Trace Formulas
in Noncommutative Geometry

Eva-Maria Hekkelman

A thesis in fulfilment of the requirements for the degree of

Doctor of Philosophy

SYDNEY

School of Mathematics and Statistics

Faculty of Science

June 2025






Abstract

Trace formulas appear in many forms in noncommutative geometry (NCG). In the first
part of this thesis, we obtain results for asymptotic expansions of trace formulas like heat
trace expansions by adapting the theory of Multiple Operator Integration to NCG. More
broadly, this construction provides a natural language for operator integrals in NCG,
which systematises and simplifies operator integral arguments throughout the literature.
Towards this end, we construct a functional calculus for abstract pseudodi Lerkntial op-
erators and generalise Peller’s construction of multiple operator integrals to this abstract
pseudodi [erkntial calculus. In the process, we obtain a noncommutative Taylor formula.

In the second part of this thesis, we shift our attention to Dixmier trace formulas. First, we
provide an approximation of the noncommutative integral for spectrally truncated spectral
triples in the Connes—-Van Suijlekom paradigm of operator system spectral triples. Our
approximation has a close link to Quantum Ergodicity, which we will use to state an NCG
analogue of the fundamental result that ergodic geodesic flow implies quantum ergodicity.
Furthermore, we provide a Szegd limit theorem in NCG. Next, we provide a Dixmier trace
formula for the density of states, a measure originating in solid state physics that can be
associated with an operator on a geometric space. We first provide this formula in the
setting of discrete metric spaces, and then in the setting of manifolds of bounded geometry.
The latter leads to a Dixmier trace formula for Roe’s index on open manifolds.
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Chapter 1

Introduction

Do not forget our motto work harder , and act accordingly.

Fedor Sukochev

The thesis before you covers a variety of topics in spectral theory, tied together by Alain
Connes' philosophy of noncommutative geometry [Con94]. These will be served in two
parts: the rst concerns pseudodi erential operators and multiple operator integrals based
on the paper [HMN24], the second part revolves around Dixmier trace formulas related
to Connes' integral formula based on the papers [Aza+22; HM24a; HM24b]. All four
papers are joint works with Edward McDonald, and furthermore Nurulla Azamov, Teun

van Nuland, Fedor Sukochev and Dmitriy Zanin feature as co-author on one paper each.

Along the way we will additionally encounter heat trace expansions, quantum ergodicity,
and a little index theory. While this mix hopefully provides an entertaining read, as a
consequence there is a lot of background material to discuss. | have made an attempt to
summarise the ve main themes of this dissertation in ve sections. The experts and the
brave could skip ahead as the mathematical content of each chapter is meant to stand
alone with the exception of Chapter 3 which depends on Chapter 2. In comparison
with the papers this thesis draws from, the presentation here is made more accessible,

with additional background information and some novel results.



CHAPTER 1. INTRODUCTION

1.1 Noncommutative geometry

Over the past decades nhoncommutative geometry has developed into a rich eld of math-
ematics, bringing together di erential geometry, functional analysis, spectral theory, K -
theory, representation theory, quantum eld theory, and many more areas. It allows the
study of ‘manifolds' on which coordinate functions do not necessarily commute, exotic
spaces which appear in various areas of mathematics and physics. As any brief summary
of this subject must, the overview here leaves out many interesting and important as-
pects of NCG. Recommended expositions which do more justice to the eld can be found
in [Con94; GVFO01; Sui25]. The book [EI18] is an excellent reference for many of the
analytical details that we will use. For a more algebraic introduction to honcommutative

geometry, see [Khal3].

1.1.1 Spectral geometry

As is taught in kindergarten, operators associated with geometric spaces carry geometric
information in their spectra which can be carefully extracted. Indeed, (hearing) children
can tell that smaller objects tend to produce higher-pitched sounds, hollow objects sound
di erent from solid ones, and can blindly distinguish between the sound of strings, drums,

and blocks. What their ears are picking up is the spectrum of the Laplace operator.

Modeling an object as a bounded domain (open connected set) itkdimensional Euclidean
spaceW RY, the sound it produces when lightly struck decomposes into frequencies
which are determined by the eigenvalues of the Laplace operatdD := P jd=1 @ on W with
Dirichlet boundary conditions, that is, they are the eigenvalues of those 2 R ¢ for which

there exists a solution of the Helmholtz equation
8
3 Du(x) = u(x), x2W,
.S Uj@N 0.

Writing N ( ) for the number of such eigenvalues (counting multiplicities) less than ,



1.1.1 Spectral geometry

Weyl's law [Weyl12; Cha84; lvrl6] gives that

N() — vol(w) &, 11, (1.1)

d(2 )d

where! 4 is the volume of the unit sphereSd 1 R4 and means that the ratio con-
verges tol. This indicates that in a perfect world, our ears can detect the dimensiond
and the volume of an object. Ford 2 and with technical assumptions on W (smooth
boundary, set of periodic billiards has measure zero), Duistermaat, Guillemin and Ivrii
have shown [DG75; Ivr80; Ivrl6] that even thed 1-dimensional volume of the boundary

@V, Vol (@V), can be "heard' as indicated by the Weyl law with error terms

g d g 1 41 41
NC) d(2 )dVO'(W) *Xd p2)d sVol(@v) "z +o( 2), 1 . (12

This error term was already conjectured by Weyl himself [Wey13]. However, note that

spheres satisfy neither these technical conditions nor this version of Weyl's law [lvrl6].

See Figure 1.1 for an illustration of the e ect of the error term in Weyl's law.

More is true: even information about an object's curvature is hidden inside the spectrum
of the Laplace operator. Taking now a closed (oriented) Riemannian manifold(M , g)
with Laplace Beltrami operator Dy, Minakshisundaram and Pleijel [MP49] proved that
the heat trace admits an asymptotic expansion
Tr (exp(tDy)) * a D)tz , t! 0,
k=0

the rst coe cients of which can be given as [Ber68; Gil75]
d
ao(Dg) = (4 ) 2Vol(M);
1 d z
(D)= ¢(4) ¢ Rdg

where 4 is the Riemannian volume form ofM and R is the scalar curvature. The coe -
cients ax(Dg) vanish for odd k, and the higher coe ents a(Dgy) are integrals overM of

(complicated) expressions involving the metric ofM [Gil75].

These facts raise the question how far this philosophy can be pushed. And indeed it is

tradition in any text on spectral geometry to cite an in uential essay by Mark Kac from
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Figure 1.1: Weyl's law and the spectral counting function for the Laplacian on a disk
and a 5-pointed star, with Dirichlet boundary conditions. Both domains have area equal
to 1, making the rst-order term in Weyl's law the same, N( ) 4i , plotted in blue.
The 5-pointed star has a longer perimeter than the disk, resulting in a larger deviation
from Weyl's law (1.2). These eigenvalues were generated in Python with the nite-element
method, using FEniCSx [Bar+23].

1966 with the title Can one hear the shape of a drum? [Kac66]. In this text, Kac asked
whether a bounded domain inR? can be determined up to isometries by the eigenvalues
of the Laplace operator, and explored various aspects surrounding this question. For
Riemannian manifolds the answer was known to be negative [Mil64] only much later
two isospectral domains inR? were identi ed [GWW92], answering Kac's question in the

negative, see Figure 1.2.

In some sense, the Laplacian is not too far o from pinning down a compact Riemannian
manifold, however. Let us say that the Riemannian manifolds(M 1, g1) and (M2, @) are
isometric if there exists a di eomorphism :M1! My suchthat ¢ = g;, where de-

notes the pull-back via . Arendt, Biegert and Ter Elst proved that the data (L>(M ), Dy)



1.1.1 Spectral geometry

Figure 1.2: Two domains in R? with spectrally indistinguishable Laplacians [GWW92].
This gure was created by Jitse Niesen and is in public domain.

in combination with the cone of positive elementsL,(M )., that is, those 2 Ly(M)

corresponding to positive real-valued functions, determines the manifold up to isometries.

Theorem 1.1.1 ([ABE12]). Let (M1,01) and (M2, gz) be connected compact Riemannian
manifolds, with corresponding Laplace Beltrami operators D; and D,. Then the following

are equivalent:

1. the Riemannian manifolds (M1, 1) and (M2, gz) are isometric;

2. there exists a bounded linear mapJ : L2(M1) ! L2(M32) such that

2La(MD)s 0 U 2 La(Mp)s;

UD1 = D2U.

Still, the cone of positive elementsL (M )+ is in some sense not operator theoretical, and
one can wonder if there is a clever and natural way to nail down a compact Riemannian

manifold using only operators.

And indeed there is an algebra of operators onL,(M) that we can add to the data

(L2(M),Dg) to do this job. It is the commutative C -algebra C(M) of continuous
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complex-valued functions onM, which represents canonically as bounded operators on
Lo(M) via pointwise multiplication: for f 2 C(M) we write
M; : LZ(M) ! Lz(M)

g7! fg.
Then the triple (C(M),L2(M ), Dg) uniquely determines the Riemannian manifold.

Corollary 1.1.2. Let (M1,01) and (M2,g2) be connected compact Riemannian mani-
folds, with corresponding Laplace Beltrami operators D; and D2. Then the following are

equivalent:

1. the Riemannian manifolds (M1,0;) and (M2, gy) are isometric;

2. there exists a unital -isomorphism :C(Mj;)! C(M>) and a unitary operator

U ZLz(Ml) ! L2(|V|2) such that

UM = M U, f2C(My)

UD1 = D2U.

Proof. (1) ) (2) is trivial. For the reverse direction, suppose we have a unitaryU :
Lo(M1) ! Lo(M3y) asin (2). Because the manifolddM; are assumed to be compact, the
kernel of D; consists of constant functions. SinceJ intertwines the Laplacians D;, we can
therefore assume without loss of generality thatU1, ,m,) = 1, ,(m,)- By Theorem 1.1.1,

we need only check that
2L2(M1)+ 0 U 2Lz(M2)+.
Indeed, we have

2L2(M1)+ 0 h Mil vy, i,y O 8F 2C(Ma)+
0 h M ) 1L,(m,)» U iLz(Mz) 0 8f 2C(M1)+

0 U 2Lx(M2)+. O



1.1.2 Noncommutative geometry

1.1.2 Noncommutative geometry

Comfortable with the idea that operators on a Hilbert space can encode geometrical data,
we can now take the radical step that Alain Connes laid out and generalise geometry

beyond the commutative world.

With Gelfand duality in mind (the correspondence between commutativeC -algebras and
locally compact Hausdor spaces [Mur90]), the study of noncommutativeC -algebras can
be thought of as "noncommutative topology. Similarly, the theory of noncommutative
von Neumann algebras can be thought of as “noncommutative measure theory. These
analogies are more than amusing observations. Such noncommutativ€ -algebras and
von Neumann algebras have proven their value as two of the most versatile objects in
operator theory, appearing in countless areas of mathematics and physics. Topological
and measure theoretic constructions and arguments can inform analogues i@ -algebras

and von Neumann algebras and vice versa.

As a concrete example,K -theory was developed by Atiyah and Hirzebruch [AH61] as
a theory of groups constructed from vector bundles on topological spaces (now called
topological K -theory). This was used with great success in a proof of the Atiyah Singer
index theorem [AS68]. Soon after,K -theory was generalised to (noncommutative)C -
algebras, where it became indispensable for operator algebraists, with landmark results
being Elliott's program for the classi cation of C -algebras [EII76; EII93] and Brown
Douglas Fillmore's development of K -homology and the classi cation of extensions of

C -algebras [BDF77] (see [Weg93; Bla98; RLLOOQ] for books oK -theory).

In the wake of the developments and ideas surroundingf -theory and the Atiyah Singer in-
dex theorem, Connes postulated his noncommutative di erential geometry [Con82; Con85;
Con94]. He saw that a noncommutative -algebra of bounded operators, in combination
with a self-adjoint operator satisfying certain properties, can be interpreted as a honcom-
mutative generalisation of a (spin) manifold. These ideas and techniques are relevant for
badly behaved spaces like the unitary dual of a nitely generated non-abelian discrete

or Lie group, the leaf space of a foliated manifold, or the orbit space of group actions
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on manifolds, which are more easily described with honcommutative -algebras than as a

usual point-set topological space.

Explicitly, a ‘noncommutative space' is described by a spectral triple. This has its origin
in a paper on Kasparov'sKK -theory by Baaj and Julg [BJ83] where spectral triples are
introduced as a type of ‘unboundedK -cycle'. Spectral triples were later popularised by

Alain Connes who recognised their potential as a characterisation of manifolds.

De nition 1.1.3. A unital spectral triple (A,H,D) consists of:

1. a Hilbert spaceH;

2. a unital -algebra A represented faithfully as bounded operators : A! B(H),

where (1) = 1gn);

3. a self-adjoint operator D on H with compact resolvent,

such that (a)dom(D) dom(D) and [D, (a)] extends to a bounded operator for all
a 2 A. We usually identify a 2 A with its image (a) 2 B(H), and omit writing

altogether.

The spectral triple is called “even' if equipped with & ,-grading on H such thatD =

D anda = a forall a2 A.

The basic commutative example of a spectral triple has roots in the Atiyah Singer index
theorem. It is not dissimilar from the triple (C(M),L2(M),Dgy) that we arrived at in
Section 1.1.1. We simply replaceC(M) by C! (M), and Dy by the Dirac operator, an
elliptic rst-order di erential operator which functions as a “square root' of Dg. Such an
operator does not exist onL,(M ), but it does on the Hilbert space of square-integrable
sections of the spinor bundle of so-called “spin manifolds' An oriented Riemannian man-
ifold is called spin if there exists a complex Hermitian vector bundleS! M (the spinor
bundle) such that End(S) is isomorphic to a certain Cli ord algebra, and there exists a

charge conjugation onS [LM89, Chapter Il][GVFO01, Chapter 9][Sui25, Chapter 4]. The
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precise details do not matter much for this thesis, what is important is that the triple then

takes the form (C! (M), L2(S),Ds), whereL»(S) are the square-integrable sections 0§

and Dg is the Dirac operator associated withS. The terminology "even' spectral triple is
motivated by the fact that for an even-dimensional spin manifold M, the canonical spec-
tral triple (C! (M), L»(S),Ds) admits a natural grading y making it an even spectral
triple [GVFO1, Chapter 9][Sui25, Chapter 4].

The claim that Ds functions as a square root of the Laplacian is motivated by the Lich-
nerowicz formula [LM89, Theorem I11.8.8][GVFO01, Theorem 9.16]

1
D= Ds+ s,
S S 4

where Ds is the Laplacian associated with the spin bundleS and s is the scalar curvature
of M. In line with this formula, for general spectral triples (A,H, D), the operator D?is

commonly interpreted as an analogue of a Laplace operator.

In light of Section 1.1.1 it is not surprising that the canonical spectral triple of a compact
Riemannian spin manifold is a unique invariant for the spin manifold. However, for spectral
triples we even have an explicitreconstruction theorem [Conl13]. From an abstract unital
spectral triple (A,H,D) with specic additional properties like A being commutative,
one can construct a compact spin manifoldv which realises the spectral triple concretely
as (C! (M),L2(S),Ds). This highly non-trivial result requires recognising when the
-algebra A is of the form C* (M) for a smooth manifold M, using only how A and D
are situated relative to each other as operators on the abstract Hilbert spacéd. This
puts solid ground under the claim that spectral triples can be considered honcommutative

generalisations of (spin) manifolds.

Interest in NCG has not been limited to mathematics. In physics, honcommutative spaces

have been used to explain features of the quantum Hall e ect [BES94] and topological

insulators [Sch16], and there is extensive literature on applications of NCG in Quantum

Field Theory, see e.g. [Sza03; CMO08; Sui25] for overviews. The Standard Model of particle
physics, minimally coupled to gravity, can be entirely derived through an action prin-

ciple [CC96] from the description of the universe as a noncommutative space [CCMO07;
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Sui25]. This uni ed geometrical treatment of both Quantum Field Theory and General
Relativity makes for an attractive approach to quantum gravity, and extends beyond the

Standard Model to, for example, the Pati Salam model [CCS13; CCS15].

Wrapping up this overview of NCG, we will now give two examples of nhoncommutative
spaces which will appear throughout this dissertation. This exposition is taken from
the joint paper of the author with Edward McDonald [HM24b]; for more details on the

noncommutative torus (on which there is much literature) we refer to [HLP19a; HLP19b]
and [GVFO01, Section IV.12.3], for details on almost commutative manifolds to [Sui25,

Chapter 10].

Example 1.1.4. Letd 2andlet be areald d antisymmetric matrix. The noncom-
mutative torus is the universalC -algebraC(T9) generated by a family of unitary elements

fung,,zd¢ Ssubject to the relations

i .
UpUm = €™ ™y em, n,m2 29
The functional !
X
CkUk = Co
k2zd

extends to a continuous faithful tracial state onC(T9). The smooth subspac€?® (T9) is the
subalgebra ofx 2 C(TY) for which ®(k) = (xu,) is a rapidly decaying sequence o0& 9.
The Hilbert space in the GNS representation corresponding to is denotedL»(T9), and
fung,,-q is an orthonormal basis forL,(T9). The self-adjoint operators Dj,j=1,:::,d

on L,(T9) are de ned on the basis by
Djuk := kjuk, k=(kg,:::,kg)229%

P
The operator D = jdzl Dj jonLy(TY CNe¢, where ; are standard Cli ord matrices

on CN¢ with Ng = 2°%¢, gives a spectral triple
(Ct (T, Lo(T%) Mo, D),

where we representC! (T9) as operators onL»(T9) CN¢ by acting on the rst compo-
P
nent [GVFO01, Section 12.3]. We write D ;= J-dzl Dj2 as an operator oan(Td), so that

JDJ: p7D 1CNd'

10



1.2. PSEUDODIFFERENTIAL OPERATORS

Example 1.1.5. Given the canonical spectral triple (C* (M),L2(S),Dy) of an even-
dimensional spin manifold with natural grading \ , and a nite spectral triple (Ag,Hg,Dg),

meaning that Hg and Ag are nite-dimensional, the product spectral triple
(C' (M) A £, L2(S) H g,Du 1+ wm Dg).

is called an almost-commutative manifold.

1.2 Pseudodi erential operators

Pseudodi erential operators naturally emerged from the study of partial di erential equa-
tions (PDEs) [KN65; H6r67], where they became a crucial tool in determining qualitative
properties of solutions to PDEs. For us, they are indispensable in obtaining Weyl laws
and in determining coe cients in heat trace expansions like those covered in Section 1.1.

See [Tay81; Shu01; H6r07] for classic books on the subject.

Let us loosely sketch a path leading to the de nition of a classical pseudodi erential
operator, with no respect for technical details. Suppose we want to study a PDE on
Euclidean space,
a (x)@u(x) = f(x), x2RY
ik
for nice enough functionsf and a . The operator L := Pj i kMa @, complicated as it
is, is much easier to study after a Fourier transform. For the Fourier transform, we will

use the convention

1 z

~ e ™ iyx)dx, 2RY%u2Ly(RY.
(2 )z R

a( )= F(():=

In the frequency domain, the operatorL then corresponds to multiplying with the poly-

nomial p_(x, ) := Pj pka ()@,

Lu(x) = ™ TpL(x, )a( )d .

11
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In an ideal scenario, whenp_ (x, ) = p.( ) is non-zero and independent ofx, we can

simply solve the PDE from before by putting

1 ik, i1
e 1

Rd pu( )

u(x)= L f(x)= f()d.

Likewise, the heat equation

Lu(t,x) = @u(t,x);
u(0,x) = f(x),

can then be solved by putting

1 z

(2 )% re

The idea behind pseudodi erential operators is that even though these operatord. * and

u(t,x) = e f(x):= e et O)f () d .

el are not di erential operators, the analytical properties of an operator of the form
Z

Tau(x) = e™ Ta(x, )a( )d,

(2)2 o
depend not so much on its symbola being a polynomial, but rather on the qualitative
properties of a(x, ) like its asymptotic growth as j j! 1 . Studying properties of these
more general operators, and deriving similar norm and regularity estimates as for di eren-
tial operators, lets us conclude properties about solutions to PDEs, as the examplds 1

and e* above show.

With the theory of pseudodi erential operators, it can be made precise when and in what
ways the operator L ! behaves like an order m “di erential' operator, € an operator

of order 1 , and an operator like (1 D)% for s 2 R an operator of orders.

