p(k, W)

and xp = (e, Tex), so

n

> lew Tep)pu(k, W) = L (i: M(k‘,W)) +o (i u(k:,W)) , L — 00.

k=0 k=0

Thus (5.7) yields the first equality (5.8).

To obtain the result concerning Dixmier traces, we divide both sides of (5.8) by log(n + 2)
to get:

LSO ARTW) =1 <1 Y M(k,W)) +o(1).

log(n+2) /= log(n+2) &=
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Thus if w is an extended limit,

1 d >
wld— ST Ak, TW — L Tr, (W).
({log(n—l—Z)kZO ( )} ) (W)
= n=0
The left hand side is exactly the Dixmier trace Tr,(TW). O

Remark 5.2.7. The result of Lemma can be written in a different way. We could

say that:

Tro,(TW) = Tro,(W) lim o ’;) ex, Tey) (5.9)

whenever the right hand side exists.

Now Lemma combined with (5.9) immediately implies the following proposition.

Proposition 5.2.8. If T' is a bounded linear operator and 0 < W € Ly o such that

R >0 (kW) 2 e} _
n—oo |[{k>0:pu(k,W)>ep}

for some decreasing, strictly positive sequence €, — 0, then for all extended limits w we

have

Tr(TXe,,,00) (W)
Tr,(TW) = Tr,(W) lim us ,
(TW) (W) lim_ Te(Xe,.00) (W)

whenever the limit on the right hand side exists.

(5.10)

This proposition gives us the density of states formula for the discrete case. The idea is
that in ¢5(X) we consider the basis {0, },cx of indicator functions of points p € X, and W
is an operator of pointwise multiplication by a function which is radially decreasing with
respect to some point xg € X, so that X[En,oo)(W) is the indicator function of a ball, and
the limit n — oo is equivalent to taking a limit over balls with radius going to infinity.
This is where property as discussed in Section comes in, as this ensures that the

premise of Proposition [5.2.8]is satisfied.

Proof of Theorem[5.0.1. Let W = M,,, where w : X — C is a positive, radially strictly
decreasing function with M,, € L1 . If W is trace-class, the theorem is trivial as both

sides are zero. So, assume that 0 < W € Ly (H)\ L1(H). Then {d,},ex is a basis
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of normalised eigenvectors for W, with eigenvalue corresponding to &, equal to w(v).
By assumption w(v) is a strictly decreasing function of dx(xg,v), and hence the sets
{v : w(v) > ¢} are balls. In fact, if we define ¢,, = fi(n, W), where fi(n, W) is the nth

largest singular value of W counted without multiplicities, we have that
{k=20:pu(k,W) 2 en}| = v : w(v) Zen}| = [Blxo, ),

and we have assumed that
lim ’B(UCO, 7’k+1)\
n—o | B(zq,7)|

Hence due to Lemma [5.2.6) and Lemma [5.2.2] we can then conclude that

= 1.

1
Tr, (T = Tr, lim ——— vy L0y
(TW) =T fin Ty, 2 (070
v T0,Tk

since we have assumed that the limit on the right exists. Observing that the sum on the

right side is equal to Tr(TMXB(O,rk)) gives (5.3)). O

Remark 5.2.9. If we again denote fi(n, M) as the nth largest singular value of M,
counted without multiplicities, define m,, as the multiplicity corresponding to this singular

value and also define M, := > 1 _, my, then we have effectively imposed

li Mn+1
1m

n—oo M,

= 1.

Now compare this to the paper by Cipriani and Sauvageot [CS25] also referenced in Sec-
tion 5.1 They study densely defined, nonnegative, unbounded, self-adjoint operators with

—L would

exactly such a property for the multiplicities of its eigenvalues, and our (M)
fit such a description. The link between the DOS as considered in this chapter and the

spectral weight those authors define remains unclear as of yet.

5.3 Problems of measurability

This section is mostly the work of Edward McDonald. Going back to the Toeplitz
lemma it is possible to get better behaviour of the convergence i Yoh—oarxp — L
by assuming faster convergence of xy — L. For example, we have the following lemma

with an obvious proof.
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Lemma 5.3.1. Let a,, and b, satisfy the same assumptions as Lemma [5.2.4 Let x,, €
C, n=0,1,.... If xj, = L sufficiently fast such that {ay|zi, — L|}?2, € {1, then:
n
Z ARl = Lbn + O(l)
k=0
Lemma 5.3.2. Let a,, and b, satisfy the same assumptions as Lemma [5.2.5. Let x,, €
C, n=01,... and o, = %HZZ:O xg. If o, — L sufficiently fast such that {ay|oy —
LI}, € l1, then:
n
Z ARl — Lbn + 0(1)
k=0
Proof. Let y, = Zz;é x), with yo = 0. From the proof of Lemma we have:
n n
Z pTk = Ynt10an + Z oy - k(ag—1 —ay),
k=0 k=1

the sequence aj, := k(ag_1 — ax) is non-negative, and as n — oo,
n
> an =
ap, = bp—1 —na, — 00,
k=1

Therefore, since by assumption limy_,o, o) = L and {ag|oy — L|}32, € ¢1, Lemma m
applies with @’ in place of a and o}, in place of z, which gives
n
Z ok - k(ag—1 —ar) = L(bp—1 —na,) + O(1)
k=1

as n — oo. Thus,

n
> apay = ynnﬂ “nap + L(bp—1 — nay) + O(1)
k=0

= Lb,_1 +O(1) = Lb, + O(1). 0

For an operator A € £y «, there are various criteria relating the behaviour of the sequence

> i—o Ak, A) to the measurability of A. For example, [LSZ21|, Theorem 5.1.5] implies that

Zn: Ak, A) —clog(24+n) =0(1), n— o0 (5.11)
k=0

if and only if ¢(A) = ¢ for all normalised traces ¢ on L o (c.f. [LSZ21, Theorem 9.1.2]).

For different classes of traces, different criteria are available, see [SSUZ15; Usal3].
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Theorem 5.3.3. Let (X,dx), T and w satisfy the assumptions of Theorem|5.0.1. Let ey,
be an orthonormal basis such that Myey, = p(k,w)ey, where {u(k, w)}32, is the decreasing

rearrangement of w. If

Z<61€,T6k> —LeC
n—+1 b

so fast that

n

> 1
_ T — L
T;)u(n,w) ] é(ek, k) < 00

and there exists C > 0 such that:
>k, w) = Clog(2+n) + O(1),
k=0

then T M,, is measurable in the sense of Connes, specifically

n

1
P(TMy) = Tro(My) lim ——= > (er, Tex)
k=0

for all traces ¢ on L1 .

Proof. Since T'M,, is M,,-modulated (see Definition and Theorem [1.6.4)), from ([5.7))

we have
n

i Ak, TMy) =Y (e, Tex) p(k, w) + O(1).
k=0 k=0

Hence, in view of (5.11)) to prove the claim it suffices to show that

n

> (ex, Tey) p(k,w) = CLlog(2+ n) + O(1).
k=0

By the second condition this is equivalent to

n

S (en Teu) ulk, w) = LS plk,w) +O(1),

k=0 k=0
so it suffices to prove this. This follows from Lemma applied to xp = (e, Tey) and

ar = p(k,w). O

We could also replace the assumption with the slightly stronger assertion:

n oo

1
{n+1 Z<€k,T€k>—L} EA]Og,

k=0 k=0

where Ay is the space of sequences x such that
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HAMILTONIAN

5.4 Equivariance of the DOS under translations of the Hamil-

tonian

In this section, mostly the work of Edward McDonald, we will provide a straightforward
application of the Dixmier formula for the DOS put forward in Theorem Namely,
we provide a new and original proof of the equivariance of the DOS on lattice graphs X
under translations of the Hamiltionian. By this we mean that if U denotes a shift operator
on ¢3(X) and the DOS exists for both a Hamiltonian H and the shifted UHU*, then the
DOS is equal for H and UHU*. This fact is not hard to prove without Theorem [5.0.],

but it does provide a different perspective on the claim.

Afterwards, we will discuss some consequences of this translation equivariance.

5.4.1 Translation equivariance on lattice graphs

We will consider the example where X = Z% embedded as a subset of R? with the
Euclidean metric. Precisely the same reasoning applies to other lattices X C R? (recall

that a lattice in R? is the Z-linear span of d linearly independent vectors).
We take

w(z) = (14 [|z[ly) (5.12)
where z € Z% like before.

Lemma 5.4.1. For all n € Z%, we have:

()~ wle )} oeza € Ca

Proof. The difference w(x) —w(xz — n) is provided by the formula:
1
w(z) —w(x—n) = / (Vw(z = (1—0)n),n)db.
0

The gradient Vw of w is easily computed as:
0 dl’j
2l (1 llzfl) 4+
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Thus,
d

Ve @)l = e

Therefore for z with ||z||, > ||n|| we have

w(z) = w(e—n)| < d |, guax, (1+ [z = (1= 8)n)[,) "

d|[nlly
= (Al = lInll)

hence |w(z) —w(x —n)|,cpa is an element of éﬁyoo‘ O

Theorem 5.4.2. Forn € Z¢, let U,, denote the operator on o (Zd) of translation by n.
Assume that H = Ho+ My is a Hamiltonian operator such that the density of states exists
for both H and U, HU. Then both measures are equal.

Proof. For any f € C.(R), we have f(U,HU}) = U, f(H)U;. Combining this with the

tracial property of the Dixmier trace gives
Tro, (f (UnHU ) M) = Try, (f(H)Up MiyUn).-

By Lemma we have U M,,U, — My, € ﬁﬁm C L. Since the Dixmier trace vanishes
on trace-class operators, it follows that Tr,, (f(U,HU;)M,) = Tr,(f(H)M,). Combining
this with the Dixmier trace formula for the density of states, Theorem [5.0.1} completes

the proof. 0

Via identical reasoning, we also have the following abstract assertion:

Theorem 5.4.3. Let (X,dx) be an infinite discrete metric space and w be a function
such that these satisfy the assumptions of Theorem [5.0.1), let v be an isometry of X, and
let Uydp = d.y(p) be the corresponding unitary operator on £y (X). Assume that w—wo~y €
(41,00)0(X). Then
lim —— > (6,,T6p) = lim _r > (6, USTU,Gy),
R—co | B(xg, R)| dx(hrn) <R R—oo | B(xg, R)| dx(mmn)<R 7

provided both limits exist.
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5.4.2 FErgodic operators

5.4.2 FErgodic operators

The following results are direct consequences of the translation equivariance of the DOS
measure and therefore could be derived without help of Theorem [5.0.1] However, the

Dixmier trace formula provides a different approach.

Let (), X,IP) be a probability space, and let I' be a discrete amenable group of isometries
of the metric space X from Theorem [5.0.1] We assume that there is a representation of T
as automorphisms of ():

v el — a, € Aut(Q).

It is assumed that the action « is ergodic, in the sense that:

1. For every v € I', the automorphism «. is measure preserving;

2. If E C Q) is invariant under every o, then P(E) =0 or P(Q\ E) = 0.

We will use a generalisation of Birkhoff’s ergodic theorem, obtained by Lindenstrauss [Lin01}
Theorem 1.3]. This uses the concept of a Fglner sequence, we give the definition as it is

used for discrete groups.

Definition 5.4.4. Let I' be a discrete group, and let {F,}5% be a sequence of subsets of
.

1. If for every finite subset K C I' and every 6 > 0, there exists N sufficiently large
such that if n > N, we have for all k € K

|F AKF,| < 6|F,|,
then {F,}52 is called a Folner sequence.

2. If {F,}o2, satisfies (1) and furthermore for some C > 1 and for every n > 0, we

have:

U Fi'Fans
k<n

S C’Fn+1‘7

then {F,}52 is called a tempered Fplner sequence.
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The existence of a Fglner sequence in this sense is equivalent with the condition of I" being
discrete and amenable [Lub94, p. 23]. Also note that any Fglner sequence has a tempered

subsequence [Lin01}, Proposition 1.4].

