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Abstract

Trace formulas appear in many forms in noncommutative geometry (NCG). In the first
part of this thesis, we obtain results for asymptotic expansions of trace formulas like heat
trace expansions by adapting the theory of Multiple Operator Integration to NCG. More
broadly, this construction provides a natural language for operator integrals in NCG,
which systematises and simplifies operator integral arguments throughout the literature.
Towards this end, we construct a functional calculus for abstract pseudodifferential op-
erators and generalise Peller’s construction of multiple operator integrals to this abstract
pseudodifferential calculus. In the process, we obtain a noncommutative Taylor formula.

In the second part of this thesis, we shift our attention to Dixmier trace formulas. First, we
provide an approximation of the noncommutative integral for spectrally truncated spectral
triples in the Connes–Van Suijlekom paradigm of operator system spectral triples. Our
approximation has a close link to Quantum Ergodicity, which we will use to state an NCG
analogue of the fundamental result that ergodic geodesic flow implies quantum ergodicity.
Furthermore, we provide a Szegő limit theorem in NCG. Next, we provide a Dixmier trace
formula for the density of states, a measure originating in solid state physics that can be
associated with an operator on a geometric space. We first provide this formula in the
setting of discrete metric spaces, and then in the setting of manifolds of bounded geometry.
The latter leads to a Dixmier trace formula for Roe’s index on open manifolds.
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Chapter 1

Introduction

Do not forget our motto �work harder�, and act accordingly.

Fedor Sukochev

The thesis before you covers a variety of topics in spectral theory, tied together by Alain

Connes' philosophy of noncommutative geometry [Con94]. These will be served in two

parts: the �rst concerns pseudodi�erential operators and multiple operator integrals based

on the paper [HMN24], the second part revolves around Dixmier trace formulas related

to Connes' integral formula based on the papers [Aza+22; HM24a; HM24b]. All four

papers are joint works with Edward McDonald, and furthermore Nurulla Azamov, Teun

van Nuland, Fedor Sukochev and Dmitriy Zanin feature as co-author on one paper each.

Along the way we will additionally encounter heat trace expansions, quantum ergodicity,

and a little index theory. While this mix hopefully provides an entertaining read, as a

consequence there is a lot of background material to discuss. I have made an attempt to

summarise the �ve main themes of this dissertation in �ve sections. The experts and the

brave could skip ahead as the mathematical content of each chapter is meant to stand

alone � with the exception of Chapter 3 which depends on Chapter 2. In comparison

with the papers this thesis draws from, the presentation here is made more accessible,

with additional background information and some novel results.

1



CHAPTER 1. INTRODUCTION

1.1 Noncommutative geometry

Over the past decades noncommutative geometry has developed into a rich �eld of math-

ematics, bringing together di�erential geometry, functional analysis, spectral theory, K -

theory, representation theory, quantum �eld theory, and many more areas. It allows the

study of `manifolds' on which coordinate functions do not necessarily commute, exotic

spaces which appear in various areas of mathematics and physics. As any brief summary

of this subject must, the overview here leaves out many interesting and important as-

pects of NCG. Recommended expositions which do more justice to the �eld can be found

in [Con94; GVF01; Sui25]. The book [EI18] is an excellent reference for many of the

analytical details that we will use. For a more algebraic introduction to noncommutative

geometry, see [Kha13].

1.1.1 Spectral geometry

As is taught in kindergarten, operators associated with geometric spaces carry geometric

information in their spectra which can be carefully extracted. Indeed, (hearing) children

can tell that smaller objects tend to produce higher-pitched sounds, hollow objects sound

di�erent from solid ones, and can blindly distinguish between the sound of strings, drums,

and blocks. What their ears are picking up is the spectrum of the Laplace operator.

Modeling an object as a bounded domain (open connected set) ind-dimensional Euclidean

spaceW � Rd, the sound it produces when lightly struck decomposes into frequencies

which are determined by the eigenvalues of the Laplace operatorD :=
P d

j = 1 @2
j on W with

Dirichlet boundary conditions, that is, they are the eigenvalues of those� 2 R � 0 for which

there exists a solution of the Helmholtz equation
8
>><

>>:

� Du(x) = �u (x), x 2 W;

uj@W � 0.

Writing N (� ) for the number of such eigenvalues (counting multiplicities) less than� ,

2



1.1.1 Spectral geometry

Weyl's law [Wey12; Cha84; Ivr16] gives that

N (� ) �
! d

d(2� )d Vol(W)�
d
2 , � ! 1 , (1.1)

where ! d is the volume of the unit sphereSd� 1 � Rd, and � means that the ratio con-

verges to1. This indicates that in a perfect world, our ears can detect the dimensiond

and the volume of an object. For d � 2 and with technical assumptions on W (smooth

boundary, set of periodic billiards has measure zero), Duistermaat, Guillemin and Ivrii

have shown [DG75; Ivr80; Ivr16] that even thed � 1-dimensional volume of the boundary

@W, Vol(@W), can be `heard' as indicated by the Weyl law with error terms

N (� ) �
! d

d(2� )d Vol(W)�
d
2 �

! d� 1

4(d � 1)(2� )d� 1 Vol(@W)�
d� 1

2 + o(�
d� 1

2 ), � ! 1 . (1.2)

This error term was already conjectured by Weyl himself [Wey13]. However, note that

spheres satisfy neither these technical conditions nor this version of Weyl's law [Ivr16].