The oldest and most “standard' theory of pseudodi erential operators is that of classical
pseudodi erential operators on RY [KN65; H6r67]. Its de nition is quite technical; we

follow [Tay81, Chapter II], and write hi = (1+ | jz)%.

De nition 1.2.1.  The symbol cIassSf]O(Rd), m 2 R, is de ned as those smooth functions
a2 C'(RY RY) such that for all multi-indices , 2 N9, there exists a constant
C O -such that

j@@a(x, )j C_ him™ J x, 2RS4

12



1.2. PSEUDODIFFERENTIAL OPERATORS

We say thata 2 S’fo(Rd) is a classical symbol, denotec 2 ST (RY), if there exist smooth

functions an ; 2 C! (RY RY) for all j 2 N which are homogeneous of ordem j,

with the property that

X
a(X, ) am J(Xa )’
i o
meaning that

%

a(x, ) am j(x, )2STyN Y(RY), N2N.
i=0
It is no coincidence that for the di erential operator L from before, if each coe cient a (x)
P
is smooth and it and its derivatives are bounded, the symbob, (x, )= ;; «a (x)(i )

is in the symbol cIassS'l‘,O(Rd). It is furthermore a classical symbol, as we can write

XX
p(x, )= a (x)(@i) ,

i=0j j=]

P . . .
where each component ; j-; a (x)(i ) is homogeneous of ordej.

De nition 1.2.2.  The Schwartz functionsS(RY) are de ned as thosef 2 C! (RY) for
which all seminorms

kik = supjx @f (x)j, , 2N¢
x2Rd

are nite.

De nition 1.2.3. A pseudodi erential operator of order m 2 R, denoted T 2 Y™(RY),

is an operator T : S(RY) IS (RY) such that
1 z -
- é™iax, )f()d, f2S(RY,
(2 )2 RS

for somea 2 S['\(RY) see [H6r07, Theorem 18.1.6] for a proof that Tf 2 S(RY). If

Tf(x) =

furthermore a2 ST(RY), we write T 2 YT(RY), and call T a classical pseudodi erential
operator. Finally,

\
[ Y™RY, Y! (RY:= Y™(RY).
m2R m2R

S
m2R YrcTI](Rd)-

Y1 (RY) =

Similarly we de ne Y} (RY) :=

13



CHAPTER 1. INTRODUCTION

With these constructions, in many ways the pseudodi erential operatorsY! (RY) behave
like di erential operators, and Y} (RY) mimics this behaviour even more closely. For
S2 YM™(RY) and T 2 Y™(RY), we have

S T2ymm(RY), [S,T]2 Y™ M L(RY),

as is the case for di erential operators. Furthermore, we can de ne the Bessel-potential

Sobolev spaces (see e.g. [H6r90, Section VII.9] or [Tri78, Section 2.3.3])

S

—— —skK s
H®:=dom(1 D)2 , kfks:= k(1 D)2fk_,re, S2R,

which form Hilbert spaces. To be very precise, we takéD to be the Friedrich's extension
of the Laplacian, and dom(1 D)% indicates the domain of the corresponding operator
on Lz(Rd) de ned via functional calculus [Sch12, Section 5.3]. Fors 0, this domain
is complete in the normk ks, but for s < 0 taking the completion in the norm k ks is
necessary. For positive integess, the spaceH?® consists of thes times weakly di erentiable
L o-functions. For the di erential operator L = Pj i K M, @ as above, if all coe cients

a and their derivatives are uniformly bounded, then L extends to a bounded operator
L:HS*kIH S s2R.

Pseudodi erential operators have the same property: ifT 2 Y™(RY), then T extends to
a bounded operator

T:HS*MIH S s2R.

Intuitively, T therefore ‘'removes'm degrees of regularity from a function. Note, however,

that m 2 R need not be an integer or even positive.

All these objects can similarly be constructed on smooth (not necessarily Riemannian)
manifolds [Shu01, Section 1.4][H6r07, Chapter XVIII]. This takes some care, as we need
to think about how to handle the Fourier transform on manifolds. Commonly, pseudod-

i erential operators are de ned locally in coordinate patches via the de nitions for RY
above, and stitched together to de ne global operators on the manifold. However, sym-
bols can be de ned intrinsically as functions on the cotangent bundle as well [Wid78;
Wid80; Saf97].

14



1.2. PSEUDODIFFERENTIAL OPERATORS

The principal symbol of a pseudodi erential operator is of particular importance, as it can
tell us a lot about the operator's (approximate) invertibility. For compact manifolds, we

have a short exact sequence of vector spaces
0! Yq M)yt ymm)r° ct(sm)! o,

where the map ¢ is called the symbol map,andS M T M is the cotangent sphere. The
manifold M is not required to be equipped with a Riemannian metric in order for this to
make sense: the cotangent spher®@ M can be de ned independently of such a metric as the
rays in the cotangent bundleT M nM, whichis T M with the zero vectors removed. The
intuitive explanation of this exact sequence is that an essentially homogeneous function

f 2 Cl (T M) of order m, which satis es locally (up to a compactly supported error),
f(x, )= "f(x ), i 1,

clearly de nes a function on S M. The map ¢ in the exact sequence selects the part of
the symbol of the classical pseudodi erential operator that is essentially homogeneous of

order m and produces the corresponding function or5 M.

Turning this around, such exact sequences can be used e ne principal symbols. For
example, since on compact manifolds the operatory (M) are compact, a map like g
above, now mapping from order zero operators into the Calkin algebraB (H)/ K (H), is
the basis for a paradigm called theC -algebraic approach to the principal symbol [Cor79;

SZ18; MSZ19; KSZ24a].

Furthermore, it should be emphasised that there are by now many di erent pseudodif-
ferential calculi, in di erent settings, for di erent purposes, all generalising di erential
operators in a di erent way. Fundamentally, these various pseudodi erential calculi are
crafted for studying dierent classes and aspects of PDEs. On both Euclidean space
and on manifolds, various symbol classes have been used as a base (variations of De -
nition 1.2.1) [BF73; Bonl13; NR10]. Other directions of research include pseudodi eren-
tial calculi on the Heisenberg group [BFG12; FR14], Lie groups [Mel83; Tay84; MS86;
RT10], Lie groupoids [MP97; NWX99], and types of manifolds like manifolds with bound-

15



CHAPTER 1. INTRODUCTION

aries [Mel91; Mel93; MM98], Heisenberg manifolds [BG88; Tay84; Pon08], and lItered
manifolds [EY19; AMY22; FFF24].

In this thesis, we will focus on a very general abstract pseudodi erential calculus which
strips away any reference to a geometric space. Itis the purely operator theoretical skeleton
at the basis of any pseudodi erential calculus, and as such it is di cult to give accurate
credits towards its invention. Elements of this theory even predate the study of pseu-
dodi erential operators via the symbol calculus by Kohn Nirenberg [KN65] and Horman-
der [HOr67]. The abstract Sobolev spaces in this theory already appeared in their current
form in work by S. G. Krein where they are called Hilbert scales, see the reviews [Mit61;
KP66] and references therein. Later, Guillemin [Gui85], Connes Moscovici [CM95] and
Higson [Hig04] amongst others have used general pseudodi erential calculi. Of these,

Connes and Moscovici introduced the formalism in NCG.

The basic principle is as follows. We take one operatoQ as reference, a self-adjoint
boundedly invertible operator on a separable Hilbert spaceH. With this operator, de ne

the Sobolev spaces
HS(Q) := domOs " *, Kk ke:= kQS ky, s2 R,

clearly inspired by the Bessel potential Sobolev spaces from before. And as before, here
dom QS is de ned via the functional calculus for unbounded self-adjoint operators [Sch12,
Section 5.3], which is complete in the normk ks for s 0 but not for s < 0. Our “pseu-
dodi erential operators' are simply operators on H which extend or restrict to bounded
maps

T:HS(Q)!'H %(Q), s2R,

in a consistent and well-de ned way. These operators are denoted bpp' (Q), sometimes

called operators of analytic order (less than)r [Hig04].

In this calculus, there is no notion of symbols, which is at once a strength and a weakness:
we will not be able to use any techniques based on symbol manipulations, but as a conse-

guence results are valid in any pseudodi erential calculus. And, importantly, this makes

16



1.2. PSEUDODIFFERENTIAL OPERATORS

the pseudodi erential calculus perfectly adapted for noncommutative geometry where we

do not want to interact directly with a geometric base space in the rst place.

Some properties of this calculus have been compiled in [Uuyll]. The following concrete
examples of this abstract pseudodi erential calculus are borrowed from the exposition

in [HMN24] (joint work of the author with Edward McDonald and Teun van Nuland).

As remarked before, takingQ = (1 D)% on L,(RY) gives the classical (Bessel
potential) Sobolev spacesH® = W5 (RY). (Pseudo)di erential operators of order k,
and (unbounded) Fourier multipliers T with symbols j ( )j . (1+j j)% 2 R
are contained in opX(1 D)%. Note though that op(1 D)% is a much larger class

than this, and for example also contains translation operators.

For spectral triples (A,H,D), taking Q = (1+ Dz)% recovers the calculus of Connes

and Moscovici as used in noncommutative geometry [CM95].

Taking Q = (1 D)%, where D is the sub-Laplacian on a strati ed Lie group, gives

the Sobolev spaces de ned by Folland and Stein [FS74; RS76].

Related to the previous example is the anharmonic oscillatorQ? = 1+ D? + jxj%
on RY for integers |,k 1 and generalisations thereof, which de ne Sobolev spaces
and a pseudodi erential calculus that appear in the study of sub-Laplacian operators
on strati ed Lie groups too [CDR21]. The special case whereQ? is the harmonic
oscillator gives Shubin's Sobolev space®°(RY) [Shu01, Section IV.25] and theG
pseudo-di erential operators in [NR10, Chapter 2], see also [BT06].

In the aforementioned pseudodi erential calculus in Van Erp Yuncken [EY19], and
Androulidakis Mohsen Yuncken [AMY22] on Itered manifolds, Sobolev spaces are

constructed with a similar procedure.
A similar calculus has been constructed for quantum Euclidean spaces [GIM22].

Finally, we note the case whereQ = 1y, which gives that HS = H for all s2 R, and

op'(l4)= B(H),r 2 R.

17



CHAPTER 1. INTRODUCTION

It is a basic fact that the square of an operator in op™(Q) is an operator in op™(Q),
but what can be said of its square root? More generally, one can wonder for which type
of abstract pseudodi erential operators and class of functions there exists a well-behaved
functional calculus within the framework of this abstract pseudodi erential calculus. In
Chapter 2, we resolve this question by de ning abstractelliptic pseudodi erential opera-

tors, and provide a functional calculus for these operators based on the preprint [HMN24].

1.3 Multiple operator integrals

To an extent, we have physicists to thank for the eld of multiple operator integrals. To
see their ingenuity in manipulating operator integrals, simply open any book on Quan-
tum Field Theory. For example, chances are that you will encounter the time-dependent
operator

V(1) = gtHog it(H0+H|)' t2 R,

where Hg and H, are unbounded self-adjoint operators on a Hilbert space, which is ex-

panded by the Dyson series [Fol08, Chapter 6]

R
V() T+ Vu(b),
n=1
where
z.Z Z

n

1

2 . . . .
Vip(t) = = ; g ”H°H|e'(“ 1 n)HoHI g1 2)H°H|e i 1Ho g 1 dn.

0 0

Of course, the symbols="and ~ 'in these formulas mean something di erent to physicists
than they do to mathematicians, and making these identities mathematically rigorous
requires some e ort. The subject of Multiple Operator Integration provides a rigorous
foundation for identities like the Dyson series above and generalisations thereof. We will
mostly follow [Pell6; ST19] in this overview, but see also [PWS02; BS03; ACDSO09] for

important developments of the subject.

Suppose that we are interested in the Gateaux derivative

d f(A+1tB)= rLilmOf(A+ hi) f(A),

t=0
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1.3. MULTIPLE OPERATOR INTEGRALS

for A,B 2 B(H) and some holomorphic functionf : C ! C (using the holomorphic
functional calculus), taking the limit with respect to the operator norm. Picking a contour
in the complex plane which encircles counterclockwise the union of the spectra &t + tB

fort2 ( ","), we have
Z

f(A+1tB)= % f(z)(z A tB) 'dz, t2( "."),
as aB (H)-valued Bochner integral. Using the resolvent identity, we have that

d
dt _

(z A tB)! (z A
t

1_ .
0(z A tB) —tI!mO

lim(z A B) Bz A)?

(z A) Bz A) L

Similarly, for the holomorphic function f above we can see that
1" 14
—— f(A+tB)= — f(2)(z A) B(z A) B (z A) 'dzz (1.3
n! dt" =0 2i

where we have an alternating product ofn + 1 factors of (z A) ! and n factors of B. In

caseA and B commute, this formula simply reduces to

n
& A+ B)= FM(A)BN,
dtn t=0

When they do not, we can devise a way to describe the right-hand side of (1.3). First

de ne the divided di erences f[": C"*11 C by

f[O]( )

f0),

f0UC g0, f0 e e
FO0C g0, ) o= (o ”;) (s ) a1 8 02C
n

de ning f [ with an appropriate limit when o= ,, so that

1

flC o, ) = o

fM), 2c.

By similar resolvent manipulations as before, it can be shown that for our holomorphic
function f, for a contour encircling o,:::, n 2 C counterclockwise,
1 Z

o =57 @@ o' (z ) 'td
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CHAPTER 1. INTRODUCTION

Hence, intuitively, the expression on the right-hand side of (1.3) is something liké ["N(A,:::, A)

with factors of B spliced “in-between' then + 1 copies ofA.

Richard Feynman dealt with the issue [Fey51] by de ning a clever system of notation
213

ABC := BAC.

In this notation, we formally have

2n+1 2n

B.

[vs BN

Clnf A+ tB —f[”],&i--- é
ﬁ( ) = (AA 5, A)

Obviously, this needs serious work to make well-de ned and rigorous, see [Fey51; Mas76][KM93,
Appendix [][Jef04, Chapter 7]. Daletskii has made some historical comments on this mat-

ter [Dal98].

A dierent approach, originally developed for studying evolution equations in Hilbert
spaces, was devised by Daletskii and S. G. Krein [DK51; DK56; Dal98], elements of which
had already appeared independently in work by Léwner [Low34]. Their work was continued
by Birman Solomyak [BS66; BS67; BS73; BS03], Pavlov [Pav71], Sten'kin [SS71; Ste77],
and Peller [Pel06; Pel16]. See also [ACDS09; PWS02; ST19]. Given a function: R"* 1 |
C, they de ne operators corresponding to the formal expression

THOS (v, 0, V) o= (0::1, n)dEo( 0)VadE1( 1)  VadEn( n),

(Ho) (Hn)

where dE; is the spectral measure of the self-adjoint operatoH;. While, like Feynman's
approach, this too is only formal notation, in various settings it can be made precise. An
important class of examples is the following [Pel06; Pel16]. Assume that : R"*1 1 C

can be written as
Z
(oiiiy n)= Wao( o!) a(nt!)d(), (1.4)

where (W, ) is a nite measure space, and the functionsa; : R W! C are bounded

and measurable. Then we can de ne

Z
THosHn oy v vy) o= Wao(Ho,!)Vlal(Hl,!) Vaan(Hn,!') d (1), 2H,

(1.5)
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1.3. MULTIPLE OPERATOR INTEGRALS

as an H-valued Bochner integral, whereVy,:::,V, 2 B(H) and Ho,:::,H, are self-
adjoint. Peller proved that this de nes a well-de ned bounded operator, independent
of the representation (1.4) chosen [Pel06; Pell6]. Furthermore, he proved that for func-
tions f :R! C in the Besov spaceB] ;(R), we have that the divided di erence f [ is

of the appropriate form and henceT Ha (V1,:::,Vh) can be de ned. If furthermore

f[n]
f 2BY ;(R)\ B} ;(R) and f [" is bounded, the formula

1d"

- v + — TAILA S
=P t:Of(A tB)=T (B,:::,B)

f [n]

can be justi ed for unbounded self-adjoint A and bounded self-adjointB [Pel06, Theo-

rem 5.6]. The operatorsTHo """ Hn (V1,:::, V) are called multiple operator integrals, and

whenn = 1 they are often called double operator integrals.

Multiple and double operator integrals (MOls and DOIs) are not only useful for studying

derivatives, but they also come with the identities

[f (A),B]= T/i (A, B]),

(1.6)
f(A) f(B)= T i (A B),

as well as higher-order analogues. This indicates that DOIs and MOIs can appear in

many settings, and this framework has indeed been a powerful formalism in functional

analysis. The technique has been crucial in Potapov and Sukochev's proof of the long-

standing conjecture that Lipschitz functions are operator Lipschitz on the Schatten classes

Lp, 1<p< 1 [PS11], thatis, the estimate

The case0 < p < 1 has been studied in [MS22]. DOIs have similarly been used to provide
di erent kinds of sharp operator estimates [AP10; AP16; CMPS14; CPSZ19]. Further-
more, MOIls are used in the study of spectral ow and the spectral shift function [ACSO07;
PSS13], and in many other areas of functional analysis like Biane Speicher's stochastic

analysis and their free It6 formula [BS98; Nik22].

A useful consequence of the two identities (1.6) (and their higher-order analogues) is a
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noncommutative Taylor expansion:

R
f(D+ V) 5 Cmima ms ) oo (v)f (M m(D), (1.7)

D
nm=0mji+ +mp=m (n+ m)!

_____ , are some combinatorial constants speci ed below
in Section 3.5. If the operatorsD and V happen to commute, this reduces to a standard
Taylor expansion. These Taylor expansions should for now be interpreted as purely formal,
but they have been made rigorous for classical pseudodi erential operators on manifolds
and in Banach algebras [Pay07; Payll; HL24]. We too will prove a precise version of the
noncommutative Taylor expansion for pseudodi erential operators in Chapter 3, using the

abstract pseudodi erential calculus described in Section 1.2.

For us, MOIs connect to the other themes of this dissertation due to their appearance
in noncommutative geometry, which has at times gone unrecognised. Take for example
the JLO cocycle [JLO88], which functions in NCG as the noncommutative analogue of
the Chern character in dierential geometry. Given an even spectral triple (A,H,D)
with grading , the JLO cocycle is a collection of functionals( °, 2, 4,:::) where " :
A "1 Cisdened as
z
"(ag a an) = . Tr( a% "P°[D,a]e "P* [D,an]e "P°)dt.
Here, S, is the n-simplex with normalised Lebesgue measurdt. Comparing this expres-

sion with (1.5), it is not di cult to see that we have

"(ao,a1,::1,a0) = Tr(@oTy P (ID,aul, 25, [D,an])),

wheref (x) = exp( x).

This cocycle is a cornerstone of the local index formula, a landmark result in NCG which
generalises the Atiyah Singer index theorem to nhoncommutative spaces. For this result
by Connes and Moscovici [CM95], there exist by now several di erent proofs [Hig04;
CPRS06a; CPRS06b; CPRS08; CPRS13]. Stemming from manipulations of the JLO
cocycle, these papers contain many elaborate and technical arguments involving operator
integrals. The theory of MOIs can potentially be used to simplify these arguments. In

fact, the original statement of the local index formula already suggests this possibility.
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1.3. MULTIPLE OPERATOR INTEGRALS

Theorem 1.3.1 (Local index formula [CM95]). Let (A,H,D) be an odd unital spectral
triple with simple dimension spectrum, such thatD ! 2 L, for somep > 0. The
following functionals "™ : A "1 1 C dene a cocycle ( %, 3, 5:::) in the (bB)-
bicomplex ofA:

P X PPL
"(a0,::1,a0) = 2 Chka q @ pz([D,a1])  §:([D,an])jDj "2 ),
g 0kj O
where ¢,k q are some constants, and 4(T) := res=0z4Tr(TjDj ??). The cohomology
class of the cocycle( 1, 3, 5:::) in HC°Y(A) coincides with the cyclic cohomology

Chern characterch (A,H,D).

Even without knowing what a simple dimension spectrum, (B, b)-cocycles, cyclic coho-
mology, or the Chern character are, one can see that the cocycle de ned in this theorem
involves something resembling a noncommutative Taylor expansion (1.7). In fact, it more
closely resembles an expansion of a single MOI, which we will see in Chapter 3 of this

thesis (Proposition 3.5.2).