Lindenstrauss’ pointwise ergodic theorem [Lin01, Theorem 1.3] implies that if {F},}72 is

a tempered Folner sequence, then for all f € L;(Q)) we have:

lim Y flagw) = E(f). (5.13)

n—oo ‘Fn’ e

for almost every w € Q).
For v € T, let U, denote the induced unitary operator acting on ¢2(X) by:

Uyop :=0y(), pEX,v€ET.

We will consider strongly measurable random operators 7' € L;(Q), B(¢2(X)) which are

compatible with « in the sense that:
U,T(w)Uy =T(yw), ~y€T (5.14)
for almost all w € Q).

Proposition 5.4.5. Let T € L1(Q, B({3(X)) be a random operator satisfying (5.14) with
respect to a group of isometries I of X, which admits a tempered Folner sequence {Fy,}5
of finite subsets, and with respect to an ergodic action o of I' on Q). If there exists a

function w: X — Ry satisfying the assumptions of Theorem such that
woy—w € ({1,00)0(X)

for every v € T then the density of states of T(€) is non-random, in the sense that if the

limit:
. Tr(T(g)MXB(xO,R))
lim
R—o0 |B(£C0, R)|

exists for almost every £, then the limit is almost surely constant in €.
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Proof. This is an application of the Lindenstrauss version of Birkhoff’s ergodic theorem.

The assumption on w and Theorem [5.4.3] imply that:

Tr, (T(§)My) = Tr,(T (&) M,y), v €T. (5.15)

Therefore for every n > 0 we have:
Tr,, (T(&) M, Z Tr, (T (&) My).
'yGF
Note that:

| Tro, (T(€) Muw)| < T () lloollw]]1,00-

Hence the function £ — Tr,(T({)M,) is integrable, due to our assumption that T €
Li1(Q,B(f3(X))), and the measurability of & — Tr,(T(£)M,) follows from the strong
measurability of £ — T'(£) and the norm continuity of 7' — Tr, (T'M,,). Hence, Linden-
strauss’ ergodic theorem applies to this function, and hence for almost every £ € ()

we have:
: 1 _
Jim ] 'YEEF Tr, (T (ay&) My) = E(Tr,(TMy)).

The right hand side has no dependence on £ € (), and hence the limit is almost surely
constant in . Due to (5.15]), this implies that Tr,(7'(§)M,,) is almost surely constant
in €. Alluding to Theorem we conclude that the density of states of T'(¢) is almost

surely constant in &. O

In an alternative direction of inquiry, the condition ([5.14) can be used in some circum-
stances to imply the existence of the density of states. For simplicity, we state the following

condition for X = Z¢.

Theorem 5.4.6. Let T € Li(Q, B((2(Z%))) be a linear operator which satisfies ([5.14)
with respect to the action of Z¢ on itself by translations and an ergodic action o of Z¢ on

Q. Then for almost every & € Q) there exists the limit:

1 1"L7T 7j—" .
o [B(0, R)| o R)] ||X<:R @ = E({%0. T0)
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Proof. We have that U,dy = 6., and therefore:

<5naT(£)6n> = <50> U:;T(g)Un50> = <507T(a7n§)50>-

It follows that:
Z 6naT Z 605 O‘TL& 50>
[B(0, R)| 0R|\|<R | OR||n|<R
By our assumption on 7', the function & — (g, T'(§)do) belongs to L1 (Q)). Note that the
sequence Fy := B(0,N) is a tempered Folner sequence in Z?, and hence Lindenstrauss’
ergodic theorem ([5.13)) implies that for almost every & € () there exists the limit

1
]\}gnoo m ne;(:),N)wo’ T(an€)do) = E({00, T(£)d0)). O

Note that the result also holds if the limit over balls {B(0, N)}n>0 is replaced with any
other tempered Fglner sequence, such as cubes {[—N, N ]d} ~N>0- The limit in every case

is E({dp, T'(€)dp)), and hence does not depend on the choice of sequence of sets.

Theorem 5.4.7. Let H(¢) = Ho+ Ve(x) be a random operator on o(Z<), where Hy
is a Z-translation invariant difference operator and Ve, £ € Q, an iid random bounded
function. Then there exists a set Qg C Q of probability 1, such that for any f € C.(R)
and for any & € Qg there exists the limit:

P}g%o \B(O R)| ZS:R On, f(He)dn) = E((o, f(He)do))- (5.16)

Proof. Proof follows a standard argument, see e.g. [AW15, Chapter 3|. Let % be a count-
able dense subset of C.(R). The random operator H (&) is ergodic and obeys SO
Theorem is applicable. By this theorem, for every f € X there exists a full set
Qy C O such that holds for all § € Q. Define a full set Qg = (\yex (U, so for
every f € X and every £ € () the equality holds. Choose any g € C.(R) and let
f1, f2,... € £ be such that f, — ¢ in uniform topology. Let € > 0. Further we proceed by
a standard e/3-trick. Let N € IN be such that for all n > N || f,, — g||., < /3. For fn
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the equality ([5.16)) holds for any & € )g. Let Ry > 0 be such that for all R > Ry and all
§e€

S" (0, fn (He)dn) — E({0, fn (He)do))| < e/3.

In|<R

IB(O R)|
Then for all R > Ry and £ € (g we have

‘\B 0.R)[ > IE(<5079(H5)50>)‘

In|<R

]B(O R)| Z fN(f)] n)

In|<R

* ‘B(O,R)I > (O fn(He)dn) —E((So, Sy (He)do))

In|<R

+ (00, L () = 911016

<e,

where the last inequality follows from the triangle, Schwartz and ||f(H)—g(H)| <
Ilf —gllo <e/3 inequalities. B
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Chapter 6

The density of states on manifolds

I wholeheartedly congratulate you and wish you

to get better and work much harder.

Fedor Sukochev

This chapter is an adaptation of [HM24a], joint work with Edward McDonald. Section
appeared in the preprint version of that paper [HM23|, but was omitted from the pub-
lished article. For the content of this chapter, we are grateful to Teun van Nuland, Fedor
Sukochev, and the anonymous referees of [HM24a] for helpful comments. The main re-
sults in this chapter are a Dixmier trace formula for the density of states on manifolds in
Theorem and a Dixmier trace formula for Roe’s index on open manifolds in Theo-

rem [6.4.9]

Like Chapter [5] this chapter revolves around a Dixmier trace formula for the density of
states (DOS). The general form of this formula can be stated for a metric space (X,d)
with a Borel measure, a weight w : X — C such that M, € £ , and a basepoint zg € X.
As explained in the introduction of Chapter [5] — see also Section — the Dixmier trace

formula for the DOS that we study is the equality of the two Borel measures associated

162



with a self-adjoint operator H on L2(X) and an extended limit w € %,

Te(f(H)M) = [ fdv, [ eC(R), (6.1)

and
li ! Tr(f(H)M = d C.(R 6.2
Jm e T )My ) = [ s, f € C(R) (6.2)

where the existence of the measure o, the density of states, has to be assumed. The
equality of these measures up to a constant implies that when the DOS exists, the measure

v1 does not depend on w.

Whereas Chapter |5 (based on |Aza+22|) proves this result for the case where (X,d) is
a discrete metric space with certain additional properties, here we will stay closer to the
setting in the paper [AMSZ20] where this formula was first proven for X = R%, d > 2,
w(z) = (1+ ]m\Q)_%, and H = —A + My with V € Lo (R?) real-valued.

Namely, we will consider (oriented, connected) non-compact Riemannian manifolds of
bounded geometry (the definition follows below in Section . On these manifolds, the
operators H that we will take into account are self-adjoint lower-bounded uniformly elliptic
differential operators of order two. Additionally, like in the discrete case in Chapter [3]
we require the volume of the balls |B(zg, R)| to grow in a sub-exponential and regular

manner, specified in Definition [6.0.1

Let us discuss these conditions. The DOS has been studied before on manifolds, usually in
the setting where for the non-compact Riemannian manifold M one picks a discrete, finitely
generated group T of isometries of (M, g) which acts freely and properly discontinuously
on M such that the quotient M /T is compact, and the operator studied is a random
Schrodinger operator [AS93; [LPPVO08; LPV04; [PV02; |Ves08]. It is not difficult to see that
the existence of such a group is a stronger condition than requiring bounded geometry,

this will be explicitly proven in Proposition |6.1.7]

Furthermore, in each of the cited papers a recurring assumption is that the group of

isometries I' is amenable. This is equivalent with the existence of an expanding family of
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bounded domains D; C M such that

D.
lim (22Dl =0, Vh>D0,
Jj—00 ‘D]|

where 0,D; := {x € D; : d(x,0D;) < h} [AS93]. This is a weaker condition than what we
will require of the growth of the balls B(z, R) specified in Deﬁnition below. In fact,
for these manifolds to satisfy our assumptions, it is necessary that I' has subexponential
growth which implies amenability. In Section [6.5] a more detailed analysis of this co-

compact setting with a random Schrédinger operator will follow.

Let (M, g) be a d-dimensional Riemannian manifold, and let dg be the distance function on
M induced by the Riemannian metric. The Riemannian volume of the closed ball B(zg, )
is denoted by |B(zg,r)|. Its boundary, dB(xo,r), is a (d — 1)-dimensional Hausdorff-
measurable subset of M, and as such we can talk about its volume, calculated with respect

to its inherited Riemannian metric. This d — 1-dimensional volume we will also denote as

|0B(z0,7)|. In fact, it then holds that (see Section [6.1.2))

d
5|B($0,T>| = |8B($[),’I”)|.

What we require of our manifolds is that both |B(x¢,r)| and |0B(x¢,r)| grow sufficiently

0B(o.r)| g del9B@or)]

B ao.)] 9B Vanish

slowly and regularly. Namely, we will ask that the ratios

as R — oo in the following way.

Definition 6.0.1 (Property (D)). Let (M,g) be a non-compact Riemannian manifold
of bounded geometry. It is said to have Property (D) if r — V(r) := |B(xo,7)| is in
C*(Rxp),

Vi(r)
V(T) € L2<]R21)a (63)
and
lim “//,((:)) = 0. (6.4)
V'(r)

Lemma|6.3.11|below gives in particular that Property (D) implies that Vi —0asr— 00

(which is not immediate from the requirement that it be in Ly(R>1)). If a function

f € CY(R) satisfies limx_,oo% = 0, then log f(z) = o(x) and hence f(z) = e°®).
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Therefore, if the manifold M satisfies Property (D), then necessarily both | B(zg, )| = €°(")
and |0B(xg,r)| = (") A quick calculation shows that Property (D) still admits volume
growth of the order |B(xzg,r)| = exp(r%_g), and it is not difficult to see that Property
(D) is satisfied for Euclidean spaces. The conditions listed mostly serve to prevent erratic
behaviour of the growth. Observe the similarity in this sense to Property (C) in Chapter
which required for discrete metric spaces X

\B(UUO, Tk—i—l)’
|B(z0,71)|

where {r}7°, is the set {d(y,z¢) : y € X} ordered in increasing manner.

—1, k— oo,

Finally, let us specify the class of operators for which the main theorem is formulated.
The following definition is essentially the same as [Kor91] and the C*°-bounded differential

operators defined in [Shu92, Appendix 1].

Definition 6.0.2. A differential operator P on a d-dimensional Riemannian manifold
M of bounded geometry is called a uniform differential operator (of order m) if it can be
expressed in normal coordinates in a neighbourhood of each point x € M as

P = Z aa,w(y)aga

lal<m

and for all multi-indices B we have
‘85%@(0)’ < Cup, |af<m.
Following the notation of [Kor91], we denote this by P € BD™(M).
Furthermore, let 04(y,£) = Xjaj=m Ga,z(y)(i§)* be the principal symbol of P near x. We
say that P € BD™(M) is uniformly elliptic, denoted P € EBD™ (M), if there exists € > 0

such that
02(0,8)] > e¢|™, ¢eRze M.

A similar definition applies to operators acting between sections of vector bundles of

bounded geometry; see [Shu92|.

Having discussed all necessary details, we can now formulate the main theorem of this

chapter.
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Theorem 6.0.3. Let (M, g) be a non-compact Riemannian manifold of bounded geometry
with Property (D). Let P € EBD?*(M) be self-adjoint and lower-bounded, and let w be the
function on M defined by

1

= , x€M.
14| B(xo,dy(,x0))|

w(z)

Then f(P)M,, is an element of L1  for all compactly supported functions f € C.(R). If

P admits a density of states vp, we have for all extended limits w € €%

Trw(f(P)Mw):/Rfdyp, f e Cu(R).

Observe that Euclidean space is a manifold of bounded geometry satisfying Property (D),
and Schrodinger operators H = —A + My, with smooth bounded potential V' are operators
of the required class. Therefore, besides the smoothness assumption on V', the main result

in this paper is a generalisation of [AMSZ20)].

Whereas the proofs in [AMSZ20] are based on delicate singular value estimates particular
to Euclidean space, and the ones in |Aza+22| (i.e. Chapter [5) are based on heavy real
analysis, here we will prove a statement in abstract operator theory. It is a significant
generalisation of |[AMSZ20, Theorem 5.7]. In Section we will make a comparison
between this method and the proof in Chapter [5

Theorem 6.0.4. Let W and P be linear operators, such that P is self-adjoint and lower-
bounded and W is positive and bounded. Assume that for every t > 0 we have
1. exp(—tP)W € L4 o,

2. exp(—tP)[P,W] € L;.

Then, for every extended limit w,
Tr, (e W) = lim eTr(eftPX[E’oo)(W)), t>0.

e—0

whenever the limit on the right hand side exists.
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As an application of the Dixmier trace formula for the DOS, Theorem [6.0.3] we will look
at Roe’s index theorem on open manifolds [Roe88|. Roe’s index theorem is one approach
of many that extends Atiyah—Singer’s index theorem |AS63| to non-compact manifolds,
namely non-compact manifolds of bounded geometry that admit a reqular exhaustion. For
the precise definition we refer to [Roe88, Section 6], but for this introduction it suffices to

know that Property (D) is a stronger assumption.

Given a compact manifold M with two vector bundles E, F' — M and an elliptic differential
operator D : T'(FE) — TI'(F), the local index formula equates the Fredholm index of D to

the integral of a differential form given by topological data denoted here simply by I(D),

nd(D) = /M 1(D). (6.5)

A special case of the index formula can be proved with the McKean—Singer formula, which
in this case states that

Ind(D) = Tr(ne P%), >0,

where 7 is the grading operator on the bundle F @& F — M, and D is the self-adjoint

operator acting on I'(E @ F') by the formula

0 D
D 0

If M is not compact, neither side of is well-defined in general. In the setting of a
non-compact Riemannian manifold M of bounded geometry with a regular exhaustion,
and with a graded Clifford bundle S — M also of bounded geometry (see Section ,
which comes with a natural first-order elliptic differential operator, the Dirac operator
D :T(S4+) — I'(S-), Roe modifies both sides of equation as follows. Defining a linear
functional m on bounded d-forms via an averaging procedure, the right-hand side simply
becomes m(I(D)). For the left-hand side, Roe defines an algebra of uniformly smoothing
operators U_ ., and shows that elliptic operators are invertible modulo U/_,,. Recall that
for operators that are invertible modulo compact operators (Fredholm operators), the

Fredholm index is an element of the K-theory group Ko(K((H)) = Z [Weg93| (recall
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that K (#) are the compact operators). In this case, we can similarly define an abstract
index of an elliptic operator D as an element of Ko(U—o), by observing that U_, forms
an ideal in what Roe defines as uniform operators Y. Furthermore, using the functional
m one can define a trace 7 on U_,. This trace can be extended to a trace on the matrix
algebras M,,(U*,.) (with U denoting the unitisation of U_.,) by putting 7(1) = 0 when
passing to the unitisation, and then tensoring with the usual trace on M, (C). The tracial
property gives that this map descends to a map called the dimension-homomorphism

dim; : Ko(U_s) — R. These ingredients give Roe’s index theorem:

dim,(Ind(D)) = m(I(D)). (6.6)

The nature of the averaging procedure that Roe develops is such that if D? admits a
density of states, Theorem [6.0.3] leads to a Dixmier trace reformulation of the analytical

index dim,(Ind(D)). In Section [6.4] we prove
dim, (Ind(D)) = Tr,(nexp(—tD*)M,,), t >0,

where 7 is the grading on S.

6.1 Preliminaries

6.1.1 Operator theory

We recall some facts about sums of left-disjoint families of operators, and prove an estimate
for their £p-norm and £, co-norm. A family {7;}72, of bounded linear operators on a

Hilbert space H is left-disjoint it T; T = 0 for all j # k.

Given a sequence {T]};‘;O of bounded linear operators on H, let
o0
DT
§=0

denote the operator on H ® ¢2(IN) given by

[ee]

2 : *
j—jj ® ejej

J=0
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*

where eje;

is the rank 1 projection onto the orthonormal basis element e; € (5.

Note that
(0.9} [0.9]
p (BT | =n | P diag(u(Ty)) | -
j=0 j=0
To put it differently, the singular value sequence of the direct sum @?’;0 Tj is the decreasing

rearrangement of the sequence indexed by IN? given by

{u(k, T5)}F—o-

By definition, we have ||Tp, p, = [|#(T)|l¢,, ,,- Therefore,

= [{uk, Tj) by >0l e,y (N2)-
P1,p2

o0
e
j=0

Now let ¢ > 0. We have for each j that p(k,T;) < (k+ 1)_% 17|l g,00- Therefore,

_1
< @ +k&) ([ Tillgo0tjkolle,, ,, n2)-

o0
D
j=0

p1,p2
Lemma 4.3 of |[LSZ20a] implies that if ¢ is sufficiently small, then there exists a constant

Cpy pa,q Such that for any sequence {x;}32, we have
1
(L +8) 725 a0l (N2) < Cprpoal{253520165, 1y -

Taking ; = ||T}||¢,00 and sufficiently small ¢ (depending on pi, p2) we have

< Cp1,p,a {1 Tjllg.00 Y70 lp1 2 (6.7)

o0
DT
j=0

p1,p2
Combining [LSZ20a, Proposition 2.7, Lemma 2.9] gives the following result.

Lemma 6.1.1. Let 0 < p < 2, and let {T;}32, be a left-disjoint family of bounded linear

operators. There exist constants Cp, C;) such that

o0
T
i=o

[ee]
<G |lPT|
j=0

P, p,o0

o0
T
j=0

o0
!
<G, |PT1;
j=0

p
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A combination of (6.7) and Lemma immediately yields the following:

Corollary 6.1.2. Let 0 < p < 2, and let {T;}52, be a left-disjoint family of operators.

There exist q,q' > 0 (depending on p) and constants Cp g4, C]’D’q/ > 0 such that

< Cp | {17

33 :
q,00 ]:0 Y] Y
P,o0

o0
2Ty
j=0

p7w

!/
= Cp,q’

o0
T
=0

(T g oo}, -
P
p

Remark 6.1.3. Forp = 1, we can take any 0 < ¢,¢’ < 1.

6.1.2 Preliminaries on manifolds

All manifolds in this chapter are smooth, oriented, non-compact and connected unless

stated otherwise.

Definition 6.1.4. Let (M, g) be a Riemannian manifold. The injectivity radius i(x) at a
point x € M is defined as

i(z) := sup{R € Rx>¢ : exp, | p(o,p) is a diffeomorphism},

where exp, is the exponential map at x and B(0, R) C T, M is the metric ball with radius

R centered around the origin. The injectivity radius of the manifold M is defined as

ig := inf i(x).

It is a theorem that the injectivity radius map
it M — (0,00]
is continuous [Sak96, Proposition I11.4.13].

Definition 6.1.5. A Riemannian manifold (M, g) has bounded geometry if the injec-
tivity radius i, satisfies

ig >0,
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6.1.2 Preliminaries on manifolds

and the Riemannian curvature tensor R and all its covariant derivatives are uniformly

bounded.

This is the definition as in [Kor91} Definition 1.1], [Eic09, Chapter II] and [Eic07, Chapter

3]. Every open manifold admits a metric of bounded geometry [Gre78|.

As is well-known (see e.g. [Kor91, Lemma 2.4]), bounded geometry implies that there

exists ro > 0 and a countable set {z;}52, of points in M such that:

1. M = U;‘;O B(JZ]‘,T());
2. each ball B(zj,ro) is a chart for the exponential normal coordinates based at z;;

3. the covering {B(z;,70)}72 has finite order, meaning that there exists N such that

each ball intersects at most IV other balls;
4. sup; |B(zj,70)| < oo, recall that | -| indicates the volume;

5. there exists a partition of unity {1;}32, subordinate to {B(z;,70)} such that for
every a we have sup; , [0%9;(z)| < oo, where % is taken in the exponential normal

coordinates of B(zj,79).

Without loss of generality, ro can be taken smaller or equal to 1 (see [Kor91, Lemma 2.3]).

We will refer to the scale of Sobolev spaces {H*(M)}ser defined over M as

H® = dom(1 — Ag)%”.HS,

with ||€]|s == [|(1 — Ag)%gﬂLQ(M), as in Section and Chapter [2| see also [Kor91, Sec-
tion 3] or [GS13]. We will make use of the fact that if P € BD™(M), then P €
op™(1 — Ag)%, i.e. P defines a bounded linear operator from H*"" (M) to H*(M) for

every s € R.

Remark 6.1.6. It follows from the bounded geometry assumption that there exist constants

¢, C > 0 such that for every x € M and R > 0 we have

|B(z, R)| < Cexp(cR).
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Note that for almost every r > 0, we have
\B(a,r)| = 0Bz )|
dr B o
See |Cha06|, Proposition II1.3.2 & Proposition II1.5.1].

A standard example of a manifold of bounded geometry is a covering space of a compact
manifold. The following is well-known, but lacking a reference we supply a proof for the

reader’s convenience.

Proposition 6.1.7. Let (M, g) be a complete d-dimensional Riemannian manifold. Let T
be a discrete, finitely generated subgroup of the isometries of (M, g) which acts freely and
properly discontinuously on M such that the quotient M /T is a compact (d-dimensional)

Riemannian manifold. Then M has bounded geometry.

Proof. Since I' acts cocompactly on M, there exists a compact set L C M such that
UyervL = M. Indeed, since the open balls B(z,1),z € M project onto an open cover
of M /T, there exists a finite collection {B(z;,1)}Y; that projects onto M /T. Defining

L :=UN, B(z;,1) gives the claimed compact set L.

Set

.
=)

where i(x) is the injectivity radius at the point x. Since the injectivity radius is a con-
tinuous function on M, i(z) > 0 for all x € M, and L is compact, it follows that i;, > 0.
Since I acts by isometries, for any v € I' we have i(yx) = i(x), see for example the proof

of [Sak96, Theorem I11.5.4]. Therefore, inf,ecpsi(z) =iy > 0.

Next, since the curvature tensor R is smooth, clearly R and all its covariant derivatives
are bounded on L. Let ® : M — M be the isometry by which ~ € I' acts. Then for all
x €M D} : TyM — Te(,)M is an isomorphism, and by [Sak96, p. 41],

D;(Ven) = VoreDyn,

@ (R(n,6)¢) = R(Dyn, D8P,
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6.2. PROOF OF THEOREM [6.0.4]

where &,7,( € T, M. Combine the facts that R and its covariant derivatives are bounded
on L, that U,ervyL = M, and that isometries preserve R and taking covariant deriva-
tives in the above manner, and we can conclude that R and its covariant derivatives are

uniformly bounded on M. O

Remark 6.1.8. A non-compact Riemannian manifold of bounded geometry has infinite
volume. This can be checked easily via the covering M = U?‘;O B(zj,70) below Defini-

tion[6.1.5, and the observation that inf;|B(x;,r0)| > 0 [Kod8§].