The occurrence of MOI arguments in NCG is not limited to proofs of the local index
formula. They also appear in expansions of the spectral action [Skr14; Skrl8; Suill; NS22]
and the heat trace (often studied for a nhoncommutative analogue of curvature) [CT11;
FK12; FK13; CM14; DS15; LM16; KS18; Liul8; CF19; Liu22; NSZ25]. See [FK19] for a
review of the topic of curvature in NCG. An important tool in the area of these curvature
computations is the rearrangement lemma [CT11; CM14; Les17; HL24], which is closely

related to MOls. See [NSZ25] for an approach to curvature via multiple operator integrals.

The theory of MOls can potentially be a useful tool in all these contexts in NCG, but there
is a hurdle to be taken. This is best illustrated by seeing what happens when one takes
a spectral triple (A,H,D) and applies an identity like (1.6) when the relevant operators

areD? and a2 A like for the JLO cocycle:

[f (D?),a] = T,°*(ID? a)).

Such manipulations of MOIs are (implicitly) common in the literature, and indeed nec-

essary to interpret the local index formula, Theorem 1.3.1, as a MOI expansion. The
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problem is that the operator [D?, a] appearing as an argument in the MOI on the right-
hand side is typically unboundedin NCG, and the theory of MOIs as in [Pell6; ST19]
is only equipped to deal with bounded arguments. In the NCG literature, many ad-hoc
arguments can be found to justify such integral manipulations [CPRS06a; CM95; Hig04],

but an overarching theory is missing.

In Chapters 2 and 3 of this thesis, this is resolved by developing a theory of multiple oper-
ator integrals for abstract pseudodi erential operators (introduced in Section 1.2), based
on joint work [HMN24] with Edward McDonald and Teun van Nuland. Our results ex-
tend those by Paycha [Payl11] who proved a noncommutative Taylor expansion for classical
pseudodi erential operators on manifolds, and are comparable to those by Hartmann and
Lesch [HL24] on Banach spaces. Our results are more general than those of Paycha, both
in terms of the functions and the operators considered, and more closely adapted to oper-
ators appearing in NCG than those in [HL24]. Furthermore, while the Paycha, Hartmann
and Lesch papers prove Taylor expansions, our fundamental construction of MOls also
systematises the underlying techniques involving operator integrals that are widespread in
NCG, allowing to justify the arguments illustrated above involving unbounded operators.
As a demonstration of the power and adaptability of this formalism, Chapter 3 resolves an
open question regarding the existence of certain asymptotic expansions in spectral triples,

posed by Eckstein and lochum [EI18].

1.4 Connes' integral formula

The fact that Riemannian manifolds can be completely captured by spectral triples, indi-
cates that there must be a way to integrate functions on manifolds spectrally. Alain Connes

recognised that Dixmier traces, or more general singular traces, are the appropriate tool.

The Dixmier trace was originally constructed as an example by Dixmier [Dix66], which
settled in the negative the question whether the operator trace is (up to constants) the

only trace that can be de ned on B (H). With trace we mean a linear functional :J! C
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1.4. CONNES' INTEGRAL FORMULA

on a two-sided idealJ  B(H) which vanishes on commutators,
([A,B])= 0, A2J,B2B(H).

See [SU16] for details on Dixmier's original construction. We will take a di erent approach,

following [LSZ21; LMSZ23].

De nition 1.4.1. The weak Schatten clas§ 1 B(H), p > 0, consists of those compact
operators A for which
(k,jAj) = O(k ), k!l |,

where for a compact operatorT we write f (k,T)g&z0 for an eigenvalue sequence of
counted with algebraic multiplicity, ordered in decreasing modulus. These sets are two-sided

ideals inB(H). The ideal L1, is called the weak trace-class ideal.

De nition 1.4.2.  An extended limit! 2 ("; (N)) is a continuous positive linear func-
tional on "1 (N) such that! (1) = 1, and for each sequence 2 “; (N) that converges to

zero, we have! (x) = 0.

Associated with each extended limit , we can de ne the Dixmier trace Try :L11 ! C by
|
( 50 )1 !

: (k. A)

Try (A) = ! - .
) og(n+ 2) _,

In general, the value ofTr, (A) may depend on the choice of . If it does not, we call
A Dixmier measurable. Note that there is some inconsistency in the literature on the

de nition of Dixmier measurable operators, we follow [LSZ21]. See also [SUZ13; Usal3].

At rst sight, it might come as a surprise that the Dixmier traces are linear maps or even
traces. It is furthermore a crucial fact that they vanish on the nite-rank operators (a

forteriori, on L), a property which characterises so-called singular traces.

There is a rich mathematical theory surrounding Dixmier traces and their more general
cousins the singular traces. Originally Dixmier [Dix66], and later Connes [Con88][Con94,
Section 4.2], required additional properties of the extended limitd like dilation invariance

in their de nitions of the Dixmier trace, and de ned these on a larger ideal M 11 which
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is now sometimes called the Macaev Dixmier ideal. There are many subtle points to be
made regarding these di ering de nitions, or the question when di erent extended limits
de ne the same Dixmier trace, or what the su cient and necessary conditions are for
an operator to be Dixmier measurable and more. For these subtleties we refer to the

books [LSZ21; LMSZ23] and the many references therein.

The most important result illustrating that Dixmier traces can be used for integration,
comes from Connes' trace theorem [Con88]. This provides that the noncommutative
residue (sometimes called Wodzicki residue or Wodzicki Guillemin residue) for order d
classical pseudodi erential operators ond-dimensional manifolds can be given by a Dixmier

trace.

If we equip M with a Riemannian metric g, and consider the operatorM; (1 Dg) 5
on Lp(M), wheref 2 C! (M) and Dy is the Laplace Beltrami operator, Connes' trace

theorem reduces to Connes' integral formula.

Theorem 1.4.3 (Connes' integral formula [Con88]). Let M be ad-dimensional Rieman-
nian manifold. For all f 2 C! (M), we have thatM (1 Dg) 52 L11, and for all

extended limits! 2 *;

Vol (st 1) %

T (Mi (1 Dg) )= g

fd 4, f2Cl(M). (1.8)
M

For compact manifolds andRY, this theorem admits a generalisation toall singular traces
on Lji (notjust Dixmier traces), and all f 2 L,(M), see [LPS10; KLPS13], [LSZ21,
Chapters 7, 8] and [LMSZ23, Chapters 2, 3]. Interestinglyf 2 L,(M) is both necessary
and su cient for (1.8) to hold [LPS10; KLPS13], illustrating that an extensionto L;(M)

is impossible as mistakenly claimed in [GVFO1, Corollary 7.22].

The state of the art for Connes' integral formula can be found in [LSZ20b], supplemented

by [Z2S23]. By modifying the left-hand side of (1.8) to the symmetric expression
d d
((1 Dg) *M¢(1 Dg) 4),

where is a singular trace on the aforementioned Dixmier Macaev idealM 11 , these

papers extend Connes' integral formula to functionsf in certain function spaces which
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1.4. CONNES' INTEGRAL FORMULA

include the spacel ,(M) for p > 1 (on a compact manifold M ). Even in this approach,

an extension toL (M) is demonstrably impossible [LPS10, Lemma 5.7].

In the eld of noncommutative geometry, Connes' integral formula is of signi cant philo-
sophical importance. It justi es that for d-summable spectral triples(A,H,D) (meaning

that (1+ D2) % 2Ly ), the functional
a7 Tr (a(l+ D?) %), a2A,

can be interpreted as a noncommutative integral, which allows us to talk about integration
on a noncommutative space. After all, for a spectral triple the operatorD? functions as
the analogue of the Laplace operator (see Section 1.1). We refer to [LS10; LSZ21; LMSZ23]

for thorough studies of the noncommutative integral in this context.

The philosophy goes deeper, however. The integral formula shows that the Lebesgue mea-
sure can be completely ‘recovered' from operator based computations with Dixmier traces.
It has led Connes to craft a paradigm where he considers compact operators to be in nites-
imals, with the weak trace-classL 1 1 being in nitesimals of order 1, and the Dixmier trace
being the integral [Con94]. This "quantised calculus' is a completely operator-theoretical
approach to integration theory. In the words of Alain Connes: | believe that most inte-
grals that we know of, are special cases of this [Con21], i.e. are computable via a Dixmier

trace.

These Dixmier trace formulas have some advantages over the usual approach to integration.
Due to the nature of the Dixmier trace, properties like convergence or positivity of an
integral are easy to see on the operator-theoretical side. Furthermore, its robustness
towards trace-class perturbations (recall that Tr, (T) = 0if T is trace-class) can lead to

deductions about similar robustness properties for the integral in question [Con94, p.558].

It should be remarked that in the noncommutative geometry literature, a popular alter-

native de nition for the noncommutative integral is the functional

Z
a7l a(l+ D?)3 := res-oTr(a(l+ D)), a2A.
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Whenevers 7! ap(s) := Tr(a(l+ Dz)hTS) can be extended meromorphically to a neigh-

bourhood of the origin, we have for all extended limits! 2 *; [LSZ21, Theorem 9.1.5(a)]
res=o Tr(a(1+ D2)'2°) = Tr, (a(1+ D?)2).

In general, however, it need not be the case that,p allows such an extension, in which
caseR a(l+ DZ)% is not well-de ned. Counterexamples are given in [CS12, Lemma 17][KLPS13,
Corollary 6.34, Corollary 7.23][LSZ21, Example 9.3.3], of which [KLPS13, Corollary 6.34,
Corollary 7.23] is notable for providing an example on ad-dimensional manifold of a
compactly supported pseudodi erential operator of order d with such behaviour. See

also [LSZ21, Chapters 8, 9] for extensive analysis on the relation between the Dixmier
trace and residue formulas. Throughout this thesis, to maintain maximal generality, we

will stick with the Dixmier trace formulation of the noncommutative integral.

In Chapter 4, the noncommutative integral is studied in relation to the paradigm of spectral
truncations in NCG due to Connes and Van Suijlekom [CS21; CS22]. The result provides a
vehicle to relate NCG to a eld of mathematics called Quantum Ergodicity. In Chapters 5
and 6, we provide a Dixmier trace formula for integrals with respect to a measure called
the density of states, on respectively discrete metric spaces and open manifolds based on

the papers [Aza+22; HM24a], validating Connes' mantra in this context.

1.5 Density of states

Parts of this section are borrowed from [Aza+22; HM24a], respectively a joint work with
Nurulla Azamov, Edward McDonald, Fedor Sukochev and Dmitriy Zanin, and a joint work

with Edward McDonald.

Many electrical and thermal properties of a material can be deduced from its associated
density of states (DOS), a construction in solid-state physics. Loosely speaking, the DOS
describes how many quantum states are admitted for the electrons in the material at each
energy level per unit volume. Over the years the topic has kept of plenty of mathematicians

and mathematical physicists occupied, see for example the books [PF92; Ves08; AW15].
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1.5. DENSITY OF STATES

The rigorous de nition of the DOS already takes some e ort, and there exist di ering
approaches. In this thesis we follow Simon [Sim82, Section C]. Given a (possibly un-
bounded) lower-bounded self-adjoint operatorH on the Hilbert spaceL (X ) where X is

some metric space with a Borel measure written a$ j, we consider the limits

. 1
M s T M ),

f 2 Cc(R),

where B (xo, R) denotes the closed ball with centerxg 2 X and radius R, and gy, r) IS
its indicator function. When these limits exist (this includes assuming that f (H)M .,
is trace-class in the rst place), we have a positive linear functional onC.(R) and hence,
via the Riesz Markov Kakutani theorem, we obtain a Borel measure y on R [Sim82,

Proposition C.7.2] such that
4

Tr (f (H)M fd n, f 2Ce(R).
R

lim ; ) =
Rl jB(Xo,R)j B (xo.R)
This measure, if it exists, is what we call the density of states of the operatoH . This essen-
tially coincides with similar de nitions elsewhere in the literature, at least for Schrodinger
operators on Euclidean space [Sim82]. Important to observe is that while we de ne the
DOS via increasing balls, in principle we could also consider taking another increasing
sequence of set$ W, gnon . However, the DOS in general depends on the choice of this
increasing sequence of sets, even for Schrédinger operators with radially homogenous po-

tentials on RY [AMSZ22)].

Apart from its origin in physics, the density of states can be considered as a substitute for

the spectral counting function [Str12] which featured in Section 1.1,
N():=#fk: g g=Tr( (1 ,(H)),

in case H does not have discrete spectrum. Indeed, wheiX has nite diameter and
iXj < 1, every self-adjoint operator H with compact resolvent admits a DOS and we

have
NC)
iX]

H(l , 1=

Common research areas for studying the DOS are its existence [AW15; BS91; CL9O;
DIMO01; PF92; Shu79; Sim82], the analytical properties of the function 7! (1 , ][AW15;
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BK13; CL90; PF92] and its asymptotic behaviour as approaches boundaries of the sup-
port of p [AW15; BK13; CL90; Lan91; PF92]. The study of the Anderson localisation
phenomenon, of interest to mathematical physicists, is inseparably related to the study of

the density of states [AW15; CL90; Lan91].

The DOS can be connected to NCG, which will be the focus of the studies of the DOS
in this dissertation. Connes' mantra that most integrals can be computed with Dixmier
traces was mentioned in Section 1.4, and since the DOS is a measure associated with
operators, it is a good case study for Connes' philosophy. This was rst observed and
investigated by Nurulla Azamov, Edward McDonald, Fedor Sukochev and Dmitriy Zanin

on RY for Schrédinger operators [AMSZ22].

. . P ,
Let us consider the Laplacian onRY, D = J-dzl @ We know that the classical Weyl law
covered in Section 1.1 (equation (1.1)) gives for the LaplaciarDy on a bounded domain
W  RY with Dirichlet boundary conditions, that

1
Mo o) S e £

It might therefore not come as a surprise that we have the limit

i 1 _Vol(s® 1) 4
R”[n mﬂ( (1 ) DM g om) = 42 )T 2, >0,
where we now have an exact equality instead of an asymptotic identity. See [Str12] for a

precise proof. In fact, the Laplacian admits a DOS p which satis es

1
(1l , ]= VZI((ZSd)d) > 0, (1.9)
and more generally,
1 d
d D()=V(;'((23d)d)zld, > 0, (1.10)

where d is the Lebesgue measure ok, see e.g. [Sim82; Strl2; AMSZ20]. The func-

tion (1.9) is sometimes called the integrated DOS.

The following argument was presented in [AMSZ22]. Recall Connes' integral formula
(Theorem 1.4.3), which gives for any extended limit! 2 *; ,

Vol (st 1) %

“q2 Rdf(x)dx, f 2 Co(RY).

Tr  (M¢(1 D) 2)=
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1.5. DENSITY OF STATES

Since the Dixmier trace is invariant under unitary transformations, we can perform a
Fourier transform on the left-hand side to deduce that

vol(st 1) %

Tro (F( ir )M = a2 )0

f(x)dx, f 2 Cc(RY).
Rd

Suppose now thatf is radially symmetric and f (x) = g(jxj2) for a continuous compactly
supported function g 2 C.[0,1 ). Then, f( ir ) = g( D), and switching to spherical

coordinates we get

1 Z
Tl DM = O i) o
Vol(s* 1) ZZ1
= G@ N g(r®)rd tdr

Vol(s? 1) °Z4 .
= TaEye , W)

Hence, we nd that

l Z
e oMy = DT o0a o) gze®. @

which is a Dixmier trace formula for the DOS of the Laplacian. The results of [AMSZ22]
extend the identity (1.11) to Schrodinger operators D+ My which admit a DOS and

whereV 2 L; (RY) is real-valued.

Chapters 5 and 6 in this thesis focus on extending formula (1.11) to discrete metric spaces
and manifolds respectively, based on the papers [Aza+22; HM24a].The DOS in these
settings has previously been studied, as discrete spaces can serve as a model or a discrete
approximation [AW15; AO82; BK13; CL90; Cha+86; Hof93; KM06; PF92; Ves05; Weg81],
and manifolds allow studying the DOS in even greater generality [AS93; LPPV08; LPV04;
PVO02; Ves08].

Furthermore, a link between the DOS and Dixmier traces has previously appeared in the
in uential work by Bellissard, van Elst and Schulz-Baldes [BES94], which provides an
NCG explanation of the quantum Hall e ect. Noting the relation between Dixmier traces
and -function residues [LSZ21], a result by Bourne and Prodan [BP18, Lemma 6.1] also

bears some resemblance to formula (1.11).
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A notorious aspect of the DOS is that the existence of the DOS cannot be guaranteed in
general situations. One advantage of the Dixmier trace formula (1.11) is that the Dixmier
trace on the left-hand side is guaranteed to be well-de ned even if the DOS itself has not
been shown to exist. In fact, it can be interpreted as a generalisation of the de nition of
the DOS. This is unlikely to be any good if this " DOS' depends on the choice of extended
limit, so one might at least require g(H )th§j to be Dixmier measurable. In Chapter 5 we
will con rm on discrete spaces that this is a strictly weaker requirement than existence of
the DOS, but in other settings and for Schrédinger type operators it is not yet precisely

known what the relation is between Dixmier measurability and existence of the DOS.

Finally, the Dixmier trace formula allows questions regarding the DOS to be answered
with operator theoretical machinery. We will see examples of this in Chapters 5 and 6,
where questions like translation invariance of the DOS are answered in this manner. We
will also see a connection between the Dixmier trace formula for the DOS and index theory,

namely, Roe's index theorem on open manifolds.

1.6 Preliminary material

This section serves as a brief overview of common notation, convention, and de nitions
used throughout the rest of this dissertation. The covered material is standard and can be

found in [LSZ21; LMSZ23; Sim05]. Some of the content has been copied from [HM24a].

The natural numbers are by conventionN = f0,1,2,:::9. For functionsf,g: R ! Rso

(or with other appropriate domains and co-domains) we write

FO) a9, x!1 -,

to mean that

mm:l

M g0

All Hilbert spaces are assumed to be complex separable Hilbert spaces, denotétl on

which the inner product h, i is linear in its second component. The set of bounded op-
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1.6. PRELIMINARY MATERIAL

erators on H is denoted by B(H) and the ideal of compact operators byK (H). The
operator norm on B(H) is denotedk k. For any compact operator T 2 K (H), an eigen-
value sequence (T) = f (k,T)gi-, is a sequence of the eigenvalues &f listed with

algebraic multiplicity, ordered such that fj (k,T)jgﬁz0 is non-increasing. The singular

value sequence (T) = f (k, T)gi_, of T is de ned by
(k,T) = (k,jTj), k O.

Equivalently,
(k,T) = inffk T Rk : rank(R) kg.

Let 1 denote the space of complex-valued bounded sequences indexedNby For x 2 "1 ,
we will denote by (x) = f (k,X)gi—, 2 "1 the decreasing rearrangement ofj Xyjgi-
This is consistent with the notation for the singular value sequence of an operator in the

sense that ifdiag(x) is the operator given by a diagonal matrix with entries f x,gi_ o, then
(diag(x)) = (x).

For p,g2 (0,1 ), we de ne the Lorentz sequence spacesq, p1 and "1 g as the spaces

of sequencex 2 1 such that
(]
s a a
kxkp,q = (k+1)r = (k,x)T <1,
k=0

kxkp,1 = sup(k+ 1)% (k,x) <1,
k 0

and I 1
R " q
kxky q:= (k+1) ' (k,x)% <1,
k=0
respectively. The space’'; 1 isdenedas 11 = "1, and ppis denoted as . Using

the previously de ned singular value sequences, we give the de nition of the Lorentz ideals

Lpq for p,q2 (0,1 ] as the quasi-normed spaces of compact operatofs such that
kap'q = k (T)k\p,q < 1 .

Like for the sequence spaced,, , is denoted asLp, andL; 1 := B(H). Indeed, consistent
with these de nitions, the operator norm k k on B(H) is sometimes denoted byk k; if

confusion might arise with other norms.
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The spacesLpq, 0<p,q 1 form two-sided ideals inB(H). The idealsL are called
Schatten classesl ; is the familiar ideal of trace-class operators (on which we can de ne
the usual operator traceTr), and L1 1 is called the ideal of weak trace-class operators. The
ideal L, is called the Hilbert Schmidt class. All of these quasi-norms have the property

that, for p,q2 (0,1 ],

In similar spirit, we de ne the following function spaces.