6.2 Proof of Theorem [6.0.4]

Part of the proof in [AMSZ20] used the identity
lims—l/ F(z)(1+|z)?)"2dz = lim R™? F(x)dx 6.8
(s 1) [, P+l o= tim R [ ©9)

for any bounded measurable function F' on R? such that the right hand side exists.

Equation can be generalised in the following manner. The proof is essentially the
same as [AMSZ20, Lemma 6.1].

Lemma 6.2.1. Let A and B be bounded linear operators, B > 0, such that AB® € Ly for
every s > 1. Then

lim(s — 1) Tr(AB") = lim eTr(Ax e o0) (B))

whenever the limit on the right exists.

Proof. Writing B® = f(llB”‘” N dEB(N), A = sfo)‘ r*~1dr and applying Fubini’s theorem
yields
1Bl
Tr(AB?®) = s/ ¥ Tr(AX [ 00) (B)) dr.
0

Assume without loss of generality that || Bl = 1. Writing F(r) := Tr(Ax|, o) (B)) our
assumption is that

F(r)y~-=, r—0,

C
r
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and

1
Tr(AB®%) = s/ s F(r) dr.
0

Let € > 0, and choose R > 0 sufficiently small such that if 0 < r < R then
|rF(r) —c| <e.

We write Tr(AB®) — &5 as

1
Tr(AB®) — € =+ s/ S R (r) — erST2 dr.

s—1 0

Therefore
s c 1 s—2 1 s—2 SE
|Tr(AB®) — ——| < \c[+s/ r*rF(r) —cldr < ]c|+s/ r*ErF(r) — ¢ dr + .
s—1 0 R s—1
It follows that
(s =1)Tr(AB®) —¢|=0(s—1) +se, sl1.

Since ¢ is arbitrary, this completes the proof. O

We will make use of the following theorem, which is [LMSZ23| Theorem 1.3.20].

Theorem 6.2.2. Let A and B be positive bounded linear operators such that [B, A%] €Ly
and AB € L1 . If
|A2Bo i = o((s=1)7%), s i1

then for every extended limit w we have
Tr,(AB) = liﬁl(s —1)Tr(AB?)

if the limit exists.

Hence, if [B,A%] € L; and HA%Bsﬂl = o((s — 1)72), then by Lemma
Tu (AB) = lig eTr(Ax o) (B))

whenever the limit on the right exists.
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6.2. PROOF OF THEOREM [6.0.4]

Recall the Araki-Lieb—Thirring inequality [Kos92]

[AB|} 00 < ellA"B |l100, 7 >1 (6.9)
and the numerical inequality
[e.e]
pu(k, X) 1
X = < ||IX 14 - 6.10
H Hoo,l kgo k+1 — || ||q,ooC( + q>’ ( )

obtained by simply writing out the definitions. Here ( is the Riemann zeta function, and

it obeys C(l—i—%) ~ qas q — 0o.

Corollary 6.2.3. Let A and B be positive bounded linear operators such that

1. [A%,B] € Ly,

2. AiB € L1 0.

Then for every extended limit w we have
Tr,(AB) = liﬁl(s —1)Tr(AB?)

if the limit exists.

Proof. Let 1 < s < 2. We have
1AZ B3|y < [[[A%, B]B* |y +||BA B> Y|y < [|[AZ, Bl B35 + | BAT |[1,00]| ATB* Y| o1,
where we have used the inequality

ITS| < 21T 100llSlloots T € L100sS € Lo,

which can easily be checked via the definitions of these quasi-norms and the inequality

pu(2k,TS) < p(k, T)p(k, S).
By the numerical inequality (6.10) above

AT M oon S (s = 1) ATB Y o .
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Since s < 2, we have i > 1, and hence the Araki—Lieb—Thirring inequality delivers

2—s
s—1

L B S% 1 1 1
JAXB15T < e AT By < ]| 4R[S AT By
s—17

This verifies the assumptions of Theorem [6.2.2] O

In our case, we have an operator P which is self-adjoint and lower-bounded, which means
exp(—tP) is positive and bounded for all ¢ > 0, and we take B = W. Then the assumptions
become

lexp(—tP), W] € L1, exp(—tP)W € L1 (6.11)

for every t > 0.

The former condition can be modified to one which is easier to verify in geometric examples.

Lemma 6.2.4 (Duhamel’s formula). Let P be a lower-bounded self-adjoint operator on a

Hilbert space H, and let W be a bounded operator. Then

[exp(—tP), W] = — /Ot exp(—sP)[P,W]exp(—(t — s)P)ds.

Proof. The method of proof is standard, see for example [ACDS09, Lemma 5.2]. Define
F :[0,t] - B(H) by F(s) = exp(—sP)W exp(—(t — s)P). Since P is lower-bounded,
exp(—sP) is bounded for all s € [0,¢]. Hence the derivative of F'(s) in the strong operator

topology is
F'(s) = —Pexp(—sP)W exp(—(t — s)P) + exp(—sP)W Pexp(—(t — ) P)
= —exp(—sP)[P,W]exp(—(t —s)P),

in the sense that

.1 /
lim —(F(s+ 1) — F(s))€ = F'(5)6, €€ H.

Therefore, by the fundamental theorem of calculus for Banach space-valued functions, we
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6.2. PROOF OF THEOREM [6.0.4]

can conclude that for & € H,

[exp(—tP), W] = (F(t) — F(0))¢
= Ot F'(s)éds
— /Ot exp(—sP)[P, W] exp(—(t — s) P)¢ ds. O

Lemma 6.2.5. Let P be a self-adjoint lower bounded linear operator and let W be a

bounded self-adjoint operator such that [P, W] makes sense, and
exp(—tP)[P,W] e Ly, t>0.
Then
lexp(—tP),W] € Ly, t>0.
Proof. By the Duhamel formula (Lemma [6.2.4]),

lexp(—tP), W] = — /0 ' exp(—sP)[P, W] exp(—(t — 5)P) ds

|+

= - /02 exp(—sP)[P,W]exp(—(t — s)P) ds

- / ' exp(—sP)[P, W] exp(—(t — 5)P) ds.

For 0 < s < %,we have

| exp(—sP)[P, W] exp(~(t — )Pl < [P, W] exp(— 3 P)ll

while for % < s <t
t
lexp(=sP)[P, W]exp(—(t = s)P)ll < [ exp(=5) [P, W]l

Hence, the triangle inequality for weak integrals we have

H[exp(—tp),W]Hl < tH[P’ W]”l O]

Combining the results of this section completes the proof of Theorem [6.0.4]
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6.3 Manifolds of bounded geometry

Let us now shift our attention to the case where we have a Riemannian manifold of bounded

geometry M and a self-adjoint, lower-bounded operator P € EBD?(M).

Estimates of the form

HMfg(_iv)Hp,oo < Cpr”pHgHILOO

for p > 2 are sometimes called Cwikel-type estimates. Here, f and g are function on R¢,
see |Sim05, Chapter 4]. Similar estimates with p < 2 were obtained earlier by Birman
and Solomyak [BS69]. In particular, it follows from [Sim05, Theorem 4.5] that if f is a

measurable function on R then for every t > 0 and 0 < p < 2 that we have

1
p
M pe™lp St (Z ”proo(kHo,l)d))

keczd

and similarly

135 e St [l irion],

We seek similar estimates for functions f on manifolds of bounded geometry. In place of
the decomposition of R? into cubes, R? = [Jfc5[0,1)¢ + k, we will use the partition of

unity constructed according to Section [6.1.2]

Namely, we will show that for 0 < p < 2, we have exp(—tP)M; € Ly whenever f €
lpoo(Loo), and exp(—tP)My € L, whenever f € £,(Lo), where €y, oo(Loo) and £,(Loo)

are certain function spaces on M.

Definition 6.3.1. Let {z;}52, and ro be as in Section . Given a bounded measurable
function f on M, define

170ty = [0 e o Y20,

and

1 £llep(Loo) = H{||f”Loo(B(xj7T0))}ﬁ0He,,'
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6.3. MANIFOLDS OF BOUNDED GEOMETRY

Let B be an open ball in R? such that at every point & € M we have a normal coordinate
system exp, oe : B — B(x,r(), where e is the identification of R? with the tangent space
T,M and exp, is the Riemannian exponential map [Kor91, Proposition 1.2]. Via these
maps we can, for each z € M, pullback the metric g restricted to B(z,r) to a metric g*

on B.

Definition 6.3.2. A Riemannian metric g on B can be represented uniquely by the d?

smooth functions
Gij = g(ai,aj> S COO(B)

Define Riemy(B) as the set of Riemannian metrics for which the functions g;; extend to
smooth functions in C*°(B). We equip Riemy(B) with the topology induced by the embed-
ding Riemy(B) C (C(B))¥, where we we take the usual topology on C(B) defined by
the seminorms

pn(f) = mag{!aaf(m)! Hlal < NG

e

The following is essentially [Eic91], see in particular the discussion below [Eic91, Theo-

rem A]. See also the related statement [Roe88|, Proposition 2.4].

Proposition 6.3.3. Let (M,g) be a manifold of bounded geometry. The functions gij
considered as a family of smooth functions parametrized by i,j and by a point x € M, can

be extended to B and then lie in a bounded subset of C*(B).

In principle the identification e of R% with the tangent space T, M can vary from point to
point, and therefore the matrix elements g;; are not uniquely defined. However this does

not change the fact that for any given identification, the result of Proposition [6.3.3] holds.

Corollary 6.3.4. Let (M, g) be a manifold with bounded geometry, and let { B(xj,70)}jeN
be an open cover of M as in Section[6.1.9. The set

{¢g% : j € N} C Riemy(B)

is a pre-compact subset of C*°(B).
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Proof. By Proposition the functions g; lie in a bounded set in C'*° (B). Since the
closure of a bounded set is also bounded |Con90, Section IV.2], and since C*°(B) has the

Heine-Borel property [Rud91} Section 1.9], the assertion follows. ]

Given g € Riemy(B), we denote A!? the self-adjoint realisation of Ay on B with Dirichlet
boundary conditions. Explicitly, Ag is defined as the operator associated with the closure

of the quadratic form
i) = [ i@ ¥ (@)0u@)d0(@) da. w0 e C(B).
]
Lemma 6.3.5. Let x; and g € Riemy(B) be as in Corollary|6.5.4 We have

sup [|(1 = A25) "o, (La(m)) < oo
jeN g

Proof. Let g be a metric on the closed unit ball B, and let ¢, and cg be positive constants

a (é |£k|2) < i_ VIg@)lgH (@)&& < ¢, (Z w)

for all £ € C?. We will prove that there is a constant kg such that

such that

[

(1 - AgD)il”E%’m(LQ(B)) < kqeg 2. (6.12)

Since

inf cgz; > 0,
J
(6.12]) implies the result.

Let go denote the Dirichlet quadratic form on B. That is,
= Z/ Oju(z)d;jv(z)dx, wu,ve CX(B).
~ JB
J

The Dirichlet Laplacian AOD on B is defined as the operator associated with the closure of
the quadratic form gy (see e.g. [Sim15, Example 7.5.26]). By the definitions of ¢4, ¢, and
Cy we have

CgQO(U, u) < QQ(u7u) < CgQO(Uau)7 u € CSO(B)
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It follows that the form domains of the closures of gg and g4 coincide, we denote this space

H& (B). The preceding inequality implies in particular that
1 1
coll(1 = AD)zulZ, ) < 11— AD)ZulT, ), u € Hy(B).