De nition 1.6.1. Let (X,S, ) be a measure space. We writd.; (X ) for the quotient
space

L1 (X):=ff : X ! C measurablg kf k; < 1g ' ,

wherek ki indicates the essential supremum, and g if f (x) = g(x) -almost every-

where. We de ne similarly for O<p< 1,
|
z T
Lp(X):= f :X ! C measurablg kf k, := ifj°d <1
X

There is a way to de ne the spacesL 4(X) as well, and to furthermore see the spaces
Lpq(X), Lpgand "pq as instances of a more general integration theory on von Neumann

algebras [DPS23]. We will not delve into that matter in this thesis though.

Let J be a two-sided ideal inB(H). A linear functional :J ! Cis called a trace if it
satis es

(BT)= (TB), T2J,B2B(H).
This condition is equivalent with requiring
(UTU)= (T), T2J,U2U(H),

where U(H) are the unitary operators on H. Traces on J that vanish on nite-rank

operators called singular traces.

All traces on L1 are singular traces. In contrast with the situation on L1, continuous

traces onlL i, are far from unique. A particular kind of continuous traces can be de ned
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on Li1 which are called Dixmier traces, as covered in Section 1.4, repeated here for

convenience.

De nition 1.6.2.  An extended limit! 2 (*; (N)) is a continuous positive linear func-
tional on "1 (N) such that! (1) = 1, and for each sequence 2 "1 (N ) that converges to

zero, we have! (x) = 0.

Associated with each extended limit , we can de ne the Dixmier trace Try : L3 ! C by
|
( 0 )1 !

: (k. A)

Try (A) =] _— .
' (A) log(n + 2) =0 120

In general, the value ofTr, (A) may depend on the choice of . If it does not, we call A

Dixmier measurable [LSZ21].

More can be read about singular and Dixmier traces in [LSZ21; LMSZ23], for the topic of

measurability see [LSZ21; Usal3; SUZ13].

De nition 1.6.3.  Given an operator0 V 2 B(H), an operator A 2 B(H) is said to be
V-modulated if
suptzkA(1+ tV) ko< 1 . (1.12)
>0
As can be seen from the de nition, aV -modulated operator is necessarily Hilbert Schmidt.
The importance of V-modulated operators comes from the following theorem, see [LSZ21,

Theorem 7.1.3]. We will make use of this theorem in Chapters 4 and 5.

Theorem 1.6.4. If V 2 L4 (H) is strictly positive, T is V-modulated andfexgi-, is

an orthonormal basis such thatVe = (k,V)e, thenasn!1l

(k,T) = X hex, Tedi + O(L). (1.13)
k=0 k=0

Note thatif 0 V 2 L1 (H), then V is automatically V-modulated [LSZ21, Lemma
7.3.4], and if A is bounded andT is V-modulated, then AT is V-modulated, which directly
follows from (1.12).

35



CHAPTER 1. INTRODUCTION

All manifolds in this thesis are smooth, oriented manifolds. The unique volume form on an
(oriented) Riemannian manifold (M , g) is written as g, which is given in local coordinates
as
q_ —
g= jdet(g)jdx*~ A dxd,

whered is the dimension ofM . We then de ne L,(M ) as in De nition 1.6.1. On Lo(M ) we
will often consider the Laplace Beltrami operator Dy, which is given in local coordinates as

q )
Dgf = q%@ jdet(g)jg” @f , f 2 Cl(M). (1.14)
jdet(g)j

When not mentioned otherwise, we will consider this operator onL>(M ) as the Friedrichs

extension of (1.14) [Sch12, Chapter 10]. Explicitly, we put
domDg = H?(M),

where HX(M) are the standard Sobolev spaces on Riemannian manifolds, see e.qg. [Tri92,

Chapter 7]. With this domain, Dy is a negative self-adjoint operator onL (M ).
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CHAPTER 2. FUNCTIONAL CALCULUS FOR ABSTRACT
PSEUDODIFFERENTIAL OPERATORS

Chapter 2

Functional calculus for abstract

pseudodi erential operators

Take care, and work harder.

Fedor Sukochev

This chapter has appeared in slightly modi ed form as part of the preprint [HMN24],
joint work with Edward McDonald and Teun van Nuland. We thank Dmitriy Zanin for
help with Proposition 2.3.4. The review of the abstract pseudodi erential calculus in
Section 2.1.1 contains established results, the results and de nitions in the other sections
are novel. The main results of this chapter are the functional calculus for positive-order

pseudodi erential operators in Theorem 2.2.3, and the zero-order case in Theorem 2.3.7.

Much of the motivation for this chapter has already been covered in Sections 1.2 and 1.3.
We will look at a scale of Hilbert spacesfH sgs;r de ned by a single operator Q, which
is a very plain generalisation of Sobolev spaces. On this scale, operators can be de ned

which map in some well-de ned and consistent way
T:HY™IH 5, s2R,

which forms a bare-bones abstract pseudodi erential calculus. We will develop a functional
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calculus for these operators, which will therefore be applicable to any pseudodi erential
calculus. Though this is interesting in its own right, we are motivated by developing
multiple operator integrals for these operators in Chapter 3, which in turn is motivated

by applications in noncommutative geometry.

Usually, de ning a functional calculus for a pseudodi erential calculus involves elliptic
operators [Str72; MS87; Bonl3]. We too will follow this strategy, although it breaks
down for zero-order operators. For the latter, we can instead directly apply work by

Davies [Dav95b; Dav95c].

2.1 Abstract pseudodi erential calculus

2.1.1 Review

First, the details of the abstract pseudodi erential calculus that we use. See also [KP66;

Dal67; CM95; Uuy11].

De nition 2.1.1. Let Q be a possibly unbounded invertible positive self-adjoint operator
on a separable Hilbert spaceH. De ne the Hilbert spaces H® := dom st “ for s 2 R
wherek ks := kQ® k noting that taking this completion is unnecessary fors 0. We

T
write HY =~ ( ,HS, which is dense inH.

This de nition dates back to work by S. G. Krein, see the reviews [Mit61; KP66] and
references therein. Further developments were made in [Dal67; Bon67]. Furthermore, the

spaceH?! is a “countably Hilbert space' in the terminology of [GV64, Section 1.3].

A quick rst observation is that the embedding HS ! H tis continuous for alls t. For

s > 0, there is a pairing betweenH® and H * given by
hu, Viys sy o= hQ%u,Q Svig, U2HS,V2H S

This pairing identies H S with the (continuous) anti-linear dual space of HS and vice-

versa.
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T
The spaceH! = 5 HS is a Fréchet space equipped with the normk ks, s 2 R. By
construction, HY  H Sforany s2 R, and in fact H! is dense inHS. Since a subspace of
a separable metric space is itself separable it follows that everid ® admits an orthonormal

basis consisting of vectors inH?! .

We dene H! as the continuous anti-linear dual space oH? , which can be identi ed
with

HY = U oke, (2.1)

s2R

This is an LF -space, in the sense of [Tré67, Chapter 13]. From this perspectivd® can
be interpreted as a Schwartz space an#l 1  as a space of distributions. Incas&€ 2L
for somes > 0, we have that the Gelfand tripesH! H H ! andHS H H s

are ‘rigged Hilbert spaces' in the terminology of [GV64, Section 1.4].

Givenu2H?! andv2H ! itfollows from (2.1) that v 2 H S for some particulars 2 R.

It is immediate that u 2 HS, and we have
hJ,Vi(Hl ,Hl ): hJ,Vi(Hs,H s).

Proposition 2.1.2.  The Sobolev spacekl ® in De nition 2.1.1 form an exact interpolation

scale. Thatis, letsg s1,ro,r12 R, and let0< < 1. Set
s =(1 )so+ s, r =(1 ro+ rq.
If T is a bounded linear map
T:HIH " Tjys; tHSLIH
then Tjys is bounded fromHS to H" for every . Moreover we have
KTkys i+ K Tkisoy roKTKysiy 1
Proof. See [KP66]. Or, after identifying H® with a weighted L »>-space through the spectral

theorem, this follows from the Stein Weiss interpolation theorem for L,-spaces [BL76,

Theorem 5.4.1]. O
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De nition 2.1.3.  We say that a linear operatorA : H* 'H 1 is in the classop’(Q) (it

has analytic order r) if A extends to a continuous operator

“Str,r

AT IHSTTIH S
for all s2 R. If no confusion can arise, we often write

AHSTTIH ®,

Furthermore, op(Q) := SrZR op' (Q),andop! (Q) := TrZR op' (Q). We de ne OP'(Q)
op'(Q) as thoseA 2 op'(Q) for which §(A) 2 op'(Q) for eachn 0, where o(A) =

[Q. Al

SinceH® | H 'is continuous for alls t, it follows that op'(Q) op!(Q) forr t. Both

op(Q) and OP(Q) = S,ZR OP'(Q) form a ltered algebra, asop' (Q) op'(Q) op *'(Q)
and OP"(Q) OP'(Q) OP"*Y(Q).

Commonly, this paradigm is also used when dealing with unbounded operators
T :dom(T)'H

In this case, one writesT 2 op' (Q) if HY  dom(T), T(H') H !, and
Tjn: 2 0p'(Q).

Conversely, forT 2 op"(Q) with r 0,

r,0

T :H" HI!H

can be interpreted as an unbounded operator. Furthermore, note thatop "(Q) B(H)

for r 0 in the sense that for A 2 op "(Q) we have A r’OjH 2 B(H). Similarly if
Q '2Lg(H), a Schatten class, thenop $(Q) L 1(H).

2.1.2 Adjoints

Here we discuss various ways of de ning the adjoint inop’ (Q).
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De nition 2.1.4. Let A 2 op'(Q) so that A extends to a bounded operator
A:HSTTIH S

for all s2 R.

1. The adjoint of A as an endomorphism of the topological vector spadd! we denote
AY:H' 1TH !
de ned by the identity
PAU, Vigge 1y = b, AWiga gy, u2H v2H!?
2. In similar fashion we denote the adjoint
A®:H SIH *°
de ned by the relevant identity

hA\U,Vi(Hs,H 5) = m,AQVi(HS+r’H S 1) U2H5+r,V2H S,

3. We de ne the Hermitian adjoint
Als iHSITH S
via the identity
hAU,Vigs = hu, Alsvigser, U2HS*" V2 HS,
4. In caser 0, the map
A:HST H SIH S

is an unbounded operator on the Hilbert spacéi®, so we de ne another Hermitian

adjoint
As:Dg!H 3,
with domain
Ds:=fu2HSjOv2HS®8 2H" :hu, T ips = hv, insg,
such that

hAU, Vigs = hu, A svigs, U2HS" v2D..
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These adjoints are related in the following way.

Proposition 2.1.5. Let A 2 op'(Q). Then, for all s2 R,

1. A = AY :
HS

- 2s 2r AyD2s
Q AYQ® .

N
>
[

3. A= Q BANQ® .

S

Proof. 1. Takeu2H?1 H s*Tandv2H S H 1 . Then

hA\U,Vi(Hs,H s) = I’U,AQVi(HsHH s 1)

hJ,AQVi(Hl H 1 )
We also have

hA\U,Vi(Hs,H sy = hA\U,Vi(Hl H1 )

hJ,AyVi(Hl H 1 )

Hence it follows that

A%y =AYW2H?1  v2H S,

2. Takeu2H1 ,v2HS. Then on the one hand,

PAU, Vins = PAU, Q®Vi(y1 1 )
= hu, AYQ%Vi1 1y,
and on the other hand
hAU, Vigs = hu, Alsvigser

= m,QZS+2rA[SVi(H1 H 1 )

We therefore nd

A[S — Q 2s 2rAyQ25 e

43



CHAPTER 2. FUNCTIONAL CALCULUS FOR ABSTRACT
PSEUDODIFFERENTIAL OPERATORS

3. Takku2H?! ,v2Ds H S H ! . Then

hAu,viHs Mu,stvi(H1,H1 )

hJ,AyQZSVi (Hl H 1 ),
and

hAU,Viys = hu, A sviys
= hJ,QZSA sVi(Hl ,H 1 )
Hence

A==Q AQ® . m

S

An important takeaway from this proposition is thatif A :H! 'H 1, we have a priori
that
AY:HY 1H T

butif A 2 op'(Q) we have in fact that AY 2 op" (Q) (or, more precisely,AY " 2 op"(Q)).

It is now also clear that the Hermitian adjoints Als and A s in general cannot be regarded
as operators inop(Q), as the operatorsAls and Alt do not agree on the intersection

HS\H ! for s & t, and the same holds forA s.

Proposition 2.1.6. If A2 op'(Q), r O, then
A:H" H%IH °

is symmetric if and only if A = AY.

Proof. Suppose thatA = AY. Letu2H?' ,v2H'. Then

PAU, Vijo = PAU,Vig1 H1 )

= hJ,AyVi(Hl HL1 )

hJ,AViHO.
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By density of H H ', the above equality holds foru 2 H" as well, and henceA : H'

HOIH O is symmetric.
On the other hand, if A :H" H 91'H ©is symmetric, then foru,v2H? ,

hJ,AyVi(Hl ,Hl ) = hA\U,ViHO

= hJ,AViHO
= hJ,AVi(Hl HL )
showing that AYv = Av 2 H! which implies that A = AY 2 op'(Q). O

2.1.3 Elliptic operators

To prepare the way for a functional calculus on this Hilbert scale, we will de ne a notion
of ellipticity called Q-ellipticity in this subsection. We then show that for A 2 op'(Q),
r 0, Q-elliptic and symmetric we have that A as an operator onH is self-adjoint with

domain H". Furthermore, if A is invertible in an appropriate sense, thenA 12 op "(Q).

De nition 2.1.7.  We say that an operator A 2 op"(Q) is Q-elliptic if there exists a

parametrix for A of order r, that is, there exists an operatorP 2 op "(Q) such that

AP = 141 + Ry;

PA= 141 + Ry,

T
whereR1,R22 op! (Q)= g 0p*(Q).

We emphasise that the notion ofQ-ellipticity depends on Q and on the orderr 2 R.

Remark 2.1.8. In the de nition of Q-ellipticity above, we could have equivalently required
the formally weaker condition of A having a right-parametrix P; 2 op "(Q) and a left-

parametrix P, 2 op "(Q),

AP; = 141 + Ry;

P2A = 141 + Ry,
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where R{,R, 2 op! (Q). Namely, it is not dicult to deduce that this would imply
Pt P220p (Q).

We will now provide a lemma which lets us formally weaken the condition ofQ-ellipticity

in De nition 2.1.7.

For a pseudodi erential operator T 2 op(Q), we say that there exists an asymptotic

expansion

X
T T 20p™ (Q), my# 1
k=0

Lemma 2.1.9 (Borel lemma). Let fAxgi-, be a sequence of linear operators fronH !
to H! for which A 2 op™(Q) such thatmy # 1 ask!1 . There exists a linear

operator A 2 op™°(Q) such that

Proof. Let 2 C! (R) be equal to 1 in a neighbourhood of zero, and letf "kgﬁzo be
a sequence of positive humbers tending to zero in a manner to be determined shortly.

Formally we de ne

*
A= Al ("Q).

k=0
We will prove that f"ygi_, can be chosen such that this series makes sense aAd?2

op™°(Q) with the desired asymptotic expansion.

Let 2H?. Then for everyk Qandn2 Z, we have

KAK(1  ("kQ)) kun K Agkpynemay nk(1 ("kQ)) Kyn+my
k Akan+mk!H nkl ("kQ)an+m0!H n+mkk an+m0.

Let a> 0 be a number such thata< Q. The normof 1 ("«Q) from H"* Mo tg HM* M«

is determined by functional calculus as

supt™e Mo(1 ("yt)) "0 Mksups™ Mo(1 (s)) C k.
s>0

t>a
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for some constantC , and for k su ciently large so that mg myg 1. Now we choosé'y

su ciently small such that

0 "«C maxtk Ackynemi 1g< 2 k,
nj

With this choice of sequencef "¢ gi_ ,, we have just proved that the series
*
A= Al ("«Q))
k=0

converges in everyH", and de nes a bounded linear operator
A HMMoIH " n22z,

Since this holds for everyn 2 Z, it follows that A : H! ' H ! and by interpolation
(Proposition 2.1.2) A 2 op™(Q). Note that with this xed choice of f"ygi_, we have

proved the stronger result that the “tail' of A

Al ("«Q))

k=N+1

converges in everyH® and de nes a linear operator in op™~+1(Q).

Now we prove that A has the desired asymptotic expansion. For everfN > 0 we have

X R
A Ay = A ("kQ)+ Al ("kQ))
k=0 k=0 k=N+1
Since is compactly supported, it is easy to see that the rst summand has order 1
for every N 0, and the second summand has order at mosty +1 due to the result just

proved. O]

Corollary 2.1.10. Suppose thatA 2 op'(Q) has an inverseB 2 op "(Q) up to order
1. That is,

AB = 141 + Ry;

BA = 141 + Ry

whereR1, R, have order 1. Then A is Q-elliptic.
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Proof. SinceRj1 has order at most |, we can use the Borel lemma to construct an operator
B9 such that

0 R o
B ( 1)'BRY.
k=0
Then AB? 1 has order 1 . Similarly we can construct a left inverse. O

The condition for Q-ellipticity in Corollary 2.1.10 corresponds to a de nition of ellipticity

by Guillemin in an abstract pseudodi erential calculus [Gui85].

Proposition 2.1.11. Let A 2 op'(Q) be Q-elliptic. If the bounded extension
A HSFT1H S0
admits a bounded inverse
A LIHIH %ot

for a specic sp 2 R, then A 1 q1 20P "(Q). Simply writing A 1= A 1 | we have

H1

that
A A=AA 1= 14,

Proof. Let P be a parametrix of A and take x 2 H! , so that
A x=(PA R2A YAP Rip)x

= PAPXx RyPx PRix+ R,A Rix.

Observe that fory 2 H!, t 2 R, we have A 'Riy 2 H%*" so that R,A 'Ry 2 H?! .
Hence,

RoA R;2 0p! (Q),

and therefore

Al=PAP R,P PR+ RA R

20p "(Q)+ op" (Q)= op "(Q). O
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Proposition 2.1.12. Let A 2 op'(Q) be Q-elliptic of order r 0. Then the unbounded
operator
A:HS'T H SIH *®

is closed for eachs 2 R.

Proof. De ne the graph norm of A on dom(A) = HS*" as
kxkg(a) := kAxks+ kxks, X 2HS''.

By de nition, A is a closed operator if and only ifdom(A) is complete with respect to this
graph norm. We will show that for Q-elliptic operators, the graph norm is equivalent to
k ks+r, which immediately implies that HS*" is complete with respect to the graph norm.

First, we have that
KAxks + kxks k Akys+riy skxkser + KQ "kysiy skQ"xks
kXKs+r .
Next, let P be a parametrix for A, and take x 2 H 1 so that

kas+r k PAst+r + kRZst+r
k PkHs!H s+rkAst+ kRzkHs!H s+rkas

kAx ks + kxKks.

The assertion of the proposition is now immediate. O

Elliptic operators have a property which is often called elliptic regularity, or maximal

subellipticity.

Proposition 2.1.13. Let A 2 op'(Q) be aQ-elliptic operator. If x 2H 1 is such that
Ax 2HS foran s2 R, thenx 2 HS*",

Proof. Take x 2 H ! , and suppose thatAx 2 HS. Then PAx 2 HS*", which implies

that
X =PAX Rox 2HS'T, O
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Finally we will now show that if A 2 op"(Q),r 0is Q-elliptic and symmetric, then A is
self-adjoint with domain H'". Recall from Section 2.1.2 thatAYjy: 2 op"(Q), and for any

s 2 R, we have that
bAU, Vi s 1y sy = U, AV (geer g s 1y, U2HS " v2H S, (2.2)

And, by Proposition 2.1.6, forr  0we have that A = AY if and only if AP H" HIH

is symmetric.

Proposition 2.1.14. Let A 2 op"(Q), r 0, be a Q-elliptic and symmetric operator.

Then A is self-adjoint with domain H".

Proof. To prove that A is self-adjoint, we need to show that the Hermitian adjoint of the

closed operatorA : H" H 91H © writing A ° := A0

A°:dom(A° H%1H 9
has domaindom(A °) = H'. Recall that, by de nition,
dom(A °) := fu2H?%:9v2H%suchthat8 2H'" hu,A igo = hv, iqog.