By standard results in quadratic form theory (see e.g. [Sim15, Equation 7.5.29]), 1 — Ag)
defines a topological linear isomorphism from H}(B) to its dual (HE(B)) . Therefore,

replacing u with (1 —A2) "o for v € (Hj)*, we arrive at
oll(1 = AF)2 (1= A7) el ) < (1= A7) 2ellf ), v € (HY(B)"
Replacing v with (1 — A{]j)%w for w € Ly(B) gives
11— aP)z(1 - AP - Ao)%wﬂiz(g) <M lwlZ,p)-
Recall that ||(1— Aé))_% 400 (Lo(B)) < 00 by standard Weyl asymptotics. Therefore,
[(1— A?)_l”E%,M(LQ(B)) < [I(1- AOD)_%H%CMO(LQ(B))H(I —AP)E (1~ AP - AO)%HB(LQ(B))
<o 2101 - AD) R 12, i)

Defining kg = ||(1 — A(l)))_% ”%d,oo(LQ(B)) completes the proof of (6.12]), and hence of the

Lemma. O
Proposition 6.3.6. For all ¢ > 0, there exists K > 0 such that
sup || My, (1= 8)™"[|g0 < o0,
j
where 1; is the partition of unity subordinate to { B(zj,70)}jeN mentioned in Section.
Proof. The proof is inspired by the proof of [SZ23, Lemma 3.4.8]. Let V; : Lo(M) —

Lo(B, g%i) be the partial isometry mapping £ € La(M) to VE(z) = F1B(a;.ro) © €XDy o€ €
Ly(B, g%). Denote Vj1; := ¢;. Then, by construction,

My, =V MyV;
and

(1= 8) My, = V7 (1= B,) <My, Vi,
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It follows that

(1= A My, V(1= AD) RV = V(1= Aoy ) My (1= ALKV
= Vg*[(l - Agzj )K, M¢j] (1- Af’fj )_KVJ' + Vj*M%Vj

= [(1 - A)K7 ij]vj*(l - A?”j )_va + M¢j'
Multiplying both sides by (1 — A)~¥ and rearranging gives

(1= 8) KMy, = My, Vi (1= A2,) 75V — (1= A) K [(1 = A)%, My, V7 (1= A2,) K,

g

We claim that

sup [|(1—A)75[(1 = A)%, My, ||oe < 0.
JEN

For every a we have sup; , [0%;(z)| < oo, where 0“ is taken in the exponential normal
coordinates of B(z;,r0), and therefore [(1 — A)¥, My, ] is a uniform differential operator
of order 2K — 1 with coefficients that are uniform in j. Using |[Kor91, Theorem 3.9], it
follows that [(1 — A)X, M, ] is a bounded operator from Ly(M) to the Sobolev space
H' 2K (M) with norm uniform in j. By [Kor91, Proposition 4.4], (1 — A)~¥ is a bounded

operator from that space into La (M), and so the claim holds.
Since the norm of V; is equal to one, via Lemma we get for K large enough

sup [[(1 = A) ™5 My, |00 < sup ([ My lloo - (1= Ag2;) 7 g00)
JEN JEN

+sup (111 = 8)F[(1 =AY, My, Jloo - 101 = By ) g0
JEN

< 0. O

It follows from this proposition that for every ¢ > 0 and every j, there exists K > 0 and

a constant Cx independent of j such that
Mgy, (1= B8) Flg00 < CrllFIl L (Boyiro))- (6.13)
(0)y (2)1 00 (Moo . oo
Let {wj 2o {qu 00 {wj 720 be a partition of {1; }]:0 into disjointly supported

subfamilies. That is, for all 0 < k < N, the functions {wj(-k) 5= are disjointly supported,

and for every j > 0 there exists a unique 0 < k < N such that v; € {wl(k)}fio.
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Theorem 6.3.7. Let 0 < p < 2. For sufficiently large K, we have

1M (1= A) oo < Cpie ¥ 11f gy o (20

IMp(1=A)" |, < Cp g NI Flley (2

Proof. We prove the first inequality, the second can be proved analogously. Let f €

lpo(Leo). Since {1132, is a partition of unity, we have

f= Z%f ZZw

k=037=0
By the quasi-triangle inequality, there exists Cy , such that

N
My (1 - A)_KprO <Cnp Z

[e.9]

Z ) K

p?oo

The operators { M e f(l — A)~K}%2 are left-disjoint. Hence, Corollary [6.1.2|implies that
i

there exists ¢ > 0 such that

IMp(1— D)Ko < (1=8)"Flg00} 0

P,00

From (6.13]), it follows that if K is sufficiently large (depending on ¢), we have

1M (1 = 8) oo < O pg |[{1 e B V20,
The latter is the definition of the £, (Lo) quasinorm. O

Corollary 6.3.8. Let 0 < p < 2. Let P be a self-adjoint, lower-bounded P € EBD™(M).
We have exp(—tP)My € Ly o whenever f € £, oo(Loo), and exp(—tP)My € L, whenever

fely(Lo).

Proof. By the preceding theorem, we already have that for f € ¢, (L) and sufficiently
large K, My(1—A)™% € L, . Noting that P+ C > 0 and is therefore an invertible
operator on Ly (M) for some C € R, by Proposition 4.4 in [Kor91] it follows that (P + C) ™1
maps H*(M) boundedly into H*T™(M). By Theorem 3.9 in [Kor91], (1 — A)X maps
H* (M) boundedly into H*~25(M). Therefore, we can find N € IN large enough such that
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(P+C)~N(1— A)¥ is a bounded operator on Lo(M). Noting that exp(—tP)(P + C)N
is a bounded operator for any N by the functional calculus on unbounded operators, the

claim follows. The case for f € ¢,(Lo) is proven analogously. O

This corollary will eventually make it possible to apply Theorem [6.0.4Jon P and W = M,,
for w € £ 00(Loo) defined by w(x) = (1+|B(zo,dy(z,z0))|) L. We will also need to show
that exp(—tP)[P, M,] € L1, but this will require geometric conditions on the manifold
M.

Lemma 6.3.9. Let (M,g) be a complete connected Riemannian manifold of bounded
geometry. Then for any fized r € R,

B _
liminf| (xo’R 7“)|

— > 0.
R—o0 |B<$0,R—|—T)|

Proof. The paper [GP11] proves that for manifolds of bounded geometry, we have for fixed
R>1,

< |B(z0, R+2)| - |B(z0, R+ 1)| < L(|B(w, R+ 1)| — |B(o, R))|

SIS

for some constant L > 0 independent of R.

Now with this inequality, one can show by induction that

|B(zo, R+ k)| K
P YT L)k, R>1.
Blao, g~ D)
For k=1,
Bleo, R+ DI _, 1B, ) = B0, R—1)]
|B(xo, R)| |B(xo, R)|
<14 L.

Suppose that % < (1+ L)* for some k, then

‘B($0,R+k+1)‘ < ’B(.%'(),R—Fk)’ +L’B(.%'0,R+k)’—‘B(.ﬁo,R-}-k—l”
[B(zo, )| ~  |B(zo, R)| | B(o, R)|

<+ L)+ LA+ L)" = (1+ L)
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Therefore,
|B(x07R r)’ |B(x0’R)|
li fi———= =1 f
o Rt ) P B (a0, R+ 20)]
1
L
where K is some integer greater than 2r. O

Lemma 6.3.10. Let (M,g) be a complete connected Riemannian manifold of bounded

geometry. Then the function
w(z) = (1+ |B(wo,dg(z,20))|) ", z€ M,

is an element of {1 00(Loo)(M).

Proof. We denote dg(x,z9) by r(z). Note that for any = € B(zy,r9) we have r(z) >

|zi| — 1o by the triangle inequality, and hence

Wl 1 (Begre)) < (1+ B, (zx) —70)])

Without loss of generality, order the z; such that r(z1) < r(x2) < .... Note that as in
Remark we have that inf;cn |B(xj,70)| > 0 and hence

| B(20, |zk| —ro)|  [B(@o, |zk| +10)]
|B(@o, [zk| +710)|  infjen |B(z;,70)]

|B(z0, |2x| —10)| = jig]{] |B(zj,70)] -

By the ordering of the xj, we know that all the balls B(z;,79) from j = 1 up to and

including j = k are contained in B(zg, |zx| + 70). Hence

k
kn}bIelllf\I|B T, 70)| Z (xj,k

< (N +1)|B(xo, |zk| +10)],

since any ball can only intersect at most N other balls. We thus get

k
|B(x0, x| +70) > N1 lgf |B(xj,70)] -

| B(zo,|zx|—"0)

We will now show that for k large enough, B (w0 Jox] +T0)I is bounded below away from zero.

By Lemma [6.3.9] we have

lim inf —|B(x0, ro)|

> 0,
R—o0 ’B(xo, R+ T‘[))’
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|B(107R_T0)|

Blzo.RTr0)] =~ 0 > 0. We claim

and so there must be some Ry such that for R > Ry we have

that we can take K large enough such that |xi| > Rp for k¥ > K. Indeed, by analogous

| B(zo,Ro+T0)|

reasoning as before, at most K := (N + 1) it | Bz;,70)]
J VAl

’B(IQ,RO”, thus \xk\ > Ry for k > K.

points x; can be inside the ball

Gathering the results above, we get the existence of some constant C' such that for k£ > K

we have

|B(a0, 21| —ro)| > Ck.

This means that
1wl 1o (Bare)) < (14 Ck)

proving that w € £1 oo (Loo) (M). O

We will now mold Property (D) into the form that we will apply it in.

Lemma 6.3.11. Let (M,g) be a complete connected Riemannian manifold of bounded

geometry. If M has Property (D), that is if V(r) := |B(wo,7)| € C*(R>¢) satisfies

V'(r)
V(T) S LQ(Rzl), (6.14)
and
Vi(r) T — 00
V) — 0, — 00, (6.15)

then for every h > 0,

suPsefo,n) [0B (20, k + 1+ s)|
‘B(:COv k+ 1)|

} € 6>(N). (6.16)
keIN

Proof. Using condition (6.15)), let € > 0 and choose R large enough so that r > R implies
that
V"(r) <eV'(r).
For r > R, § > 0, we have
r+6
Vi(r+6) = V'(r) + / V'(s) ds
<V'(r)+ed sup V'(r+s).

s€[0,4]
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Taking the supremum over ¢ € [0, 4] on both sides and rearranging gives
(1—eh) sup V'(r+s) <V'(r).
s€[0,h]

In particular, this implies that

inf V'(k+s)> inf (1—¢ch) sup V'(k+s+t)> (1 —ch)V'(k+h).
s€[0,h] s€[0,h] te[0,h]

Vi(r)

Now choose ¢ < min(1, +), and we can estimate the Lo-norm of V) from below by a

Riemann sum,

(mfse[o 1 V' (k+ s))2
( Sup,eo1] V' k+3)>2

> 2V’(l<:+1)
;1* V(k+1)2

"z

»—\8
/N
<=
==
v
I\/

| \/

sup,ejo.n) V' (k +1+ h)?

> C+(1—5)2(1—5h)22

2
= V(k+1)
This shows that (6.14]) and (6.15)) together imply (6.16]) O

Lemma 6.3.12. Let (M, g) be a non-compact Riemannian manifold with bounded geom-

etry and Property (D). Then

>

k=0

SUpse(_1.9] [0B (0, (k + s)ro)|”
(14 |B(zo, (k —1)r9)])?

< 0. (6.17)

Proof. Since M has Property (D), Lemma [6.3.11] gives that

$ Sucog 0Bz 4 o)
S IBlok)P
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Recall that we can assume 79 < 1. Then,

isupse[,l,g] 0B (o, (k + 5)ro)|”
= (1+|B(zo, (k—1)ro)|)?

_ i 5 SUpge (1,9 [0B (o, (k + s)r0)|”
N=0 N<kro<N+1 (1 + |B(3§‘0, (k - 1)T0)|)2

00 2
< Z Z Supse[fl,Q] |aB($0,N + 5)|
~ N=o N<kro<N+1 (1+[B(20, N —1)|)?

> S aB 7k + 2
< P} 2. sup |0B(x0,5)2 + Y ey | (9«"02 s)
"o s€[0.3] =1 |B(z0, k)|

< 0. O

Note that in the next lemma, we do not need uniform ellipticity of the differential operators
considered, although we will consider operators L € BD?(M) which lack a constant term.
The meaning of this condition is that in a system of normal coordinates (U, ¢), where
U = B(z,19) we have

L= Z Aoz (y)D?.

0<|a|<2
Equivalently, L1 = 0. The important feature of these operators is that if P € BD?(M)
and f is a smooth function with uniformly bounded derivatives, then [P, M| = [L, My]

for a differential operator L € BD?(M) with no constant term.

Lemma 6.3.13. Let (M, g) be a non-compact Riemannian manifold with bounded geom-
etry satisfying Property (D) (Definition m), and take w: M — R as in Lemma|6.5.10,
Then Lw € £1(Loo) (M) for any L € BD?(M) that lacks a constant term.

Proof. For any x € M we can take a neighbourhood of normal coordinates (U, ¢) in which

L takes the following form by definition:

Z Qa,z (y>537,

|a|=1,2

where for any multi-index 3

‘8561,,1@(0)‘ <Cap, z€M.
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Now denote 7(x) := dy(z0,z), W(r) = (14 |B(z0,7)|) ! so that w = @ or. Note that W
is a C2 function on [0, 00) by assumption (Property (D)), and the combination of [Sak96,
Lemma II1.4.4] and [Sak96, Proposition II1.4.8] gives that r is smooth almost everywhere

with ||Vr| <1 almost everywhere. We therefore have almost everywhere

Lw(z)| < Zaa,m(O)(aa(ﬁ)orogb_l))(O)‘—l—’ S 0. (0)(0P07 (@or o ¢ 1))(0)

lal=1 |a|=2
a=pF+y
|B]=]v]=1
| ¥ a0a0)@ (o6 ) O (r(2)]
la|=1
+ ) aa,x(o)(@”(r(fﬂ))'55(7“0@1)(0)'3”(7“0¢71)(0)
|a|=2
S @ (2)- %00 67)(0))
< Zaa,m((])’-m'(r(x)ﬂ—k’ 5 aa,x(())‘-\w”(r(ac))|
o o
|B]=]v]=1
40| Y aaal0)] 100 )
vl
|B|=lvI=1

< (1+0) - ([0 (r(@)] + 0" (r(x))]),

where we have used the chain rule and

(r)

xT

(@00 O] = 5%

(because (Vr)a = > 59as0°r and in normal coordinates at zero, ga,5(0) = da) in
addition to
0707 (ro¢™")(0)] < ||Hess r|| < C

for some constant C, since the Hessian of r is uniformly bounded [Pet06, Theorem 6.5.27].

By continuity, we therefore have everywhere

[Lw ()| < (14C) - (|&' (r(2))] + [@" (r(2))])-
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Therefore

Ll ey < A+ C) - ( sup @ (r(25) + 5)] + [0 (r(2;) + 5)| )

B(xj,ro
(@; s€[—ro,r0]

(o _10Blor(z) +s)
=10 <seuﬁ’m (14 Blao, () + )]

d

L sup R=r(zj)+s
sel—rosro) (1 +[B(wo,7(x5) + 5)[)?

0B (w0, (x;) + 5)|*
+2 sup .
s€[—ro,70] (1 + ‘B(:C'O?T(mj) + S)DS

Next, we calculate

0B (w0, r(25) + 5)|
(14 [B(zo, r(x5) + )])?

sup
jEN SG[*TQ,T()]
Yy wp 2Banr(e) 0]
| (1+|B(zo,7(z5) + 5)[)

k=0 {j:kro<r(z;)<(k+1)ro} s€[~r0,m0

e . ‘BB(.%'(),(]?—{-Z)TM
< tkro <r(x;) < (kE+1)rg} - su .
];) ‘{] 0 ( ]) ( ) 0}| 16[752] (1 I ‘B(l’o, (k I Z)TO)D2

With a similar calculation as in the proof of Lemma [6.3.10] we have
inf |B(zm,r0)|- {7 : kro <r(z;) < (k+1)ro}]

meN
= Z inf | B(zm,70)]
{jikro<r(z;)<(k+1)ro} meN

< |B(xj,70)]

M

{g:kro<r(z;)<(k+1)ro}
(N + 1) (|B(=0, (k +2)ro)| - [B(=o, (k — 1)ro)| )

<3(N+ 1)r0 sup |0B(xg, (k+1)ro)],
1,2]

since all the balls B(z;,ro) with krg < r(:cj) < (k4 1)rg are contained in the annulus

B(xo, (k+2)ro) \ B(xo, (k—1)rg), and balls can intersect at most N other balls.

Using Lemma [6.3.12| we can infer that the expression (6.17)) is finite, and so

Supje[—1,9 0B (o, (k + l)ro\2
(1+ [B(o, (k —1)ro)|)?

Y s 0B (w0, 7(x5) + 5)| <C/i

K sel-rorol (L4 [B(zo,m(z;) +5))* ~— =
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With analogous calculations, we also have that

i |08 (9, R)|
sup R=r(z;)+s < 0o
2 U B, () + )2
and )
B .
wp PBG0rl) vaP
jEN s€[=70,0] (1 + |B(:L’0,T(£L’j) + S)|)
We conclude that
ILwlley(roy = D LWl L (B o)) < 00 O

jeEN
Corollary 6.3.14. Let P € EBD?*(M) be a self-adjoint lower-bounded operator. Let M

be a non-compact Riemannian manifold with Property (D), and take w : M — R as in

Lemma|6.3.10. Then exp(—tP)[P, M| € L.

Proof. Take P € EBD?(M). Similarly to the proof of Corollary since exp(—tP)(1 —
A)X is a bounded operator for all K, it suffices to prove that (1 —A)~K-1[P M,] € £;

for K large enough.
First note that

11 = 2)75 7P, Myl < D011 = 8)7FTHP, My My, 1.
JEN
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Using the expression P = Z‘ al<2 Qa,z; (y)(‘)g in the coordinate chart B;, we have for K > 0

(1= 8) 5P, My My, | < [[(1=8)7 571 37 (M, 0% My My,|h

|a|<2

< (1= A)F My, Mpy |

H[(A=8)F YT Mo, (9" Mysy, +0° M) My,

1

18l=lrl=1

< (1= A)F My, Mpy|y

+ (]‘_A)_K_l Z Z Maﬁ+v,mja’yM85wM¢j
I8]=1|v|=1

1

+ <1*A)_K_1 Z Mazﬁ,zjaﬂMaﬁwM%
|B]=1

= T+ II1+1II,

where we have denoted D for the differential operator given near x; by
Z Ao,z (y)ag
1<|al<2
That is, D is equal to P without constant terms. Since v, is by definition supported in

Bj, we have

= (1= A)" " My, Mpy |

= [|(1 = &) My, My, Mpu|ls

< (L= 8) T T My, 11| My, Mpullso
= (1 =) My, |1 | Dwll, (5,

By Proposition [6.3.6} ||(1 —A)~*~1M, |1 is uniformly bounded in j for K large enough,
and by Lemma [6.3.13, {||Dw||_.(B;)}jen € 41
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II = ||(1 _A)_K_l Z Z Ma6+'y,za’yMaﬂwM¢jH1

18]=1 |y|=1
< || Z Z (1 - A)_K_l[MaBJr'y,z’a,y]MXBj Maﬂwszjﬂl
1B]=1 |[y|=1
1Bl=11]v|=1
= Z Z (1 _A)_K_lea,Bﬂ,xMXBjMaﬁwaj||1
[Bl=11]~|=1
1BI=11]vI=1
<N =AMy 1107 as 40 1o (5 10w L 5
[Bl=1]~|=1
+ D0 D A =8)T 0 My llooll (1= 8) "5 My, [l agsrell o) 107wl (5))
1B=1 [y|=1

Suppose y is in the normal neighbourhood (U, ¢,) of x. Then, D being a local operator,
at y (taking § = ¢.(y)), there are two different expressions of D in normal coordinates:

D = Zaax )OY

laf<2

= Z aﬁ,y(o)ay

181<2

Hence we can express da,;(f) in terms of ag, (0) and transition functions 9_%. These are
uniformly bounded by the definition of a differential operator with bounded coefficients

and [Kor91, Proposition 1.3]. Therefore [|agiyzlL, (5,) and also [|07agiyzllL, (5, are

J

uniformly bounded in j. Likewise (taking |5| = 1),

198w Y ey >\

_‘ Yy
||18x0‘

< CylIVr(ll@’ (y)],

and hence {H@ﬂwHLOO(Bj)}jeN € (1 by the arguments in the proof of Lemma 6.3.13
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Finally,

_ 0%y _
[(1—A) IWMXB]. oo < sup || Byll(1=8) V[l < o0,

pS %HLW(

|laf=1

uniformly in j. The same estimates hold for I11.
Combining everything, we have

(1= A) 5P, Myl < 30 11— A)F P, My My, |11 < co. O
JEN
Gathering all results in this section, let M be a non-compact manifold of bounded ge-
ometry with Property (D). Let P € EBD?*(M) be self-adjoint and lower-bounded. Then
exp(—tP)M,, € L o by the Cwikel estimate in Corollary and Lemma Corol-
lary states that exp(—tP)[P, M| € £1. Theorem then gives that

Tr, (e7*P M,,) = lim eTr(e_tPX[E,OO)(Mw)),

e—0

if the limit on the right hand side exists. If we assume that P admits a density of states,

we do in fact get the existence of the limit

1
Y IRT —tP
/]Re dvp(\) = Rh_r}r;o 7|B(x0,R)|Tr(e M,

= lim ETr(e*tPX[E’OO)(Mw)).

e—0

B(xzqg,R) )

Note that the above calculation assumes that the volume of M is infinite, which is equiv-

alent with M being non-compact (see Remark [6.1.8]).

Hence,

Tro, (e~ M,) = / e P dup(N), t>0.
R

From this we can easily deduce by a density argument that

Trw(f(P)Mw):/]Rfdz/p, f € C.(R).

For details, see [AMSZ20, Remark 6.3]. This concludes the proof of Theorem
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6.4 Roe’s index theorem

The results of the preceding section were stated for operators P acting on scalar valued
functions on M. Identical results, with the same proofs, apply to operators acting between
sections of vector bundles of bounded geometry. In the terminology of Shubin [Shu92|, a
rank N vector bundle 7 : S — M is said to have bounded geometry if in every coordinate

chart {B(x;,70)}32 (as defined in Section E has a trivialisation
7 (B(zj,m0)) = B(xj,r0) x RN
such that the transition functions
tik: B(xj, o) X RN N B(xg,m0) X RN — B(zj,79) % RN N B(zg,70) X RN

have uniformly bounded derivatives in the exponential normal coordinates around x; or

xg. See also [Eic09, Page 65].

For our purposes we will assume that S — M is equipped with a Hermitian metric h,
which is assumed to be a C*°-bounded section of the bundle S ® S in the terminology of
Shubin [Shu92, Appendix 1]. We denote Lo(S) for the Hilbert space of square integrable

sections of S with respect to the volume form of M and the Hermitian metric h.