If uuv2H%and 2H", then by (2.2) and Proposition 2.1.6,

hJ,A iHO hA\yU, I(H THM)
= hA\U, I(H r7Hr);
h/, iH0: h/, I(H rHT)-
SinceH' separates the points ofH ", we have that for u,v 2 H?,

hA\U, I(H r’Hr): h\/, I(H rHT) 8 2Hr,

if and only if
Au=v2H ",

Hence,

dom(A °) = fu2H?:9v 2 H such that Au = vg

=fu2H%:Au2H%.
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By elliptic regularity (Proposition 2.1.13) it follows that dom(A °) = H", completing the
proof. O

2.2 Functional calculus for elliptic operators

Due to the results in the previous section, we know that for aQ-elliptic symmetric operator
A2 0p(Q), r O the operator AP HT HIH is self-adjoint. Hence, we can ask
when the operatorf (Kr’o) de ned via the Borel functional calculus is an operator inop(Q).

—~S*r,s

An obstacle for a naive approach is thatf (A ) is not easily de ned for s 6 0 as an

—S+ . .
operator onHS3, asA* " is generallynot normal or symmetric as an operator onH*® when

—~,0

A " isonH. Indeed, Proposition 2.1.5 tells us that this is only the case when

A = Q ZSAQZS.
The main idea in this section is the following. A functional calculus for the self-adjoint Q
itself as a pseudodi erential operator is not di cult to construct. Namely, for measurable

f :R! C, one can denef (Q) as an unbounded operator onH [Sch12, Theorem 5.9],

with operator norms

Kf (Q)Kns+miy s = kQ3f (Q)Q ° Mk = kf (x)x Mk, (E)
which gives a quick and appropriate condition forf (Q) 2 op™(Q) (here, E is the spectral
measure ofQ, see De nition 2.2.2 below for a precise de nition ofL; (E)). We can further
exploit this by the insight that for a Q-elliptic symmetric operator A 2 op'(Q), r > 0,
in fact the norms kQS k and khAi+ k are equivalent, wherehxi := (1+ jsz)%. If we can
provide that
H(Q) = HS(PAIT), 0p*(Q) = op*(hAir),

we can then obtain a functional calculus forA on the Sobolev space$i(bAi rl) as easily

as for Q above, which lets us conclude thatf (A) 2 op(Q).

Proposition 2.2.1. Let A 2 op'(Q), r > 0 be Q-elliptic and symmetric. Then N

(1+ AZ)% extends to an invertible positive self-adjoint operator onH, and

domQ® = dom mit .
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The norms kQ® ky and khAi T ky are equivalent on this subspace dfi. Therefore, Q and

hAi 7 de ne the same Sobolev scale
H3(Q) = H® hAir
and we have

op'(Q) = op' PAI T .

Proof. The rst statement follows from Proposition 2.1.14. For the remaining statements,
it su ces to prove that
(1+ A% Q %1

extends to a bounded operator onH for all 2 R, as this would imply for 2H?!,
khAi7 ky kh AiTQ Sky kQS ky . kQ® ku,
and an analogous estimate in the other direction.
Let P be a parametrix for A, so that AP = 1+ R with R 2 op! (Q). Since
(1+ A®)P?= P2+ A(1+ R)P = 1+ P?+ R+ ARP

and P2+ R+ ARP 2 op ?(Q) and similarly for (1+ A2)P?, it follows that the operator
1+ A? is also Q-elliptic due to Corollary 2.1.10. Since A is self-adjoint with domain
H', applying Proposition 2.1.11 gives that (1+ A%) 1 2 op % (Q). We therefore have
(1+ A2k 2 0p*"(Q), k 2 Z. This in turn gives that H1  dom(1+ A2)Z forany z 2 C.

We use the Hadamard three-line theorem, so de ne the function
F(z) = hx, (1+ A9)™Q 2M'yj,, z2C,

wherem 2 Z and x,y 2 H! are xed. Let fe,g.on H ! be an orthonormal basis of

H, then

®
F(z)= I (1+ A)™ejighe,, Q ™ yiy. (2.3)
n=0
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Using the dominated convergence theorem, it can be seen that 7! hx, (1+ A2)™eyiy
and z 7! he,, Q 2™"yiy are continuous maps. Applying the Cauchy Schwarz inequality
to the series (2.3) yields
jhc, (L+ A% enipjihen, Q *™ yinj k (1+ A%)™*xkykQ 2™ yky,

n=0
which is uniformly bounded on compact subsets ofC due to the continuity of the right-
hand side. We can therefore apply the dominated convergence theorem again to deduce
that F(z) is a continuous function itself. Furthermore, this uniform boundedness yields

through Fubini's theorem that if  is a closed loop inC then
Z 2 Z
F(z)dz = h, (1+ A2)™ e ighe,, Q 2™ yiy dz.
n=0
Using Fubini's theorem once more, we have that
z 2 Z z z , ,
F(z)dz= ()™ dzhx,dE™* A e iyhey, dEQ “yiy = 0,
n=0 (Q ) (1+A2)

so that we can conclude by Morera's theorem thatF (z) is holomorphic.
Sincel+ A2 and Q are positive operators and

supjx'tj = 1,

x>0

it follows from the Borel functional calculus that for s 2 R,

JF(IS)J — jh(l+ AZ) imSX,Q 2imsr y|HJ

k XkH kka .
Likewise,

JF(1+ |S)J — Jh(1+ A2) imSX,(l+ AZ)mQ 2mrQ 2imsr ylHJ
k (1+ A)™Q 2™k kxki Kyk,

which we know to be nite since m is an integer.
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The Hadamard three-line theorem (see e.g. [BL76, Lemma 1.1.2]) now gives that for

2 (0,1,
FO)I maxiF( +is))
maxiF (is)] @) maxjF (1+ is)]
k (1+ A2)MQ 2™k, kxky Kyky .
Hence, with 2 (0,1) andm 2 Z,
k(1+ A)™ Q ™" kyyy Kk (1+ A)™MQ M kyy

which proves that (1+ A2)™ Q 2M" extends to a bounded operator orH for all m 2 Z,

2 [0,1]. ]

De nition 2.2.2. Let E be a spectral measure ofR with the Borel sigma algebra. For a

Borel measurable functionf : R! C we de ne the essential supremum seminorm

kfk., )= supfy 2 R : E(jfj *((y,1)))= Og,

which denes L; (E) in the usual way, namely as the quotient of the set of measurable
functions with nite seminorm, by the set of those of zero seminorm. In the same way we

dene L; (E) by the seminorm

KTk @)= kx 7 EOORKE ki, (),
forany 2 R, wherehxi = (1+ jxj?)¥ 2.

Theorem 2.2.3. Let A 2 op'(Q), r > 0, be Q-elliptic and symmetric, and let E denote

its spectral measure. Iff 2 L; (E), 2R, then
f(A"™) 2 0p" (Q),
and we simply writef (A) ;= f (Kr’o). More precisely,
kf (A)kys+riy s Csakfk

L: (E)’
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Proof. Let A 2 op"(Q), r > 0be Q-elliptic and symmetric. Using Proposition 2.2.1, we re-
placeQ by hAi T sothatA 2 op' (hAi rl) is Q-elliptic and symmetric. By Proposition 2.1.14,
the operator

A0 HT(MAIT) HIH
is self-adjoint; we denote its spectral measure bye. Then for f 2 L, (E), using Borel

functional calculus to de ne f (Kr’o), we have
KPAPFE (A )PAT 7k = KEA )AL ke = Kk gy <1,

which shows that f (Kr’o)jHl 2 op' (hAI rl). Converting this estimate back into an esti-

mate on the spaceH*(Q) introduces the constant Cs a . O

Theorem 2.2.3 has a converse in the following sense. A 2 op' (Q), r > 0 is an arbitrary
Q-elliptic symmetric operator and if f : R'! C is such that f (A) 2 op' (Q), then the
proof of Proposition 2.2.1 gives thatf (A)(1+ A2) /2 is a bounded operator onH. This
happens if and only iff ki 2 LY (E) [Sch12, Theorem 5.9], i.ef 2 L, (E).

Corollary 2.2.4. If A2 op'(Q),r > 0is symmetric and Q-elliptic and if f : R! C is

a bounded Borel measurable function, then for any 2 R we have
Kf (tA)kysiv s Csa supjf (x)],
X2R

independent oft 2 R.

Proof. Like in the proof Theorem 2.2.3, we have

KECAIK s aitym smity = KTtkee @) SUPIT (),

where we wrotef(x) := f (tx). O

We say that two normal (potentially unbounded) operators A, B strongly commute if all

their respective spectral projections commute.

The functional calculus constructed in Theorem 2.2.3 can easily be extended to a larger

class of operators. For example, orR¢ we have that idiX is not (1 D)%—elliptic, but
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it does commute strongly with a (1 D)%—elliptic symmetric operator, namely (1 D)%
itself. The following proposition shows that a functional calculus for i% does exist in

op(1 D)% for this reason.

Proposition 2.2.5. Let A be a self-adjoint operator onH with spectral measureE. If
there exists aQ-elliptic symmetric operator H 2 op"(Q), h > 0 such that A strongly
commutes withH "* : H? HI1H , thenfor f 2 LY (E) we have thatf (A) 2 op®(Q). If
A 2 op' (Q) itself for somer 2 R, we have thatf (A) 2 op" (Q) for f 2 L, (E), 0.

Proof. In light of Proposition 2.2.1, we can assume without loss of generality thatH = Q.

If f 2L9 (E), thenf(A):H!H is a bounded operator, and for 2H?! we have
kf (A) kyk = kQ¥f (A) ky k f(A)ks k kyv, k2 Z,

which shows that f (A) 2 op®(Q) through interpolation (Proposition 2.1.2). The second
part of the proposition is proved similarly, after the observation that the Hadamard three-
line argument in the proof of Proposition 2.2.1 goes through forA if m 2 N, i.e.

(1+ A?) Q 2" is bounded for 0. O

Let us now compare the functional calculus of Theorem 2.2.3 with other examples. For
classical pseudodi erential operators, pseudodi erential operators in the Beals Fe erman
calculus, and a generalisation thereof on manifolds, general functions i 2 L, (E) are
much too rough to guarantee thatf (T) is again a pseudodi erential operator of the same
class [Str72; Bon13]. To emphasise, our results provide that for such rough functiorfs the
operator f (T) is well-de ned and maps boundedly between appropriate Sobolev spaces,
but nothing more. The typical function class that allows concluding that f (T) is again a

pseudodi erential operator of the right type, is the following [Str72; Bon13].

De nition 2.2.6. For 1 R an interval and 2 R, we dene S (I) as the class of

smooth functionsf : 1 ! C such that
kf ks (1) := supjf )i <1, k2N.
x21

The quantities above are seminorms.
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From this perspective, the operator classOP(Q) (recall De nition 2.1.3) behaves more

like typical pseudodi erential operators.

Theorem 2.2.7. Let A 2 OP'(Q), r > 0, be Q-elliptic and symmetric, with spectrum

(A). If £ 2 S ( (A), 2 R, then the operatorf(A) 2 op" (Q) dened in Theo-
rem 2.2.3, satis es

f(A) 2 \ OP" *'(Q).
"0

To prove this theorem, we need to estimate the appropriate operator norms of the re-
peated commutators (f (A)). As mentioned in Section 1.3, this is exactly what multiple
operator integrals are for. The proof of this theorem will hence be provided in Chapter 3,

as a consequence of Theorem 3.4.2.

Remark 2.2.8. It is unknown to the author whether the conclusion of Theorem 2.2.7 can
be strengthened to
f(A)2 OP' (Q).

2.3 Functional calculus for zero-order operators

In Section 2.2 we proved thatQ-elliptic symmetric operators in op' (Q) for r > 0 admit a
functional calculus. The approach of that section does not apply for the case = 0. To
illustrate how di erent the zero-order case is, consider the situation whereQ = ( 1 D)%
on Lo(M) where M is a compact subset ofR9. We have that for : M ! R, the

multiplication operator

M :La(M)! Ly(M)

7! ,

where (x) = (x) (x), is in op°(1 D)% if and only if is smooth. Iff(M ) 2
op®(1 D)z forall M 2 op?(1 D)z, then the identity

f(M )= M
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shows that the function f has to be smooth itself and no functional calculus with general

functions in L, (E) is possible; smoothness is a necessary condition.

For op%(Q) we therefore use a di erent strategy altogether. An approach by Davies [Dav95c;
Dav95b] on the construction of a functional calculus using almost analytic extensions di-
rectly applies. The technique was introduced by Hérmander [H6r69; Ho6r70], and subse-
quently used in various contexts by many authors, though the formula is often called the
Hel er Sjostrand formula due to their independent rediscovery in [HS88]. For detailed
notes on the historical origins, see [HOr69]. Using almost analytic extensions to obtain a
functional calculus for pseudodi erential operators has precedent in the works of, amongst
others, Hérmander [H6r69], Dynkin [Dyn70; Dyn72], Hel er Sjostrand [HS88], Dimassi
Sjostrand [DS99, Chapter 8], and Bony [Bonl3]. In an interesting twist, some of the
earliest applications by Hel er and Sjostrand of this formula occured in the study of the
Schrddinger operator and its density of states [HS88; HS89; Sj691], the main subject of
Chapters 5 and 6 in this thesis (but in which these extensions make no appearance). For

the details of this construction we follow Davies [Dav95b][Dav95c, Section 2.2].

De nition 2.3.1  ([Dav95h]). Let f 2 C! (R). Recall that hxi := (1+ jsz)%. We de ne

an extensionf :C! C by

f(x+iy) = (y/ i) X f (k)(x)M,
o k!

where N land :R ! R is a smooth bump function with (s) = 0 for jsj > 2,

(s) = 1for jsj < 1. Then we have

lZ

f(x)= = . g(z). (z x) 'dz, x2R,

independent of the choice of and N. We refer to f as an almost analytic extension off .
De nition 2.3.2. We dene T (I) as the space of smooth function$ :1 ! C such that
Z
Kikr iy = iF@jxi*  tdx<1, k2N.
|

Recall that we previously put

kfks (yx = supjf ©@(x)jwi* <1, k2N.
X221
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Hence, in casd = R, we note the inclusions

[ SRI(TMER(SR(L(E), 2R,

<

for any spectral measurekE.

Theorem 2.3.3 ([Dav95b]). Let f 2 Cl (R) with almost analytic extensionf as in

De nition 2.3.1, so that

7 |

f(x)= 1 g(z). (z x) 'dz, x2R.

C

For any closed, densely de ned operatoH with (H) R, if forsome 2 R o we have

the estimate

1 hei
k(z H) 'k . - _ ., z2C R,
(@ W Comi o
then we have that
12 @ .
f(H)= — —(z H dz
(H) =Ca)

de nes a bounded operator onH independent of the choice oN > and in the con-
struction of the extensionf , with

K1
kf (H )k]_ kf kTO(R),k'
k=0
The integral should be interpreted as & (H)-valued Bochner integral. In caseH is self-

adjoint, this agrees with the continuous functional calculus.

We thank Dmitriy Zanin for providing a key step in the following proof, which is an

adaptation of an argument by Beals [Bea77, Lemma 3.1].

Proposition 2.3.4. Let X 2 op'(Q) be such that[Q, X ] 2 op"(Q). If the extension
X tHS*TIH S0

has a bounded inverse

X LiHSIH st
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for one particular sp 2 R, then X 1! 41 20p "(Q). We haveXX Ui = X Xjyr =
141 . In particular, if X 2 op"(Q) and [Q,X] 2 op'(Q) with r 0, then we have as

(unbounded) operators
(X :HS*T H So1H So)= (X :HST H SIH %)

for all s2 R, where denotes the spectrum of the operator.

Proof. Sinceop’(Q) = op®(Q) Q', it su ces to prove the proposition for r = 0.

Suppose thatX 2 op®(Q) is a bijection on HS I H S0 and write X 1 :HS | H So
Then X restricts to a necessarily injective mapHS*1 1 H So*1  \We now prove that

X :HS*11IH so*lis also surjective.

We follow [Bea77, Lemma 3.1], lling in some omitted details. Takev 2 H %0*1 then there

existsu 2 H% with Xu = v. Let "> 0, then ;%5 2 0p°(Q), and

Q _ Q 1

1T ,,Qu— 1t "QX \
oy 1. Q i1 @ 1
X 1+"QV X 1+"Q’X X v
Now, the HS° norm of the right-hand side is bounded independent of":
Q :
1+ "Q psoriiy so k QKpsor1ipy s0;

Q

TR LA C ) Q,X1(1+ "Q) kusor Hso K [Q, X IKusom <o-

This implies that u 2 HS*1, a fact that can be quickly veri ed with the spectral theorem

and Fatou's lemma. Therefore,
X tH®ThH st

is a bijection. By induction and interpolation (Proposition 2.1.2), the same assertion holds

for eachHS, s sg.
Finally, it is a basic fact that the adjoint of a bijective operator is bijective, i.e.

X% = XYjy sp:H S IH %
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is a bijection (recall the notation from Section 2.1.2). Since
[Q. XY= [QXV20p’(Q),
we can apply the same arguments as above to deduce that
XY:H SIH S
is a bijection for all s Sp. This implies that
X = XW:HSIH ©
is a bijection for all s sg. O
As an aside, one may wonder how for > 0 the condition A, [Q,A] 2 op' (Q) compares to
the condition of A being Q-elliptic used in the previous section. The following consequence

of Proposition 2.3.4 shows that, under the assumption thatA is self-adjoint with domain

H", Q-ellipticity is a weaker condition.
Corollary 2.3.5. Let A2 op"(Q),r> 0, be such that
A:H" HO%IH ©
has a non-empty resolvent set (for example ifA is self-adjoint with domain H'), and
suppose that[Q, A] 2 op"(Q) as well. ThenA is Q-elliptic.
Proof. By assumption, there existsz 2 C such that
z A:H" HO1H O

is invertible, and because[Q, A] 2 op' (Q) it follows that (z A) ' 2 op "(Q) by Propo-
sition 2.3.4. Now,
A(z A) 1= 1+z(z A L

In other words, (z A) !is an inverse ofA modulo op "(Q). Corollary 2.1.10 gives

that A is Q-elliptic. O
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This following type of estimate on the resolvent also appears inp-boundedness problems,

see [Dav95a; Dav9sb; JN94].

Lemma 2.3.6. Let A 2 op®(Q) be such that[Q,A] 2 op®(Q) and A°° : H ! H s

self-adjoint. Then for all s2 R, there is a constantCgs > 0 such that

1 i 2¥ 1
k(z A 1k s s Co——+ - "
(2 A) *F@i = @i

, z22CnR.

Proof. The proof is by induction and interpolation (Proposition 2.1.2). For s = 0, the
estimate holds by self-adjointness oA%°. Note that (z A) 12 0p°Q) due to Proposi-

tion 2.3.4.

Suppose the inequality is proved for a xeds2 R . Then for z2 CnR,

k(Z A) lkHs+1!H s+1
=kQ(z A) 'Q ks s
k (z A) 'kusw s+ k(z A) [QAl(z A) 'Q Tkusim s

k (z A) kns s 1+ K[Q,Al(i + A) knsy sk(i+ A)(z  A) ks skQ kysi s

Note that (i + A) 12 op®(Q) by Proposition 2.3.4, so that for some constantBs > O,

K[Q,Al(i + A) 'knsiy skQ 'kysy s Bs.
Using the resolvent identity, we have

(i+A)z A) '=(i+2(z A ! 1
and therefore
k(i+ A)(z A) *knsw s L+ jz+ijk(z A) kusim s,

This yields

k(Z A) 1kH5+1!H s+1 K (Z A) 1kHS!H s(1+ BS)
+jz+ijBsk(z A) WPsyy s

(1+ Bok(z A) kysiy s (1+jz+ijk(z A) kysiy s).
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This estimate also holds withjz ij on the right-hand side, and min(jz + ij,jz ij) h zi,

so that
k(z A) Ykysiuy s (1+ Bok(z A) Ykysiy s (1+ teik(z  A) Ykpsy s),

from which the claimed estimate follows. Induction and interpolation now provide the

estimate for alls 0.

The cases 0 is proved in the same manner, using induction in the negative direction.

Namely, the norm
k(Z A) 1kH5 1l s 1 = kQ l(Z A) 1QkH5!H s

can be estimated as before. O

We now arrive at the main result of this section, a functional calculus forop®(Q).

Theorem 2.3.7. Let A 2 op®(Q) be such that[Q,A] 2 op®(Q) and A°° : H I H s
self-adjoint. For f 2 C! (R),
f(A) 2 0p’(Q).