Shubin defines elliptic differential operators acting on sections of vector bundles of bounded
geometry. Given a vector bundle S of bounded geometry, define EBD™(M,S) as the
space of differential operators P such that in the exponential normal coordinates y around

x € M, we have

P = Z aa,:z:(y)a;

lo|<m
where aq 2 (y) are N x N matrices, identified with sections of End(.S) in the local trivial-

isation of .S and a synchronous frame, and
10y a0 (0)]| < Cap, ol <m

where | - || is the norm on the fibre End(S), defined by the Hermitian metric h.
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Given such an operator P € EBD?(M, S), we say by analogy with the scalar-valued case

that P has a density of states vp if for every t there exists the limit

. 1 —tP _ —tA
}%E;Iéo WTI'(Q MXB(O,R)) —/]Re dVP()\)

Here, the trace is now with respect to the Hilbert space La(S) rather than Lo(M). A
verbatim repetition of the proof of Theorem shows the following.

Theorem 6.4.1. Let S — M be a vector bundle of bounded geometry over a non-compact
Riemannian manifold of bounded geometry with Property (D). If P € EBD?*(M,S) is a
self-adjoint lower bounded operator having a density of states vp, then for f € C.(R) we

have
T (F(P)M) = [ £ dvp ()

where w(x) = (1 + |B(xo,d(z,20))|) " . Similarly, for all t > 0 we have

Tr., (exp(—tP) My) = /R exp(—tX) dvp(N).

In [Roe88|, Roe considers (orientable) manifolds of bounded geometry that have a regular

exhaustion. In this section, we will only consider manifolds that satisfy the assumptions

|0B(zo,R)| __ .
7|B(:v00,R)| =0, i.e.

of Theorem [6.0.3] In particular, the assumptions imply that limp_,co

any increasing sequence of metric balls {B(zg, R;)}$, where R — oo forms a regular

exhaustion.

Denote the Banach space of C! uniformly bounded n-forms on M by Q}(M). An ele-
ment m in the dual space of Qg(M ) is said to be associated with the regular exhaustion

{B(zo, R;)} if for each bounded n-form «

al = 0.

liminf |(a, m) —

i)
i—00 |B($O,Ri)’ B(zo,Ri)

The algebra U_o(M) consists of operators A : C°(M) — C°(M) such that for each

s,k € R, A has a continuous extension to a quasilocal operator from H*(M) — H5~*(M).
In Roe’s terminology, an operator A : H*(M) — H*~%(M) is quasilocal if for each K C M
and each u € H*(M) supported within K,

HAUHHs—k(M\Pen+(K,r)) < M(T)HUHHS(M)a
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where 1 : Rt — RT is a function such that p(r) — 0 as r — oo, and Pen™ (K, ) is the

closure of U{B(z,r) : z € K}.

Operators A € U_o,(M) are represented by uniformly bounded smoothing kernels

Au(w) = [ kala.y)uly) dvy(y).

where v, is the Riemannian volume form (recall that A is assumed to be oriented).
Roe then defines traces on U_o (M) coming from functionals associated with our regular
exhaustion by

T(A) = <aA7 m>a

where a4 is the bounded n-form defined by x — ka(z, x) dv,.

Recall from the introduction of this chapter that the trace 7 extends to a trace on

M, (U*,), and hence descends to a dimension-homomorphism
dim; : Ko(U-o) — R.

Furthermore, since Roe showed that elliptic differential operators are invertible modulo
U_ [Roe88], one can define an abstract index of an elliptic differential operator act-
ing on sections of a Clifford bundle as an element of Ky(U_~) via standard K-theory

constructions. The Roe index theorem then states the following.

Theorem 6.4.2 (Roe index theorem). Let M be a Riemannian manifold, S a graded
Clifford bundle on M, both with bounded geometry. Let D be the Dirac operator of S. Let

m and T be defined as above. Then
dim,(Ind(D)) = m(I(D)),

where I(D) is the integrand in the Atiyah-Singer index theorem.

The basis for the proof of the theorem is the following McKean—Singer formula
dim, (Ind(D)) = 7(ne~P?)

where 7 is the grading operator on S, and 7 is now defined on operators on acting on

sections of S.

197



CHAPTER 6. THE DENSITY OF STATES ON MANIFOLDS

The following lemma relates Roe’s 7 functional to the density of states. We will use the

fact that if P is elliptic and self-adjoint, then the mapping

f=r(f(P))

is continuous on f € C.(R). Indeed, by the Sobolev inequality the uniform norm of the
integral kernel of f(P) is bounded above by the norm of f(P) as an operator from a
Sobolev space of sufficiently negative smoothness to a Sobolev space of sufficiently pos-
itive smoothness. Since f is compactly supported, by functional calculus, the operator
f(P)(1+ P)Y is bounded on Lo(M,S) for every N, with norm depending on the width
of the support of f and the uniform norm of f. Since P is elliptic, it follows from these

arguments that if f is supported in [—K, K] then there is a constant C'x such that

7 (f(P))] < Ckllflloo-

See the related arguments in [Roe88, Proposition 2.9, Proposition 2.10].

Lemma 6.4.3. Let S — M be a vector bundle of bounded geometry, and let P €
EBD™(M,S) for some m > 0. Assume that P has a density of states vp with respect
to the base-point xo € M. If T is associated with the exhaustion {B(xzq, R;)}2, for some

sequence R; — oo, then

T(f(P)) =/1Rfdup, f € C.(R).

Stmilarly,
(exp(—tP)) = / exp(—t\) dvp()), ¢ > 0.
R

Proof. By Theorem [6.4.1] we have

Tr,, (exp(—tP)M,) :/]Re_t)‘ dvp(\)

. 1
= P}Ego mTr(eXp(_tp)MXB(zo,R))

. 1
= B o] ey 50 (s (5:2)) oy )

= 7(exp(—tP)),
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Since
fer(f(P)), feC(R)

is continuous in the sense described in the paragraph preceding the theorem, it follows

from the Riesz theorem that there exists a measure - p on R such that

~(4(P) = [ Fdurp, fECR).

Since pr p and vp have identical Laplace transform, it follows that p, p = vp. ]

A combination of Lemma and Theorem immediately yields the following;:

Theorem 6.4.4. Let M be a manifold that satisfies the assumptions of Theorem
and let S — M be a vector bundle of bounded geometry. Let P € EBD*(M,S), be self-
adjoint and lower-bounded, and assume it admits a density of states vp at xg. Let w be

the function on M defined by
w(z) = (1+|B(xo,dy(x,20))]) ", =€ M.
Then for any f € Ce(R) we have
T(f(P)) = Tr,(f(P) My)

for any T associated with the regular exhaustion {B(xo, R;)}ieNn where R; — oo, and for

any extended limit w. Similarly,

7(exp(—tP)) = Try(exp(—tP)M,,)

The preceding theorem is proved under the strong assumption that P admits a density
of states, which in particular implies that 7(exp(—tP)) is independent of the choice of
functional m used to define 7. Addressing the question of determining which traces 7 and
which extended limits w are related in this way in general is beyond the scope of this

chapter.

Roe [Roe88| defines an algebra U_ (F) of operators acting on sections of a vector bundle
E, and 7 is extended to U_~(FE) essentially by composing 7 with the pointwise trace on

End(FE), see [Roe88| for details.
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Theorem 6.4.5. Let M be a non-compact Riemannian manifold of bounded geometry
with Property (D), with a graded Clifford bundle S — M of bounded geometry. Let D be

a Dirac operator on M associated with the Dirac complex
C(57) 25 0(57),

where Dy is the restriction of D to the sections of ST and D_ = D% s its adjoint
(cf. [Roe9S, Chapter 11]). Let D? admit a density of states both when considered as an
operator restricted to Lo(S™) and Ly(S™), in the sense that

. 1 _ —tA
I%E)noo mTr(eXp(—tD_D+>MXB(EO’R)) = /]R e dVD_D+()\), t> O,
for a Borel measure vp_p, and similarly for Dy D_. Then for any f € C.(R) such that
f(0) =1, we have
dim, (IndD) = Tr,,(nf(D*)M,).
Proof. By [Roe88| Proposition 8.1], we have that
dim, (IndD) = 7(nexp(—tD?)), t>0
where n is the grading operator
T’ =
0 —1

with respect to the orthogonal direct sum Lo (S) = La(ST) & La(S7).
The proof of the theorem amounts to showing that
T(ne_tDQ) = T]rw(ne_“:)2 M,y).
The left-hand side is the same as
7(e~tP+D-) _ 7 (etP-D+)
while the right hand side is
Tr, (e P+P- M) — Tr,, (e P-P+ M.

Applying Theorem [6.4.1] to D1 D_ and D_D_ individually proves the result. O
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Remark 6.4.6. The indez dim,(Ind(D)) is computed by a version of the McKean—Singer

formula [Roe88, Proposition 8.1]
dim, (Ind(D)) = 7(n exp(—tD?))

for arbitrary t > 0. One of the motivations in developing the present theorem was to give

a new explanation of why the function
t = 7(nexp(—tD?))
is independent of t. If the assumptions of Theorem[6.4.9 hold, then
r(nexp(—tD?)) = Try(ne P° M,,).

Formally differentiating the right hand side with respect to t and using the tracial property
of Tr,, yields
d

1
@Trw(ne*tDQMw) = —iTrw (ne*tDzD[D, My]).

Our conditions ensure that e*tDQD[D, M,,] is trace-class, and hence that

d
@Trw(ne*tDQMw) = 0.

It is interesting that Tr,(ne P> M) and the traditional heat supertrace Tr(ne=*P*) on a

compact manifold are both independent of t for apparently different reasons.

6.5 An example with a random operator

This section has mostly been the work of Edward McDonald.

The assumptions in Theorem [6.0.3| appear quite strong, especially the existence of the
density of states. The following example of a random operator on a non-compact manifold
where the density of states exists was given by Lenz, Peyerimhoff and Veseli¢ [LPV07],
generalising earlier examples in [LPV04; |[PV02].
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Example 6.5.1. [LPV07, Ezample (RSM)] Let (M,go) be the connected Riemannian
covering of a compact Riemannian manifold X = M /T, where T is an infinite group
acting freely and properly discontinuously on M by isometries. Assume that there is an
ergodic action o of T on a probability space (E,%,P), and let {ge}ecz be a measurable
family of metrics on M which are uniformly comparable with gg, in the sense that there

exists A > 0 such that
1

790(0:0) < ge(v,0) < Ago(v,0).
for all tangent vectors v to M. Assume that the action a of I' on E is compatible with the

action on I' on M in the sense that o e is the pullback of g¢ under the automorphism

defined by ~y.

Similarly, it is assumed that there is a measurable family {Ve}ecz of smooth functions on
M such that
Veoy= Va;%.
Let V¢ denote the Riemannian volume form on M corresponding to ge, and let A¢ be the
Laplace-Beltrami operator on (M, g¢). Then [LPV07] consider the operator on La(M, v4)
given by
Hg = —Ag —+ Mvg.

What is shown in [LPV07, Equation (27)] is that if T is amenable, then for every tempered

Folner sequence {An}02q in T, the limit

—tHg)

. 1
nlglgo mTTLg(M,ué (M, pe

exists for almost every &, where F' is a fundamental domain for I.

Recall that o we say that a Folner sequence {A,}5% is tempered if there is a constant

C > 0 such that for every n > 1 we have

U 4.1 45| < ClA,.

k<n

0

We will make one further assumption: that the measure v” associated with gg has a
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doubling property. That is, there exists a constant C' such that
V0 (B, (w0,2R)) < CV°(By, (20, R)), R > 0.

Note that since the identity function is a bi-Lipschitz continuous map from (M, gy) to

(M, g¢), the same holds for the measures ¢ associated with the metrics ge.

Proposition 6.5.2. Let (M,go) be as above, and let

1

= , TEM.
1+V£(B95(I0’dg§<m’x0)))

we(z)

If M satisfies Property (D), the density for He exists almost surely, and for almost all
€&,

Tou(f(He) M) = [ FON) dvi(N), - f € Ce(R),

for every extended limit w € £ .

Proof. For brevity, we will denote the measure ¢ by |- | and B(xo, R) for By, (z0, R).