Speci cally, we have the estimate

d2e+1
kf (A)kHS!H s kf kTO(R),k'
k=0

Proof. Without loss of generality, we assume thatf 2 C! (R). As A 2 0p°(Q), it extends
to a bounded operator
A HSIH S, s2R.

Furthermore, by Proposition 2.1.11, we have
(z A) '20p%Q), z2cCnR.
Theorem 2.3.3 and Lemma 2.3.6 combined give that

f(A>°):HSIH S, s2R,
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is a bounded operator with the norm bound as claimed. By construction, for 2 H1 we

have that

f(RSS) = z @ =S5\ 1 s
(A ) = @(Z A ) dz 2H°,
C

as anHs-valued Bochner integral. It is clear that
“S,S 1 _ 1
(z A™) g (z A) -,

and therefore these arguments show that for 2 H! the integral

7 ~
@ .
. @(z A) *dz

can be evaluated as a Bochner integral in each Sobolev spakE. Hence
4

@ 1
7! —(z A dz
c @( )
forms a bounded linear map onH? ; denote this operator by f (A) : HY ' H 1. Then

sincef (A) agrees withf (A*°) on H! , we must have
fA)™" = (™),

and thus we havef (A) 2 op?(Q). O

Similarly to the Q-elliptic case, we also provide a theorem forOP%(Q) (recall De ni-
tion 2.1.3) for which the proof will follow in Chapter 3 using a multiple operator integral

technique. Speci cally, it is a consequence of Theorem 3.4.2.

Theorem 2.3.8. Let A 2 OP%Q) be such thatA’® : H I H s self-adjoint. For
f 2 C! (R),
f (A) 2 OP%(Q).

Theorem 2.3.7 and Theorem 2.3.8 are consistent with [Bon13, Theorem 3], which provides
a functional calculus for zero-order pseudodi erential operators on manifolds forf 2
C! (R). Since our pseudodi erential calculus is vastly more general, our results are both

more general and less speci ¢ than that in [Bon13].
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Chapter 3

Multiple operator integrals as
abstract pseudodi erential

operators

Thanks again, and work even harder!!!

Fedor Sukochev

Like Chapter 2, the content and exposition in this chapter has appeared previously as
part of the preprint [HMN24], joint work with Edward McDonald and Teun van Nuland.
For this chapter, we are indebted to discussions with Fedor Sukochev and Dmitriy Zanin.
The main result of this chapter, Theorem 3.2.5, is a construction of multiple operator
integrals adapted to the abstract pseudodi erential calculus of Connes and Moscovici.
The other main results of this chapter are a more speci ¢ version of this MOI construction
in Theorem 3.3.3, a noncommutative Taylor expansion in Theorem 3.5.5, and a result on

the existence of asymptotic trace expansions in spectral triples in Corollary 3.6.6.

Due to the results in Chapter 2, we have a functional calculus for abstract pseudod-

i erential operators A 2 op(Q). As explained in Section 1.3, it would be incredibly
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useful in the eld of noncommutative geometry if we can de ne multiple operator inte-
grals (MOls) for this abstract pseudodi erential calculus. There are two closely related
constructions we could employ here: Peller's approach [Pel06; Pel16] and Azamov Carey
Dodds Sukochev's [ACDS09]. The former works with a very general class of symbol
functions, constructing MOls for operators on Hilbert spaces. The latter considers a more
restricted class of functions and achieves stronger results as a consequence (Fréchet ver-
sus Gateaux di erentiability), and notably achieves this in the more general setting of
semi- nite von Neumann algebras. Since we wish to keep our symbol functions as general
as possible and the results in Peller's work su ce for our purposes, we will use Peller's

approach as a blueprint to construct MOls of pseudodi erential operators.

In Section 3.5 we will provide asymptotic expansions for these MOIs including a non-
commutative Taylor expansion, which we will apply in Section 3.6 to noncommutative
geometry, answering a previously open question on the existence of asymptotic expansions

of heat traces in spectral triples.

Throughout this chapter, we x a positive invertible operator Q on the separable Hilbert

spaceH, which yields a scale of separable Hilbert spacef#l Sgs,r by De nition 2.1.1.

3.1 Operator integrals

We start with standard de nitions and results on measurability and integrability of oper-

ator valued functions.

De nition 3.1.1. Let Ho,H; be separable Hilbert spaces and €W, S, ) be a measure
space with complex measure. A functionf : W! B(H1,Hg) is called weak operator
topology measurable (weakly measurable for short) if for all 2 Hg, 2 H 1 the complex-
valued function

L7h f(0) ing, ! 2 W,

is measurable. Similarly, f is said to be weak operator topology integrable if for all and

the above map is integrable.
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Lemma 3.1.2. [LMSZ23, Lemma 1.4.2] Let Ho,H1,(W,S, ) be as above, and lef :

W! B(H1,Ho) be weakly measurable. Then the norm function
D 7VKE (D )kigH o0 ! 2 W,

is measurable. If moreover

Z
KE( ke o §(1) < 1,
W

then there exists a uniqud; 2 B(Hq,Hg) such that

Z
h,lf iH0: Wh,f(!)iHOd(!), 2H0, 2H1,

and 2

KltKhaH o ka (MKuyH o di ().
R
We then write It =, f(!)d (!).
Proposition 3.1.3. [DDSZ20, Lemma 3.11] Let (W, S, ) be a - nite measure space,
leta:R W! C be measurable and bounded, and I¢t be an (unbounded) self-adjoint

operator on H. Then
L7 a(H,!)

is weakly measurable.

Proof. Though [DDSZ20, Lemma 3.11] is only formulated for boundedd , the unbounded

case follows with the same proof. O

Lemma 3.1.4. Let Ho,:::,H2n+1 be separable Hilbert spacesX; 2 B(Hyi,H 1), and

let fi : W! B(Hj+1,H2) be weakly measurable functions. Then

W! B(H2n+1,Ho)
D7 fo(t )Xafa()  Xafa(!)
is weakly measurable. Furthermore, if

y4
Ko DKum o K (1 )Keam o A J(E) < 1,
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the map

B(H1,Ho) B(Ha2n 1,Ha2n 2)! ?(HZmHO)

(Xl,ZZ:,Xn) 7! Wfo(! )lel(!) ann(!)d (!),
whose existence follows from Lemma 3.1.2, iso-continuous when restricted to the unit
ball in each argumentB (Hyj,Hoi 1).

Proof. The rst part of the lemma is a consequence of the fact that the pointwise product
of weakly measurable functions is weakly measurable, see [DDSZ20, Lemma 3.7].
The so-continuity follows from the joint continuity of the multiplication

(X1,::1,Xn) 7 ag(Ho, ! )X1a1(H1, ')  Xnan(Hn,!)

in the strong operator topology when restricting to the unit balls [Bla06, Section 1.3.2],
in combination with the Dominated Convergence Theorem for the Bochner integral of

Hilbert space-valued functions [DS88, Corollary 111.6.16]. O

Recall the de nition of L, (E) in De nition 2.2.2, and that we use the notation k k; for

the essential supremum.

Lemma 3.1.5. Let (W,S, ) be a - nite measure space, leta: R W! C be measurable

and bounded, and letE be a spectral measure oH. Then the functions
L 7vka(,! kg, b 7hka(, ! )keg (g

are measurable.
Proof. Both claims can be proved with the Fubini Tonelli Theorem or by combining
Lemma 3.1.2 and Proposition 3.1.3. It is vital that k k; is the essential supremum,

and that E is a spectral measure on aseparableHilbert space as pointed out in [Nik23,

Remark 4.1.3]. O
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3.2 Multiple operator integrals as abstract pseudodi eren-

tial operators

In this section we construct multiple operator integrals following Peller [Pel06; Pel16]. His
MOiIs are constructed with symbols in integral projective tensor products
L1 (Eo) i  "iL1 (Ep) for spectral measuresEy, :::, E,. A precise study of this integral

tensor product can be found in [Nik23]. We rst generalise this integral tensor product.

De nition 3.2.1. Let &, :::, G, be function spaces of bounded measurable functioRs!
R equipped with (semi)normsk kg, K2 N. We dene & i G, as the set of
functions :R"* 11 C for which there exists a decomposition
Z
(ot n)= Wao( o!) an( nt)d () (3.1)

where (W, ) is a - nite measure space,a; :R W! C is measurable,ai(,'!) 2 G, the

functions ! 7'kai(,! )kg k are measurable for eachi and k, and

z
Wkao( A )Kako  Kan( ! )ke ik, 0 J(P) < 1. 3.2)

We de ne the seminorm
k kGo i iGn,ko,ZZZ,kna k01:::,kn 2 N
to be the in mum of the quantity (3.2) over all representations(3.1).

Remark 3.2.2. We have that
G G G i i Gh,

where denotes the algebraic tensor product for topological vector spaces. We refrain from
answering the question whether the space in De nition 3.2.1 is in general the completion

of the algebraic tensor product under the given seminorms.

Note that due to Lemma 3.1.5,ifa: R W/! C is measurable anda(,!) 2 S (R),

we have that! 7! ka(,!)ks (ry« is measurable, and the same claim holds fol (R)
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and L, (E) (recall the de nitions of the spacesS (R), T (R) andL; (E) respectively in
De nition 2.2.6, De nition 2.3.2 and De nition 2.2.2). Hence the construction in De ni-

tion 3.2.1 can be applied for these spaces without this extra assumption.

For L, (E) with E a spectral measure, this gives the integral projective tensor product
L:1°(Eo) i iL1"(En) = L1°(Eo) i "iL1"(En),
which appears in particular for ¢ = = , = 0in the works by Peller [Pel06, pp.6, 7].
Remark 3.2.3. Observe that
S°R) i iS"(R) L;°(Eo)"i “iLy"(En)
no matter what spectral measures; are taken.
Proposition 3.2.4. If 2 S °(R) ; iS"(R)and 2 S°(R) | i S "(R),
then
F(o::y )= (oityn) oz n)2S 0" °(R) iS "t "(R).

An analogous statement holds for the spacds; (E).

Proof. According to De nition 3.2.1, we can nd - nite measure spaces(W, ), (S, )

and measurable functionsa; :R W! C,bh:R S! C such that
Z

(0, n)= ZWao( o!) an( nt)d (1)
(o0, n)= st( oo ) (o )d ().
As observed above, the maps
I 7 kai( ! )Ks 1 (r)k

are measurable, similarly for the functionsh.

Using Tonelli's theorem,

4
ao( 0.!)o( 0. ) an( n,!)bn( 0, ) dC (1, )
w s .
h of % hpai """ kag(,!')ks oo kan(,!)ksnod (1)
- w
Ko(o Jksoo  Kbn(, JKsnod (1)< 1.
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Hence, by Fubini's theorem

Z
Flonn)= @l o) o ) an(n ) a, )dC ), ).

The factthat F 2 S °* o(R) i S n* n(R) now follows from the computation
|

X m
ka-k(1!)h((! )kS k* k,m J kak(1!)ks k,jkb((! )kS k,m j-
i=0

The following theorem is the rst main result of this chapter. It is a construction of
multiple operator integrals adapted to the abstract pseudodi erential calculus by Connes

and Moscovici which we have seen in Chapter 2.

Theorem 3.2.5. Let H; 2 op"(Q), hi > 0, i = 0,:::,n, be Q-elliptic symmetric opera-
tors with spectral measuresk;, and let 2 L,°(Ep) | i L1"(En), given with explicit

representation

Z
(o0::5, n)= WaO( 0.!) an( nt)d (1), i2 (Hi),i=0,:::,n.

Then the integral

Z

THo = (X, 10 Xn) == ag(Ho,! )X1a1(H1,!)  Xpan(Hn,') d (1), 2H?Y,
w

for X1,:::,Xn 2 op(Q), converges as a Bochner integral inH® for every s 2 R, and

de nes an n-multilinear map

P P
TR op(Q) o (@)t op 11T 1 1T(Q)
depending onW and the functions ag, :::,a, only through the symbol . For s 2 R we
have the estimate
THo =, ) PP "Xk k k
T L A I LT =1 JPRSTIH SR B 0(Eg) Ly (En)’
for some specic sy,:::,sp 2 R depending onhj,rj, j.
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For Q= 14 and ¢ = = = 0,itis immediate that & (Hj,!) 2 op(14) = B(H)
and

kay (Hj, ! Yknsim s = kay (! )keg (g,
and the above theorem reduces to Peller's construction of MOIs [Pel06; Pell6]. Hence,

this theorem is a strict generalisation of his results. The proof is a subtle modi cation of

(aspects of) the proofs presented in [ACDS09; Pel06].

Proof of Theorem 3.2.5. Fix the Q-elliptic symmetric operators H; 2 op™ (Q), h; > 0,

i = 0,:::,n, with spectral measuresE;, and the function :R"*1! C
Z
(o0::1, n)= Wao( o.!) an( nt)d(!),

where (W, ) is a nite measure space and the functionsa; : R~ W! C are measurable

and such that (x,!) 7! aj(x,! )i 1 is E; -a.e. bounded for ; 2 R.

By Theorem 2.2.3, we have thatH! ~ doma; (H;,!). Now x ! 2 Wandtake , 2H?!.
Then [Sch12, Theorem 4.13] gives that

a,-(Hj,! ) = n|!i{n aj(Hj,! ) [ n,n](Hj) ,
where | , n;is the indicator function of the interval [ n,n], becauseesssup; ,ja( ,!)j<
1 . Now Proposition 3.1.3 gives that
D70 e (Hp, ) iwe = lim Q% gy (Hj, 1) [ nny(Hj) in
is measurable for alls 2 R.

Let now X 2 op' (Q),i = 1,:::,n. Fix s2 R and de ne sg,:::,Sn+1 2 R with
X X
S0:='S, Spp+1:= S+ ihi+ 1y,
i=0 i=1

so that the operatorsa; (Hj,! ) and X; extend to bounded operators

aj(Hj,!) 2 B(H®+1 H%),

X; 2 B(H® ,H% 1),
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By the previous argument,
I 70 @ (Hj,!) 2 B(HS2+1, H%a)
is weakly measurable sincéd? is dense in bothHS2 and HS2i+1,

Using the functional calculus in Theorem 2.2.3,

kaj (HJ ) )kH52j+1!H S2j CS,HJ‘ kaj( , | )kLlj (Ej)’
and so we have that
Z
wkaO(Ho,! )X1a1(H1, ') Xnan(Hn,! )Kysansniy sod (1)
Z ¥
kXJ kHSZj IH S2j 1 kaj( ,! )k
j=1 Wi=o

dijt)<1
L3 i) <1,

where Lemma 3.1.5 ensures the right-hand side is de ned. This is a nite quantity

since g; (x,! )i 1 is E; a.e. bounded and is a nite measure space. There-

fore, Lemma 3.1.2 provides that
z

Wao(Ho,!)Xlal(Hl,!) Xnan(Hn,!)d (1)

de nes an operator in the weak sense iB (H%2"+1, H0) with
Z
Wao(Ho,! )Xi1a1(H1,!')  Xnpan(Hn,!)d (1)

HS2n+1IH So

(3.3)

w
kXjkysziy sz 1 W kay (,!)k dji j(t).

=1 j=0

With Pettis’' theorem [VTC87, Propositions 1.9 and 1.10], it now follows that for 2

Ly ()

H52n+1’
I 70 ag(Ho,! )X1a1(H1,!')  Xpan(Hp,!') 2HS

is Bochner integrable inHS. This holds in particular for 2 H?! , and ass 2 R was taken

arbitrarily it follows that for 2H? |
Z

L (Ho)Xaau(He 1) Xnan(Hn,t) d (1) 2HT .
It is therefore clear that we have a well-de ned operator

Z PP
L, 2o(Ho ) Xaar(Ha,l) - Xnan(Hn,!)d (1) 2 op T N(Q).
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The claim that this operator is independent of the chosen representation of

Z
(0:::y n)= ao( 0,') an( n,')d (1)
w

permits taking the in mum over all representations on the right-hand side of the esti-
mate (3.3) giving the norm estimate in the assertion of this theorem. This independence
follows from the proof of [ACDS09, Lemma 4.3]. Namely, given, 2 H?! , itis easy to
check that ~ :H! I'H ! dened by

is an element ofop® (Q). The computations in [ACDS09, Lemma 4.3] give that, for

K, Kk 2H1 the integral

Z
WaO(HO1!) 1 .a1(Hg ) nonan(Hnp, ' )d (1) 2B(H)

does not depend on the chosen representation of, and so neither does

Y4
LoHol) s sauHL ) pan(He ) d (1) 20p" (Q).
H1
The so-density of the span off =~ : , 2 H!gin B(HS2,HS 1) combined with
Lemma 3.1.4 concludes the proof. O

Proposition 3.2.6. The MOI constructed in Theorem 3.2.5 is linear in its symbol:

THo () i X)) = T HoesmHnx o X))+ T HesHnx o0 X)), 2C.

Proof. If both , :R" 11 C have an integral representation of the required form over
measure spacesV and S respectively, then + can be decomposed appropriately
as an integral over the disjoint union Wt S. The assertion then follows by elementary

arguments. O

Remark 3.2.7. The MOI constructed in Theorem 3.2.5 is independent of the operatoiQ
de ning the abstract pseudodi erential calculus in the following sense. IfH; and X; are

operators on H such that Xijy: 2 op'(Q) and a(Hi,! )jy1 () 2 op ihi (Q) satisfying
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the conditions of Theoremp3.2.5|,3then the proof of Theorem 3.2.5 shows that we can de ne

THO Xy, i X)) s H T T py
Z
THOM N (X, 100, X)) = oo Viar(He,t) - Voan(Hn, 1) d (1) 2H,
P P

which is a map that, apart from the de nition of its domain, does not depend onQ.

Furthermore, using the functional calculus for op®(Q) in Theorem 2.3.7, we can similarly

de ne multiple operator integrals for op°(Q).

Theorem 3.2.8. Let H;,[Q,H;] 2 op®(Q), i = 0,:::,n, be such that eactH;°° is self-

adjoint. For 2 T9(R) | i TO(R) with corresponding representation
Z
(0,:i5, n)= Wao( o!) a(nt)d(),

the integral
Z
THo=Rn (0 X)) = ag(Ho, ! )X1a1(H1,!')  Xpan(Hp,!) d (1), 2H?
W
for X1,:::,Xn 2 op(Q), converges as a Bochner integral inHS for Ie__:)very s2 R, and
de nes an n-multilinear map THo**Hn - op1(Q) op"(Q)! op i'(Q).
Proof. By de nition of TO(R) ; i T°%(R) we have for allkg,:::,kn 2 N,

Z
Wkao( J)kroryke  Kan( ! )kroryk, d J(P) < 1.
The proof of the theorem is then identical to the proof of Theorem 3.2.5, using that
d21>sge+1
kaj(HJ,' )kHS!H s kaj( ,! )kTO(R),kv
k=0

see Theorem 2.3.7. O
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3.3 Divided di erences

The conditions that appear in Theorem 3.2.5 and Theorem 3.2.8 on the symbol : R"*11

C need to be analysed more closely in order to prepare these multiple operator integral
constructions for practical applications. The main result of this section is Lemma 3.3.1,
which gives that for f 2 T (R), 2 R, the divided dierence f ["l has an integral rep-
resentation satisfying the conditions of the MOI construction for Q-elliptic operators in
Theorem 3.2.5, and that forf 2 C! (R) the divided dierence f[" can be used in the

MOlIs for zero-order operators in Theorem 3.2.8.

First of all, for functions :R"*1! C itis an equivalent condition to admit a represen-

tation 7

(o0, n)= Wao( o!) an(nt)d ()
for a nite complex measure space (technically: of nite variation) (W, ) and measurable
functionsg : R W! Csuch(x,!) 7! a(x,! )i iisE; -a.e. boundedfor ; 2 R,

or a representation
V4
(0’:::! n): Skb( 0y ) b']( ny )d()!

where S is a - nite measure space,j : R W! C measurable, and
z

Sktb( ’ )kLlo(EO) kh’l( ’ )kLln (En)dj J( ) < 1 .
Namely, given the second representation, a representation of the rst type can be obtained

by putting [ST19, p.48]

o oy=_BCi) —
g )= kb (', )JkLlj(Ej)’ ()= k(o Ik oy kG Dk e,y O

We now again use the construction of an almost analytic extension (see De nition 2.3.1)
to provide an explicit integral representation for f 2 T (R). Recall the de nition of the

product ;, De nition 3.2.1.

Lemma 3.3.1. 1. Taken 2 N, let be some real number with 1 n, and

. . P
consider any collection of real numbers 1 0,..., n Osuch that j = n.
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Then
f2T (R)) flMN2soR) i S "(R),

where for eachkg,:::, ks 2 N we have

kf [n]( (P n)ks o(R) i iS n(R),ko,:kn * Kf kr (R).r-

2. Let n. Then

X
f2T (R)) flnl2 S °(R) | S "(R).
Po.ii n O
j= N
For each component 2 S °(R) i S "(R) in the (nite) decomposition, we
have
P n
n+ X:ij +2
K Ksor) | S n(R)koitkn ° kfkt (ry.r-
r=0

3. Let n. Then

X
f2T (R)) f[”]ZP S °(R) i S "(R).
= n
For each component 2 S °(R) i S "(R) in the ( nite) decomposition, we
have
P n
n+ X:ij+2
K KsoRy | 1S n(R)koiikn - kfkr (R)r-
r=0

Proof. 1. For g2 C! (R) with almost analytic extension §, we have
Z
17 @ 1
Xx)= = —(z X dz,
)= = Gz %)

and hence

Z
e ... _(D)"” @
g (0,..., n) C@
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Now takef 2 T (R) with n and with almost analytic extension f . Directly from
De nition 2.3.1, writing  (2) := (h<(z) ), it follows that (cf. [Dav95a, Section 2.2])

P\ r - N
(0@ D @i @) S E) TEE (o)

r:

NI =

@
@
We de ne

U:=1fz2C:h<(2)i < j=(2)j < 2h<(2)ig, V:=fz2C:0 j= (2)j< 2h<(2)ig,

and note that the support of is contained inV, while the support of x and  are

contained in U. More precisely,

<@+ 1@ i 0@,

Therefore we have the estimate [Dav95b, Lemma 1]

Z ~
i gjz il iz o ldz
Z Z
if V(<@)ii= @i " *h<(z)i Tdz+ FNTD(<(@2)ji=(2)iN " dz
r=0 Vv
rx+1Z N+ 1
ij O (x)jxi"™ ™ tdx = Kf Ko (Ry.rs
r=0 r=0

where the last estimate (integration over the imaginary direction) is justi ed when

N n+ 1

Hence the integral

C@(Z ot (z ) tdz

(yn?

converges.

Since [Dav95b, Lemma 6] gives thatC! (R) is dense inT (R), the Lebesgue
dominated convergence theorem then gives that the identity (3.4) extends to all

f2T (R), n, i.e.

T i —(z Dl (2w ldz
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In order to show that this is a decomposition as described in De nition 3.2.1, with

a(j,2)=(z ) 1 we will now estimate the expressions

k(z 1k = suph i gz 1
( ) Ks (R)k 2FF3 @k( )

! ! (3.5)
suphi jz ' suphikjiz jK
2R 2R
Note that, for 2 R andz2 CnR,
BN B B
Iz ) Jjz | Iz )
e (3.6)
1+ - -
= (2)]
asmin(jz+ ij,jz ij) h zi. Next, we estimate
suphi jz !
2R
for 1 0. We estimate the supremum over > 1, j land < 1
separately. First, forj j  1we havel h i pZ and so
1
suphi jz . —.
! =(2)
For > 1, we haveh i p? , so that
1 ( +<(2)

suphi jz j . sup T
> 1 > 1< (2) 2 + :(2)2 2

Writing v = ( ,=(2)) 2 R?, then by using Cauchy Schwarz for the inner product

on R2, we have

(+<(2) (v (LEE)
sup — = sup
> 1< (2) 2 4 :(Z)Z 2 > 1< (x) kvk

k(1, <@k
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For < 1 we have a similar estimate, and hence combined we have

tei

1
suphi jz j!. —— max(1,jzj —, 3.7
A TR = o) &0
Combining (3.5), (3.6) and (3.7) we get an estimate
'k
hzi hzi
suph i =_(z Vo —— 1+ ——
R - L = )T R = ]
Let 1 o.::, n 0. Taking the inequality above and proceeding as before with
P
N n+1+ [_qkj, we have
7 . & ! & !
@ Tk ° 1 Tk " 1
— suph ¢i®® °© ——(z suph Hi*» » ——(z dz
c @ 022 0 50( 0) nZFF)Q n @hn( 0)
y+1Z P.
it Ox)jhxi™ "t o i dx< 1.
r=0 R
P
This converges in particular for = [y j = n. Since n 1 =0 j O, this
choice is possible if 1 n. We have therefore proved for 1 n, and
P
1 0,.:0, n Osuch that jn:O | = n, that
KMo, n)Ks oy 15 0 (R) Kok
4 @~
- 1 1
= ck(z ) Ks 0(R),ko k(z ) “ks "(R).kn G dz
P n P n
n+ X:ij+2 n+ ).(:ij+2
Kf Kro(R).r Kf kt (R).r-
r=0 r=0
2. Forf 2T (R), 1 n, we have by the rst part of the lemma that for each
n2N,
fll2 s oR) S "(R)
P
where each ; can be chosen to lie in the interval[ 1,0], and j = n.
For f 2 T (R) with 1, we can writef = g (x+ i) X whereg 2 T (R),
1 O and k 2 N. The Leibniz rule for divided di erences dictates
X o [
FC o, n) = a0, ) (x+ i) X (i ).
I=0
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From part 1 and the explicit form of the divided dierences of (x + i) K ) we

therefore conclude that each term is an element of

S°(R) i i S "(R),

with the required estimate of norms.

3. This follows analogously to assertion 2, by analysing g(x + i)¥ ] forg2 T (R)

with 1 0. O

Remark 3.3.2. The proof of Lemma 3.3.1 in fact shows that iff 2 C"*2(R) such that

kf kKt (R)k < 1 for k = 0,:::,n+ 2, then given any spectral measure€y,:::,E,, we
have
[n] [n] X
n n
K e KT s o s rmoie K mus L

For n = O, the space of functions that satisfy this condition closely resembles the space

Fm(R) used in [Car+16] in the context of double operator integrals.

Theorem 3.3.3. Let Hg,:::,H, be such that eactH; 2 op"(Q),h > 0, is Q-elliptic and
symmetric, and letf 2 C"*2(R) such that kf ky Rk < 1,k=0.:::,n+2for some

2 R. Then for any X; 2 op"(Q), i = 1,:::,n,

THosHn e X)) 2 0p™t 0 MN(Q),

with the estimate
I

oot H 2 ¥
ka il n(Xl,:::,Xn)kHs+r+( n)h!H s CS,HO,:::,Hn kf kT (R),k kxikHSi+ri!H Sj
k=0 i=1
for somesy,:::,sh 2 R.
Proof. Lemma 3.3.1 and Remark 3.3.2, combined with Theorem 3.2.5. O

Theorem 3.3.4. Let H;,[Q,Hi] 2 op°(Q), i = 0,:::,n, be such that each—TiO'o "H!'H

is self-adjoint, and letf 2 C! (R). Then

P
THO,:::,Hn(Xl,:::,Xn) 20p i i (Q).
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Proof. Lemma 3.3.1 and Remark 3.3.2, combined with Theorem 3.2.5. O

Due to Lemma 3.3.1, the divided di erencef " for f 2 C! (R) is in particular a permitted

symbol for Theorem 3.2.8.

3.4 MOI identities

The most important identities for our applications of our multiple operator integrals are

the following. These are generalisations of the identities

[f(H),X]= T ([H,X]);

f(H+X) f(H)= T3 (X),
seeing thatf (H) = T[,().

Proposition 3.4.1. Let a,X1,:::,Xn 2 op(Q), let H; 2 op™ (Q), h; > 0 be symmetric
and Q-ellipticand let f 2 T (R), 2 R. Then

TR (X, o, X aXjen, i, Xn) - TG (X, 0, X a, X e, 001, Xn) (3.8)
= TR (g XL Hy Al X et Xa);

T M (@X g, i, Xn) - aT (g™ M (X, 1, Xy) (3.9)
= TAoHeRLEAn ([Ho, 8], X 1,112, Xp):;

T M (X g, i, Xa)a TRGHM (X, 0, X pa) (3.10)

Tfl-:nol,:::,Hj 1,A,Hj+1,:..,Hn(X1,___,Xn) Tfl':r?],:::,Hj 1,B,Hj+1,:..,Hn(X1’,__’Xn)
Ho,= ,Hj 1,A,B,Hj+1,:,Hn (3.11)
_Tf[n+1] (X100, X,A B, Xj+1,::1,Xn)

The same assertions hold for self-adjoinH;, A, B 2 op®(Q) such that[Q, H;],[Q,A],[Q,B] 2
op’(Q) and with f 2 C! (R).
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Proof. We prove equation 3.8 in theQ-elliptic case, the other identities and the zero-order
case follow analogously. Forf 2 T (R), the multiple operator integrals appearing in the

eqguation are then well-de ned, see Theorem 3.3.3.
Write
Fi( 0,50y n+1) = £ g0, i1 L n+l),
and observe that
Fie1( 00350 ne1) FiC oo, nen)=C 5 j+0)f U000, nen).

Hence,

TF] (Xla !lealXJ+11 ,Xn)
an?]':::'Hn(XL”:an,aXJ+1, 1Xn)
Ho,: ', Hn _
Tf[n] (Xl’ 1XJa1Xj+la 1Xn) ]

With these identities in hand, we can show that the MOI constructed in the previous
section is an element of OP(Q) if all its components are and the symbol is a divided

di erence.

Theorem 3.4.2. Let Hg,:::,Hy be such that eaciH; 2 OPh(Q), h > 0, is symmetric and
P
Q-elliptic, and let f 2 T (R) for some 2 R. For operators X; 2 OP" (Q), r :=  [L,rj,

we have that

T (X1, 000, X)) 2 OPRC WHT(Q).

Similarly, if each H; instead is such thatH;, [Q, H;] 2 OP°(Q) and H; is self-adjoint, then
for any f 2 C! (R) we have that

THO,:::,Hn(Xl, 211, Xp) 2 OP'(Q).
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Proof. We focus on theQ-elliptic case, the zero-order case follows similarly. Takingh = 1

to ease notation, using Proposition 3.4.1 gives that

[Q. Th5™ (X0 = T/i57 1 ([Q, Hol, X 1) + THS™ ([Q, X a]) + T+ (X1, [Q, Hi)).
As [Q,Hi] 2 op"(Q) and [Q, X1] 2 0p*(Q), Lemma 3.3.1 combined with Theorem 3.2.5
gives that

Tf|-:20]YHO’H1([Q1 HO]! X 1)1Tf|-F10]’H1([Q! Xl])! Tf|-:20]’H1’Hl(X11 [Q’ Hl]) 2 Oph( Al (Q)

Higher commutators and n > 1 follow analogously. O

We have now proven Theorem 2.2.7 and Theorem 2.3.8 which were claimed in the previous

chapter: they are special cases of Theorem 3.4.2.

In the setting that Q 12 L, s> 0, itis immediate from Theorem 3.2.5 and Theorem 2.2.3
that for Ho,:::,H, 2 op"(Q),h > 0 symmetric and Q-elliptic, and f 2 T (R), the

multiple operator integral

THoHn o e X)) 2 opt MNFT(Q) (3.12)
can be considered to be a trace-class operator da if is small enough. Namely, we have

kAkl k Q SklkAkHO!H S.

3.5 Asymptotic expansions

Through the identities proved in the previous section, the theory of multiple operator inte-
grals lends itself well for establishing asymptotic expansions of operators. As an immediate

example, we prove a noncommutative Taylor expansion for pseudodi erential operators.

Theorem 3.5.1. Letf 2T (R), H 2 op"(Q), h> 0, Q-elliptic and symmetric, and let
V 2 op'(Q) be symmetric. If the order of the perturbationV is strictly smaller than that

of H, i.e. r<h, we have

R
f(H+ V) T (V.10 V), (3.13)
n=0
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in the sense that
f(H+V) T (V, 15, V) 2 0p™ (Q)
n=0

with my # 1

Proof. Using the last part of Proposition 3.4.1 with A= H + V, B = H, we have

fH+V) f(H)=THY0 Tl

— H+V,H
=T (V).

Repeating the argument, we get
X
- H+V,H,:H
f(H+ V) T (V. V) = T (V,:::,V).
n=0

Now, if r <h , Theorem 3.3.3 gives that

TH+V,H,:::,H(V’:::’V)2Op( N l)h+Nr(Q),

fIN+1]

with
( N 1)h+Nr=N(r h+( 1Dh#1 . O

Note that, if H and V are commuting operators, (3.13) recovers the classic Taylor ex-

. P (n) . .
pansion formula f (H + V) ﬁzo%v“. Hence, the expansion (3.13) can be in-
terpreted as a type of noncommutative Taylor expansion. Each term in the expansion

can itself be expanded as follows. Recall that we write 4 (X) = [H,X], (X) =

HO H(H(X)) ).

Proposition 3.5.2. Let X; 2 op" (Q), H 2 op"(Q), h > 0 symmetric and Q-elliptic,

andf 2T (R). Then
X X Cor. ..
TI-En](Xl,ZZZ,Xn): ~ma,:Mn {_Tl(xl) m"(xn)f(ner)(H)
f m=0mi+ +mp=m (n+ m)!

+ SN (X1,::1,Xn),
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where I
Y'ooj+m+r +mp 1
m;

and the remainder S{j (X 1,:::,Xy) is a sum of terms of the form
MX) )T e (L, §E ™ ™ (Xen), 4,000, 1, X kw215, X))
If the commutators K (X;) have a lower order than the expected; + kh, explicitly if

K (X)) 2 opi kM )(Q)

for some" > 0, then the above gives an asymptotic expansion

R X Cr. ...
T (X1,100, Xn) ZoLln W(X) I (Xp)f (T (H),
f m=0mi+ +mp=m (n+ m)!

in the sense that the remainder term
SN (X1,::1,Xn) 2 0p™ (Q)

P
with my = rj +( nh "(N+21)#1

The proof of this proposition is a lengthy combinatorial exercise, the computations of
which are standard and appear in many proofs of the local index formula [CPRS064a,
Lemma 6.11][CM95, Equation (71)][Hig04, Lemma 2.12], see also [Dal98; Payll]. The
novelty is that they can be performed in the very general context of (unbounded) MOls.

In e ect, Proposition 3.5.2 is a generalisation of the cited results.

De nition 3.5.3. The multiset coe cient E for n,k 2 N is de ned as

!
n _ n+k 1
k k

Lemma 3.5.4. For f 2 T (R), H 2 op"(Q), h > 0 symmetric and Q-elliptic, X; 2
op" (Q), we have

Tf'?n+11(il:fzi;}, X101, X0)
j

X m+ 1
= . |T(X1)Tf'_=n+j+m](fl,_i{'zi;}l,Xz,131,Xn)+ R\ (X101, Xn),

j+1+m
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where
N+ 1 TH

X
RJn,N(Xl,,Xn) = I f[n+]+N+1](|1_{-Zl ) N+1(X1) ﬂ_{za}1X21..., )
=0 N+1+]

Proof. Multiset coe cients have the property that

b m m+ 1

o | |

The assertion of the lemma follows by induction onN. For N = 0,

Tnnﬂ](lll_:{'Z:; X100, Xn)
i

y X
= Xle[n+j](|L_:{-'Z:;}1X2,:::,Xn)"'
I=0

f[n+1+1](|1 {' !}a H(X1)1|1!{‘ a}aXZ,::HXn)

i+1 1+1

by applying Proposition 3.4.1] + 1 times on X .
Suppose that the assertion holds foN 1. Then

TfFEnH](ll,_:{:Z:;},Xl, L ,Xn)

X1 m+1
= j ,T(Xl)TfH[MHm](E_,_:{;Z:; X2,:00,X0)
m=0 j+1+m
X N
+ I TfH[M“N](fl,_:{'Z:;}, H(Xl),ﬂ,_i{'zi;}'xz,iii,xn)
1=0 il N+
X1 m+1
= J H(Xl)Tf[”JrJ*m](F‘ .,},XZ,...,X )
m=0 J+1+m
X N
+ L A OT (L 1 X200, Xn)
I=0 N+1+]j
X N K!
+ I T [n+J+N+1](ﬂ-—{Z 1}1 N+1(X1) F‘_{Z_} XZ;,X ),
=0 k=0 k N+1+1+k
where in the step marked with we applied Proposition 3.4.1j | times on N (X1).
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Continuing on,

Tﬂnﬁ](l’l,_:{'z:;}, X]_, L ,Xn)
]

X1 m+1
= J m(xl)Tfl—En+j+m](ﬂ'v_:fz:;}vX2!:::’Xn)
m=0 j+1+m
N+ 1
+ J ”(Xl)TfFEn+j+N](|11_:{‘.Z:;}iX2!:::1Xn)
N+ 1+]
Mokl N
+ o T (g b BT X)) L 30X 200 Xa).
1=0k=0 i1k N+1+1+k

In the last sum, relabelr := k + |, so that

Tfl—gnﬂ](lly_:fz:;},)(l, L ,Xn)
j

X! m+1
= , Q(Xl)Tf”[nﬂm](il,:':,},Xz,:::,Xn)
m=0 ] ._{Z_
j+1+m
XX N
+ | TfH[n+j+N+1](iL,_:{_‘Z:;}, H”(Xl)’ﬂ’_:{'z:;}’xz’:::’X”)
r=01=0 .
] T N+1+r
X m+1
= - H"(Xl)TfH[nmm](il,:':,},Xz,:::,Xn)
m=0 ) ._{Z_
j+1+m
X N+1
+ TH .. (1, N*1(X1), 1,00, 1 X o, 000, Xn).
r fln+j+N+1] |11_{-Z;}1 H !|11_{Z;}1 ’ ’ n
r=0 ir N+1+r

This concludes the induction step.

Proof of Proposition 3.5.2. Apply Lemma 3.5.4 rst to the rst entry of TfH[n](X IR

X mp+1

T (X1, 000, Xn) = 0 ml(xl)Tfl-En+m1](l]ﬂ_:{:z:;}!X21:::’Xn)

m1=0 mi+1

+ RB’N(Xl,:::,Xn).
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Apply Lemma 3.5.4 once more, expanding up to ordeN m3 instead of N .

T (X1, 100, Xn)

RENXML 4 my + 1
1 2
= ||:|nl(xl) mZ(XZ)Tfl—En+m1+m2](|11- -,}1X3,---=Xn)

_ _ 0 mi+ 1 _{Z_

mi=0 m2=0 2+mi+my
X mp+ 1 m1 n 1 n

+ 0 H (Xl)R1+m1,N ml(XZ,...,Xn)+ RO,N(Xla---’Xn)-
m1=0

Repeating gives the formula

T (X1, 001, Xn)

- J mq Mp H
- H i H (Xl) H (Xn)Tf[n+m]( [ )
m=0mi+ +mp=mij=1 J 1+ mp+ +m; 1 |1_n£2m_}
+ SN (X1,:::Xn),
where
1
SN (X, 10 Xp) = , J _
k=omi+ +me Nj=1 ) It mat 4 myog
0 (X1) {j‘k(Xk)RL‘H'ﬁ11+ FmeN my me (Xk+1,775,Xn).
The observation that
n _  k+1
k ~ n 1 °
and the de nition I
n n+k 1
k k '
nishes the proof of the proposition. O

Putting these results together, we now have a noncommutative Taylor expansion.

Theorem 3.5.5. Letf 2 T (R), H 2 op"(Q), h> 0, Q-elliptic and symmetric, and let
V 2 op'(Q), r<h, be symmetric. Assume that

K (V) 2 op™tk I(Q)
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for some" > 0. Then we have the noncommutative Taylor expansion
X

® Con. ..
f(H+V) e\ (O LRI G
nm=0mi+ +mp=m (n+ m)!

Proof. For N,M > 0, Theorem 3.5.1 and Proposition 3.5.2 give

XM X Cr. ...
f(H+V)= ami BV )rTTmH)
n=0m=0mi+ +mp=m )
N(r h)+( 1)h X nr+(  n)h "(M+1)
+op (Q+ op (Q).
n=0
As (N,M)! (1,1), we see that the order of the remainder decreases td . O

The noncommutative Taylor expansion (3.13) features prominently in [Pay07] for classical
pseudodi erential operators on manifolds, and in [Dal98; Payl1] in a more abstract sense.
For bounded operators on Banach spaces, it has been studied in [HL24]. For related

expansions for bounded operatord/, see also [Han06; Suill; Skrl8; NS22].