We will show that Property (D) implies that I admits a tempered Fglner sequence { A, }52 ;,

and that for any bounded measurable function g on M we have

1
lim dv® = lim 7/ dv® 6.18
k—oo | AR F| AkFg R—oo | B(z0, R)| JB(20,R) ! (04%)

if either limit exists. Recall that F' is a fundamental domain for the action of I'. Together

with the results of [LPV07|, this implies that the limit

e

Tr (M.

—tH¢
XB(zq,R) )

lim ———

e [B(x0, R)|
exists for every ¢ > 0, and hence the assumptions of Theorem [6.0.3] are satisfied.
Let h > 2diam(F). For k > h, let

A ={vy eT : dist(yzo,z0) < k—h}

We claim that Aj is a tempered Falner sequence.
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Note that dist(yo,z0) = dist(y~zg,20), and so automatically A, = A, '. Define

By :=AF = |J oF
YEAK
First we show that B(zo,k —2h) C By. Indeed, if p € B(xzg, k — 2h) there exists some
v € T such that p € vF, so dist(p,x¢) < diam(F) < h, and thus dist(yzo,z9) < k —
2k 4+ h = k — h. On the other hand, since F' has diameter smaller than %, if p € By, then
dist(p, zg) < % +k — h < k. That is, for all k£ > 2h we have

B(zo,k —2h) C By, C B(zo,k).
Since the action of T is free, the union of the translates of F' is disjoint, and
|Bi| = [Akl|F], k=0
and hence
| B(xo, k — 2h)| < |F||Ak| < [B(zo, k)|-

As in the proof of Lemma [6.3.9) we know that for each h > 0 there is a constant C} so

that we have
|B($0’ k)|

__1Bo, k)l k>1+2h
Blook—2ny = K> 17

Therefore,

uniformly in & > 1+ 2h.

To see that Ag is Fglner, let v € T'. By the triangle inequality, there exists N > 0 such
that

YA C Agin

and, for k sufficiently large,
Ap CyAg-N

and therefore the symmetric difference of A, and yAy satisfies

(VAR \ Ap) U (Ap \ vAk) C Apgn \ Ap—n-
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It follows that, as k — oo,

(AR \ A) U (Ag \ vAg)| ~ |B(wo,k+ N)| —|B(0,k — N)|
| Al | B(z0, k)|

which is vanishing as k — oco. Hence, {A4;}72 is Folner.

To see that {A;}72, is tempered, it suffices to show that there is a constant C' such that
| Ay - Ag| < C|Ag|.
By the triangle inequality and the fact that I' acts isometrically we see that
Ag - Ap C Agg.
Therefore, by the doubling condition,
A 44 < | An = i B0, 20)| S |Blao. )] ~ |4
uniformly in k for sufficiently large k. Hence, {Ay}7°, is tempered.

Finally we prove (6.18]). Using the fact that By C B(xo, k), we write

_ gdvs = — gdvs + gdv
| B(x0, k)| JB(zo.k) | Br| /B, |B(o, k)[|Bi| /s,
1
RS S
| B(x0, k)| JB(xo.k)\By
Therefore,
1 / ¢ 1 I3 |B($07k)‘ - |Bk‘
TR gdv—f/ gdr| < 2[glleo
‘|B<xo,k>\ T 19l B )
|B(.’L‘0, /{?)‘ - ‘B(:C(), k— Zh)‘
< 2[|glloo
| B(wo, k)|
and this vanishes as k — oo. From here one easily deduces ((6.18)). 0

6.6 Discrete metric spaces revisited
The abstract operator theoretical result in Theorem also recovers a weaker version

of the main result from Chapter |5, This section is adapted from [HM23, Section 6], the

first preprint version of [HM24a], which did not appear in the published version.
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As in Chapter |5 take a countably infinite discrete metric space (X, d) such that every
ball contains at most finitely many points, and let 29 € X. Write {ri}ren € R for the
set of values {d(z,z9) : z € X} ordered in increasing fashion. Take a positive radially

symmetric strictly increasing w : X — C such that M,, € £ .

Now take a self-adjoint bounded operator T' € B(¢3(X)) and C > 0 such that 7'+ C' is
strictly positive. Writing P = log(T + C), we have that exp(—tP) = (T + C)!. Then
Theorem [6.0.4] — using the weaker conditions ([6.11)) — gives us that if for all ¢ > 0

1. (T + C)th S [fl,oo;

2. [(T+C)t,Mw] € Ly,

then we have for every extended limit w € £,
Tr,((T + C)M,y) = i%aTr((T—l—C’)Xk’oo)(Mw)), (6.19)

whenever the limit on the right hand exists. On the other hand, the main result in
Chapter 5, Theorem would let us conclude for all bounded T' € B(¢3(X)) (not just
self-adjoint 7T')

(M)
T (M) = T (M) B0, B o)

(6.20)

whenever the limit on the right-hand side exists. These statements are not equivalent,

namely, the existence of the limit (6.19)) is a formally stronger requirement.

Recall that w is assumed to be radially strictly decreasing, so for € < 0 we can pick £ € IN
such that

W(rpr1) < e < w(ry),
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where w(-) = @ o d(zo,-). Then we have for positive 0 < 61 < T € B(l2(X)),

TI"(TMXB(IO’%Q
|B(CL'0, Tk’)‘

€ TT(TX[E,OO) (My)) — Try, (M)

_ 1
< (w(rk) - Tl"w(Mw)M> Te(T Mgy,
+ ’J)(Tk) Tr(TMXB(EO»TkJrl)\B(zO!"'k))

<

IT)(T’k)’B(xQ, Tk)’ — Trw(Mw)

17l

+ 0 (%) S (20, k1) [[| Tl 005

where S(zo,7k+1) = B(xo,76+1) \ B(zo, 7). Assuming that X satisfies Property (C), we
have that

| ’S(xO:rk-H)’

(1) S (20, k1) = @ (rk)| B0, 78) Blzo.r)]

since My, € L1 implies that

(1) B(wo, )| < sup ku(k,w) < oo,
SN

where {p(k, w)}72, is the decreasing rearrangement of w.

On the other hand we have

Te(T My, )

€ Tr(TX[g,oo) (M) = Tro, (My) |B(z0,7%)]

_ 1
> <w<rk+1> - Trw(Mw)|B(ﬂj‘oT‘k)|> Tr(TMXB(Io,Tk))

> —5’w(rk+1)]3(x0,rk)| ey (M),

Hence, using Property (C), the condition

lim @(k)|B(zo,7%)| = Try,(My) (6.21)

k—o00

allows going from equation ((6.19) to (6.20). This does not hold for general w € £ o (X),
however. Equation ([6.21)) requires M,, to be Dixmier measurable, but it is an even stronger
condition than this |[LSZ21, Theorem 9.1.6].

207



CHAPTER 6. THE DENSITY OF STATES ON MANIFOLDS

At least for the function w(z) = (1 + |B(xo,d(z,70))|)~! condition (6.21) is true due to

Corollary [5.2.3] and we can re-derive a weaker version of Theorem [5.0.1] using Theorem

6.0.4

Proposition 6.6.1. Suppose T > €1 > 0,V € B(H) are bounded operators such that
[T,V] € Ly. Then
[T', V] € £y, t>0.

Proof. Let 0 <t < 1. We have

7t = S /OO NTA+T) Ha.
™ 0
Then
[T, V] = Smf:rt) /OOO NTUT (A +T) 78, V] dA
_ Sin:t) /OOO AL A+ T) 71, V] dA
- Sm:t) /OOO NA+T) T, VI(A+T) 7L

Since T' > €1, we have

IA+T)7 < (A +e)7,

and hence

I vl < 2[5 o= i, v < o
0

To conclude, for t > 1 we can inductively apply the equality
[T, V] =TT, V] + [T,V]T"!
to obtain the result. O

Theorem 6.6.2. Let (X,d) be a countably infinite discrete metric space such that every
ball contains at most finitely many points, and let xo € X. Write by {ri}tren for the set

d(-,x0) : X = R>q ordered in increasing manner. Suppose that

lim ’B($0,rk+1)\

k—o0 ‘B(l‘o,rk)’ =1L (C)
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Define the function w(x) = (1 + |B(xo,d(x,z0))|)~ . If T is a bounded self-adjoint oper-
ator on ly(X) for which [T, M,] € L1, we have that for every extended limit w,

Tr(T M.
Tr,(TM,) = lim ( XB(EO’T’“))

6.22
k—00 ‘B(JZ(),T]C)‘ ( )

if the limit on the right-hand side exists.

In particular, if H is a self-adjoint, possibly unbounded, operator on lo(X) with density of
states measure vy, and f € C.(R) and such that [f(H), M| € L1, then for all extended
limits w

T, (f(H)M,) = [ Fdva (6.23)

Proof. Let C > 0 such that T+ C' > §1 > 0. The fact that M,, € L1 o, Proposition
and the assumption that [T, M,,] € £; give that for all ¢ > 0,

1. (T+C)th S [rl,oo;

2. (T+ C), M, € L.

Hence, Theorem [6.0.4] gives that

Tr, (T + C)My) = lim e Tr((T' + C) X e 00) (Muw))

e—0

whenever the limit on the right-hand side exists. Let € > 0 small and take & € IN such
that (1+ |B(xo,r541)|) 7! <e < (1+ |B(xo,7%)|)~ L. Then,

|B(x0,7%)] |B(x0, 7k+1)]
< e Tr(Xe ) (My)) < A0 TRH1)T
15 1Blro,resn)] = Oeoe) (o)) < $7 R0 0,

Due to Property (C), we therefore have
giL%ETr(X[s,oo)(Mw)) =1= Trw(Mw)v

using Corollary Therefore,

Try,(T'My) = ;1_% € Tr(T'X (e 00) (Muw)),
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whenever the limit on the right-hand side exists. With the computations given previously,

we can conclude that
T (T M )

. XB(zq,ry,)
Tr,(TMy,) =1
l"w( w) kg{olo ‘B(:L’o,?“k)‘

if the limit on the right-hand side exists.

Finally, if H is a self-adjoint operator on ¢5(X) for which the density of states vy exists,
we have the existence of all limits

DMy, )
O T Bl W)

If f € Ce(R) is such that [f(H),M,| € L1, then also the real part R([f(H), My]) =
[R(f)(H), M,] is trace-class, and likewise the imaginary part. Since R(f)(H) and iS(f)(H)

are self-adjoint, by the above we therefore have

Tr, (f(H)M,) = /]RfduH. O

We remark that, in the case that H is self-adjoint, bounded, and [H, M,,] is trace-class,
we get that [f(H), M, is trace-class if f is operator-Lipschitz. In particular, this is the

case when f is in the homogeneous Besov space Bégl(]R) [Pel90, Theorem 2.

The condition that [T, M,,] € L; is relatively weak. Since the operator [T, M,,] already

belongs to the commutator subspace

COHl(,CLOO) = [B(H),»Cl oo]a

)

it follows that [LSZ21, Theorem 5.1.4]

n

> Ak, [T, My]) = O(1).

k=0
However, that is not quite enough for it to be trace-class. The following example has been

provided by Teun van Nuland.

Example 6.6.3. Let X = N* = {1,2,...}, so that M, : e, — %en. Define a bijection
¢:IN —IN by
2n+1+— 2",
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and recursively mapping each even integer 2n to the least integer that doesn’t appear in
{p(k) : k < 2n}. Then define the operator T : e, — €p(n)- Observe that T™ : ey = ey-1(y).

By a stimple calculation,

1 1
5 ) el

_ (1 _ 1>2 .
“\¢7l(n) n) "
Hence, [T, M) is trace-class if and only if

> lem = s <>

nelN nelN

(T, My [T, My)*e, = (

However,

1 1
> 2 <2n+1_2n)’

nelN

Py e

which diverges. Hence [T, M, is not trace-class.

In conclusion, Theorem [6.6.2] is significantly weaker than Theorem justifying the
method of proof in Chapter
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