3.6 Trace expansions and NCG

The observation in the previous section that the local index formula is closely connected to
the noncommutative Taylor expansion in Theorem 3.5.5 leads us naturally to the topic of
asymptotic expansions of trace formulas. In various contexts of noncommutative geometry
and beyond, expansions are studied of the kind
*
Tr(f (tH + tV)) Cct"x, (3.14)
tHo | _

for an increasing sequencex "1 and constantscg 2 C, which means that ast #0

X
Tr(f (tH +tV)) = ot + O(t'N+1)
k=0

for every N 2 R. Or, more generally (c.f. [EI18]),

*
Tr(f (tH + tV)) 0 k(1), (3.15)
k=0
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where (t) = O(t"x) and

Tr(f (tH +tV)) = X k(t) + O(t"™N+1),
k=0

To study the asymptotic expansion of expressions like
Tr (ae '(O+V)%),

we will use a modi ed version of Theorem 3.5.1 and Proposition 3.5.2. For this purpose,
we need to make a more detailed analysis of norm bounds of MOls and of the remainder

in the Taylor expansion in Theorem 3.5.1.

Proposition 3.6.1. Let H; 2 op"(Q) for a xed h > 0 be symmetric and Q-elliptic
P
operators. If Xj 2 op"i(Q), r:= [L,ri, f 2T (R) with n,t 1, then

ka“?n]o ..... tHn(Xl,ZZ:,Xn)qu+r+( o o " q2R.

u

r
pothn

Rephrased, iff 2 T ,u r,then

Proof. Lemma 3.3.1 gives that

X
fin2 S°(R) i iS"(R),
ot + np= n
where each ; 0 since n (recall De nition 3.2.1 for this notation). Consider one of
the summands, 2 S °(R) i S "(R). Then

(01! n):( 0+|)0 (n+|)n (011 n)a
for a function 2 SO(R) i S°(R), and thus, by Remark 3.2.3 and Theorem 3.2.5,

THomH (20 X))

= THOSMn ((tHo+ 1) OXq(tH1+0) 1, Xa(tHo+ i) 2,000, Xp(tHp + i) 7).
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Corollary 2.2.4 and Theorem 3.2.5 give that

K(tHo+ i) °Kyao+ ohiy a0 K(tHn + 1) "Kyan+ nhig an s
for g some real numbers. Theorem 2.2.3 gives that

K(tH} + i) Tk

iy 9 -

supj(tx + i) ijhxi 1.t
X2R

Therefore,

thHO """ tHn(Xl,Xz,IZZ,Xn)qu+r+( mhig q - tot twkw=1¢ N ]

Proposition 3.6.2. LetQ '2Lg,s>0,f 2T (R), H 2 op"(Q),h> 0 Q-elliptic and
symmetric and V 2 op'(Q) symmetric. Leth>r Oand < 3. Forevery N 2 N,
we have ag #0,

Tr(F(tH + V)= T Tr(TH (Y, V) + oV F D ®) iy,
n=0

Proof. The proof of Theorem 3.5.1 gives that

F(tH +tv) = TRV, V) + TRV 58 v v,
n=0

The condition < 2 assures that all terms on the left and right-hand side are trace-class
(cf. (3.12)). Furthermore, we havef 2 T (R) TMN*D §) F(R) so that Proposi-

tion 3.6.1 provides that
KT @V, v kg
tN +1kat|['|N‘:S/ JAH tH (V, e ,V)kH sy 0

t(N+1)(1 ) % n

This proposition makes it clear that to determine the coe cients of asymptotic expansions
of the type (3.14) or (3.15), it su ces to study the asymptotic expansions of the multiple
operator integral

Tr (TR (V. 1, V),

which we do with Proposition 3.5.2.
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Theorem 3.6.3. LetQ 12Ls, s>0,f 2T (R), H 2 0p"(Q), h> 0 symmetric and

Q-elliptic, V 2 op'(Q) symmetric. If h>r 0, S and (V) 2 optn(h I(Q),
then Tr (f (tH + tV)) admits an asymptotic expansion ag # 0 of type (3.15) given by
XX X
Tr(f (tH + tv)) = rem S g ma )y (0 m) (g )
n=0m=0mi+ +mp=m (n+ m)-
+ O(t"),
wheremy :=(N + )min ,(1 F) £,sothatmy "1 asN!1
Proof. Combining Propositions 3.6.2 and 3.5.2, we have that
XX X
Tr(f (tH + tV)) = g m Smicme g miy) me(y)(em ()
e __(n+ m)!
n=0m=0 mi+ +mp=m
X\l r S
+ 0 t"Tr(SR (Vi V) + o(e(N DA ) R,
n=0
where S§ ((V,:::,V) is a sum of terms of the form

N EY) )T (@ L ™ ™(V), L, LV, V).
We then estimate

tNFE V) )T (L, BT ™ V), L, LV, V) .

(NFL Mgy Mea)TH 1, N Mey) 11V, V)
N+1 m m
t Hl(V) Hk(V) Hkr+H(ma+ +my)h ")y 0

Tenen (L0, 1, NFL M Mey) 10,1V, Y

! ) H SsIH kr +(mq+ +my)(h )"

Applying Proposition 3.6.1 then provides that

stkr+(mq+ +my)h ") (n K)r+(N+1 mq my)th ")
h h

kSR ((V,::0,V)ky . tN*E

=t SRor(N+Dg

and hence

%
%

>0

t" Tr (SR (V,:::,V)) . (@ PHN+Dg
n=0 ’ n=0
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De ning I

my = (N + 1) min 1

o =
>l

ﬁl

concludes the proof. O

This expansion in fact partially answers a speci c open problem posed by Eckstein and
lochum in [EI18]. Given a spectral triple (A,H, D) it is a common assumption to require

the existence of an asymptotic expansion as # 0 of
Tr(ae ©©7),

wherea 2 A. Their question is whether the existence of asymptotic expansions of

Tr (ae 1(P+V)?)

can be deduced for suitable perturbationsV from this, and whether it could be enough

for Tr(e 2) to admit an asymptotic expansion.

First, we address the second part of the question by giving an explicit example where the

asymptotic expansion of Tr (e P 2) provides no control over the expansions ofir (ae ©© 2).

Theorem 3.6.4. [EI18, Theorem 3.2] For a bounded operatora and invertible positive
operator D such thatD 12 Lg, s> 0, the existence of an asymptotic expansion
b3
Tr (ae ) (0,
tHo | _ o

where I

3

« !
k(t) := Chklog't t ?,
22X, n=0

with ¢, x 2 C and for suitable setsXy  C (for details, see [EI18, Theorem 3.2]), implies

the existence of a meromorphic continuation of
p2a(s) = Tr(aDj *)

. . .S
to the complex plane, with poles of order at mostl + 1 located at points in ﬁzoxk C.
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Example 3.6.5. Let A = "1 (Z 1), H = “2(Z 1) where A is represented onH by

pointwise multiplication, and let D be the diagonal operator orH given by
Den = ne,, n 1.

This is a spectral triple for trivial reasons: A acts on H by bounded operators, and
[D,a] = Oforall a2 A . Despite being atypical,(A,H, D) satis es most of the assumptions
commonly made in the literature in terms of smoothness or summability. The algebra&

is not separable, but all of the following arguments can be performed in a separable (even

nite dimensional) subalgebra of A.

It is a classical result that we have the asymptotic expansion
* . P- 1
Tr(e %) = e —t -y

( ) n=1 tHo 2 2

N[

see for example [Gil04, Lemma 3.1.3]. Nonetheless, the functiorifr (ajDj %) for a2 A

are very badly behaved. For example, let

1
= ioan & 2A,
1=, logn
so that “
1 1
ap2(s)= Tr(aD %)= ——n ¥ <(s)> I,
1=, logn 2
which is holomorphic on<(s) > % Now,
— ap2(s)= 2 n %
ds ne2

=2 2(29), <(s)> %

where is the Riemann zeta function which has a simple pole at. Therefore, ,p2(s)+

log(2s 1) is the antiderivative of an entire function, which implies that ,p2(s) =
log(2s 1)+ f(s) wheref (s) is entire [Rud87, Theorem 10.14]. We conclude that
a,p2 does not admit a meromorphic extension to the complex plane, and thiis (ae tDZ)

does not have an asymptotic expansion as# 0 of the type in Theorem 3.6.4.

An even more pathological example is
LM
n=2 l0g(n)

€n
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where L is the von Mangoldt function which satis es

EIog(p) if n = pX for p prime;

2 0 otherwise

L(n):=

A classical formula asserts that [Tit86, p.4]

»
oo(s)= Tr(pj = =)

Iog(n)n S=1log (s), <(s)>1
n=2

which is badly behaved at every zero ofand at s = 1.

To answer the rst part of the question, we deduce the following.

Corollary 3.6.6. Let (A,H,D) be a regular s-summable spectral triple,s > 0. Let
V,P 2 B, V self-adjoint and bounded, whereB is the algebra generated byA and D.

Then forall f 2 T (R) with < s, the expressions
Tr(f (tD + tv)), Tr(Pe '®*V)*y and Tr(Pe UP*Vi)

admit an asymptotic expansion ag # 0 given respectively by

XX X +m Cmy.m .
Tr(f (1D + tV)) = g ZBLE e o May) o Be(v)f (M)
n=0m=0mi+ +mp=m (I’]+ )
+ O(tN+1 S),
where Cy, . m, IS the same as in Proposition 3.5.2,
AN X
Tr(Pe (P+V)%) = ( )ﬂ+m ~~~~~ 'Tr(PA(ml) AMn) exp( tD 2))
n=0m=0mi+ +mp=m ( )
+ O(tN+l s)
whereA := DV + VD + V2, and A(M := T,(A), and
. . X X o
Tr(Pe 1P*Vi) = (prtmEmLEm T M g) M (@) exp( D))

n=0m=0mi+ +mp=m ( )

+ O+ ) sy

whereB ;= jD + Vj j Dj and" > 0 can be picked arbitrarily small.
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Proof. Given a regular s-summable spectral triple (A,H,D), write Q := (1+ Dz)%. Let
V,P 2B, V self-adjoint and bounded, whereB is the algebra generated byA and D. If
f 2T (R)with < s, Theorem 3.6.3 immediately gives that

XNOoR X
Tr(F (1D + V) = gt m Cmitma

n=0m=0mi+ +mp=m

AT BHV) BT (V)F (D)

+O(tN*1 3.

Regarding the expansion ofTr (Pe (P+Y)*) we have that D2 2 OP2(Q), A 2 OPY(Q)
since (A,H,D) is regular. As [D?,A] = [Q% A] = Q[Q,A]+[Q,A]Q, we have that
A(M 2 OP¥™M(Q). Furthermore, B op(Q). The proof of this corollary is then the
same as the proof of Theorem 3.6.3. Filling in

!
N+1 s

my = (N + 1) min 1

olw
N

T
h" = h

gives the order of the error term.

For the expansion of Tr (Pe YP*Vi), while jDj 2 OPY(Q) due to Theorem 2.2.3, to con-
clude something similar forjD + Vj we have to do more work. Note thatD has discrete
spectrum since (1+ D?) ) Ls. If V 2 OP%(Q) is self-adjoint, then D + V has real

discrete spectrum too. Hence we can modify the functiorx 7! jxj slightly on a small

neighbourhood aroundx = 0 to get a smooth function f which has the property that

f(x) = jxjon (D+V)[ (D), andf 2 S(R) since the second and higher deriva-
tives of f are all compactly supported. Using Theorem 3.3.3 and the observation that

SY(R) T¥'(R) forall "> 0, we have
jD+Vj2 OP™'(Q), jD+Vjj Dj=T57VP (V)2 0P (Q).
Therefore, we get
tiD+Vj XX X n+m ,,,,,
Tr(Pe 1P+Vi) = (O mIMEm (P Mi(B) [ (B)exp( D))
n=0m=0mi+ +mp=m

+ o(tN+DE ") sy,

whereB = jD + Vj j Djand" > 0 can be chosen arbitrarily small. O
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Apart from providing a perturbative expansion of the spectral action, Corollary 3.6.6
shows that if for all P 2 B we have an expansion
) %
Tr(Pe ) o (Pt (3.16)
t#0
k=0
for constantscc(P) 2 C, then for all P 2 B self-adjoint and bounded there exist constants
c(P,V) 2 C such that

R
Tr(Pe '(P*V)%) (P, V)t
t#0 k=0

Similarly, if each Tr(Pe tDz) admits an asymptotic expansions of the type in Theo-

rem 3.6.4, thenTr (Pe ®+V)?) does too.

Remark 3.6.7. Corollary 3.6.6 can be modi ed to work for non-unital spectral triples.
Given a spectral triple (A,H,D) with non-unital algebra A writing Q = (1+ DZ)%, if
one assumes instead oQ ! 2 L that there existsp 1 such thataQ S 2 L for all
a2A[ [D,A]lands>p as is proposed in [CGRS14], then we also hawe op 5(Q) 2L

for s> p. It follows that ast #0

X X Cm: - m +
Tr(af (tD + tV)) = gntm LT T g Pi(V)  pr(V)F (M M(D)
n=0m=0 mi+ +mp=m (n+ m)'

+ O(tN+1 p)

fora2 A[ [D,A], V 2B bounded and self-adjoint, andf 2 T (R), < p.

We can now answer the rst part of the question by Eckstein and lochum. More precisely,
in [EI18, Chapter 5] the question is asked when, for a spectral triple(A,H,D), the ex-

istence of an asymptotic expansion offr (e UPI) implies the existence of an expansion of
Tr (e HP*Vi) for a suitable perturbation V. Corollary 3.6.6 compared with Example 3.6.5

suggests that this is not generally possible. We illustrate this with the following example.

Example 3.6.8. Let us revisit Example 3.6.5 where(A,H,D)=("1 (Z 1), 2(Z 1),D),
and D is de ned by

Des=ne,, n 1.
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We take as before
]

logn

€n.
n=2

Noting that jD + aj j Dj = a, we can apply Corollay 3.6.6 to get (in this situation we can
choose" = 0)
Tr(e "P*a) = Tr(e P) tTr(ae )+ O(t).

Taking the Mellin transform we get for <(s) > 1 (see [EI18, Proposition 2.10])
Zy

Tr(jD + aj ) = o) ts 1Tr(e YP*¥)dt
L 2 21
— ts 1Tr (e UP*a) gt + t5 1Tr (e UP*a) gt
ds) o d(s)

Since
Tr(e WP*a)) Tr(e ®P)=(& 1)1 2% t 1,

we have that

1 21 . .
s7! a9 tS 1Tr(e UP*3)ds
1
is holomorphic. It follows that
1 Z 1 . .
Tr(jD + aj %) = a9 ts 1Tr(e YP*3) dt+ holog(s)
0
Z
1 1
= &9 o ts tTr(e ) tTr(ae ®)dt+ holoc (s> 1(S)

00(S) s ap(s+ 1)+ holoc(ss 1(s).

Since s 7! ap(s+ 1) does not extend holomorphically to any punctured neighbour-
hood ofs = 0 as the computations in Example 3.6.5 show, we conclude thaf p(s) =
Tr(jD + a °) does not admit a meromorphic extension to the entire complex plane. By
Theorem 3.6.4,

Tr (e tjD+aj)

does not admit an asymptotic expansion of the type listed in the theorem.

We conclude by remarking that the existence of an asymptotic expansion ofr (Pe P 2) for
P 2 B of the type in Theorem 3.6.4 is guaranteed for commutative spectral triples [GS95,
Theorem 2.7], and by the same theorem also for almost commutative spectral triples [Sui25,

Chapter 10].
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Chapter 4

Connes' integral formula and

guantum ergodicity

I am extremely impressed by your taste displayed in

the opening epigraphs to each chapter.

Fedor Sukochev

This chapter is based on [HM24b], joint work with Edward McDonald. Thanks are ex-
tended towards Nigel Higson for helpful comments and suggestions, and Magnus Go eng
for pointing out the condition [D,A] being bounded is su cient for Lemma 4.2.1. We
also acknowledge Eric Leichtnam, Qiaochu Ma, and Raphaél Ponge for their assistance.
The main results of this chapter are a formula for the honcommutative integral in Theo-
rem 4.1.7, a noncommutative Szeg® formula in Theorem 4.2.2, and a link between NCG

and Quantum Ergodicity in Theorem 4.4.11.

For applications of NCG in physics and numerical computations in NCG, it is important to
know how well spectral triples can be approximated by a nite truncation, since this is all
we can measure physically or compute numerically. A physical detector in a measurement

for example is typically only e ective in a certain energy range. Hence for a spectral triple
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(A,H,D) it makes sense to consider a spectral projectio = (D), and truncate the
triple into the form
(PAP,PH,PD).

Now, PAP is not generally an algebra anymore. Connes and Van Suijlekom introduced
the concept of operator system spectral triples for this purpose [CS21], a generalisation of

usual spectral triples.

De nition 4.0.1. A unital operator system spectral triple (A,H,D) consists of a unital
spaceA of bounded operators on a Hilbert spackl such that its norm closure is -invariant,
D is a self-adjoint operator on H with compact resolvent, and for allT 2 A we have that

Tdom(D) dom(D) and [D, T] extends to a bounded operator.

Developments in this direction were made in [DLM14; GS20; GS21; CS22; DLL22; Hek22;
GS23; Rie23; LS24; Sui24a; Sui24b] amongst others.

We will connect this paradigm with Connes' (normalised) nhoncommutative integral

Try (aDi 9)
L
a7l —Tr!( @) a2B(H), 4.2)
recall that hxi = (1+ jsz)%. Namely, we will show that given a nite-rank spectral
projectionP := [ ;(D)where [ jistheindicator function of the interval [ , ]
R, the functional
Tr(P aP )
PaP 7! —————= 2B(H 4.2
a O (H), (4.2)

approximates the noncommutative integral on spectrally truncated compact spectral triples
(Proposition 4.1.1, Theorem 4.1.7). This is a result in the spirit of [Stel9], where nite-
rank approximations of zeta residues are given. We however do not assume the existence
of a full asymptotic expansion of the heat trace. Instead, we focus our e orts on the

computation of the rst term of this expansion, which is the noncommutative integral.

The language involved is closely tied to the eld of quantum ergodicity, the inception of
which can largely be credited to Shnirelman, Zelditch and Colin de Verdiére [Shn74; Col85;

Zel87]. For reviews of this eld, see [Zel10; Zel17]. Quantum ergodicity is a property of an
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operator which can mean various things. A common de nition is that, given a compact
Riemannian manifold M and a positive self-adjoint operator D on L,(M ) with compact
resolvent, the operator D is said to be quantum ergodic if for every orthonormal basis
fengi_o of Lo(M) consisting of eigenfunctions oD there exists a density one subsequence
J N such that for all zero-order pseudodi erential operators Op( ) with principal

symbol 2 C! (S M),
Z

J?’ljlr'Tl] e, OP( )i ) = S M 4

and where is the measure on the cotangent spher& M induced by the Riemannian

metric. In this context, a density one subsequence means that

#J\f 0,:::,ng
n+1

1, n!ll

Quantum ergodicity implies in particular that the functions jej? become uniformly dis-
tributed over M asJ 3 j !'1 , in the sense that the measures;'.ejjzd g converge tod ¢

in the weak -topology, see Figure 4.1.

Although quantum ergodicity shares a philosophical link with NCG emerging from a
functional-analytic approach to ergodic geodesic ow on compact Riemannian manifolds
there has yet to be made an explicit connection between the two elds, despite their
contemporary development. We will show in Section 4.4 that our results on the noncom-
mutative integral on truncated spectral triples provide the means with which the gap can

be bridged.

We furthermore propose a straightforward noncommutative generalisation of the property
of ergodic geodesic ow on compact Riemannian manifolds for spectral triples, and explore
what some results from the eld of quantum ergodicity provide in this context. Our
de nition of ergodicity is known in the study of C -dynamical systems as uniqueness
of the vacuum state, and hence a result by Zelditch [Zel96] can now be recognised as an
NCG version of the classical result by Colin de Verdiére that ergodicity of the geodesic ow
implies quantum ergodicity of the Laplace Beltrami operator [Col85], see Theorem 4.4.11

below.
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