See Figure 1.1 for an illustration of the e�ect of the error term in Weyl's law.

More is true: even information about an object's curvature is hidden inside the spectrum

of the Laplace operator. Taking now a closed (oriented) Riemannian manifold(M , g)

with Laplace�Beltrami operator Dg, Minakshisundaram and Pleijel [MP49] proved that

the heat trace admits an asymptotic expansion

Tr (exp(tDg)) �
1X

k= 0

ak (Dg)t
k � d

2 , t ! 0,

the �rst coe�cients of which can be given as [Ber68; Gil75]

a0(Dg) = ( 4� ) � d
2 Vol(M );

a2(Dg) = �
1
6

(4� ) � d
2

Z

M
R d� g,

where � g is the Riemannian volume form ofM and R is the scalar curvature. The coe�-

cients ak (Dg) vanish for odd k, and the higher coe�ents ak (Dg) are integrals overM of

(complicated) expressions involving the metric ofM [Gil75].

These facts raise the question how far this philosophy can be pushed. And indeed it is

tradition in any text on spectral geometry to cite an in�uential essay by Mark Kac from

3



CHAPTER 1. INTRODUCTION

Figure 1.1: Weyl's law and the spectral counting function for the Laplacian on a disk
and a 5-pointed star, with Dirichlet boundary conditions. Both domains have area equal
to 1, making the �rst-order term in Weyl's law the same, N (� ) � 1

4� � , plotted in blue.
The 5-pointed star has a longer perimeter than the disk, resulting in a larger deviation
from Weyl's law (1.2). These eigenvalues were generated in Python with the �nite-element
method, using FEniCSx [Bar+23].

1966 with the title �Can one hear the shape of a drum?� [Kac66]. In this text, Kac asked

whether a bounded domain inR2 can be determined up to isometries by the eigenvalues

of the Laplace operator, and explored various aspects surrounding this question. For

Riemannian manifolds the answer was known to be negative [Mil64] � only much later

two isospectral domains inR2 were identi�ed [GWW92], answering Kac's question in the

negative, see Figure 1.2.

In some sense, the Laplacian is not too far o� from pinning down a compact Riemannian

manifold, however. Let us say that the Riemannian manifolds(M 1, g1) and (M 2, g2) are

isometric if there exists a di�eomorphism � : M 1 ! M 2 such that � � g2 = g1, where � � de-

notes the pull-back via � . Arendt, Biegert and Ter Elst proved that the data (L 2(M ), Dg)

4



1.1.1 Spectral geometry

Figure 1.2: Two domains in R2 with spectrally indistinguishable Laplacians [GWW92].
This �gure was created by Jitse Niesen and is in public domain.

in combination with the cone of positive elementsL 2(M )+ , that is, those � 2 L 2(M )

corresponding to positive real-valued functions, determines the manifold up to isometries.

Theorem 1.1.1 ([ABE12]) . Let (M 1, g1) and (M 2, g2) be connected compact Riemannian

manifolds, with corresponding Laplace�Beltrami operators D1 and D2. Then the following

are equivalent:

1. the Riemannian manifolds (M 1, g1) and (M 2, g2) are isometric;

2. there exists a bounded linear mapU : L 2(M 1) ! L 2(M 2) such that

� 2 L 2(M 1)+ () U� 2 L 2(M 2)+ ;

UD1 = D2U.

Still, the cone of positive elementsL 2(M )+ is in some sense not operator theoretical, and

one can wonder if there is a clever and natural way to nail down a compact Riemannian

manifold using only operators.

And indeed there is an algebra of operators onL 2(M ) that we can add to the data

(L 2(M ), Dg) to do this job. It is the commutative C � -algebra C(M ) of continuous

5



CHAPTER 1. INTRODUCTION

complex-valued functions onM , which represents canonically as bounded operators on

L 2(M ) via pointwise multiplication: for f 2 C(M ) we write

M f : L 2(M ) ! L 2(M )

g 7! fg .

Then the triple (C(M ), L 2(M ), Dg) uniquely determines the Riemannian manifold.

Corollary 1.1.2. Let (M 1, g1) and (M 2, g2) be connected compact Riemannian mani-

folds, with corresponding Laplace�Beltrami operators D1 and D2. Then the following are

equivalent:

1. the Riemannian manifolds (M 1, g1) and (M 2, g2) are isometric;

2. there exists a unital � -isomorphism  : C(M 1) ��! C(M 2) and a unitary operator

U : L 2(M 1) ! L 2(M 2) such that

UM f = M  (f )U, f 2 C(M 1)

UD1 = D2U.

Proof. (1) ) (2) is trivial. For the reverse direction, suppose we have a unitaryU :

L 2(M 1) ! L 2(M 2) as in (2). Because the manifoldsM i are assumed to be compact, the

kernel of Di consists of constant functions. SinceU intertwines the Laplacians Di , we can

therefore assume without loss of generality thatU1L 2 (M 1 ) = 1L 2 (M 2 ) . By Theorem 1.1.1,

we need only check that

� 2 L 2(M 1)+ () U� 2 L 2(M 2)+ .

Indeed, we have

� 2 L 2(M 1)+ () h M f 1L 2 (M 1 ) , � i L 2 (M 1 ) � 0 8f 2 C(M 1)+

() h M  (f )1L 2 (M 2 ) , U� i L 2 (M 2 ) � 0 8f 2 C(M 1)+

() U� 2 L 2(M 2)+ .

6



1.1.2 Noncommutative geometry

1.1.2 Noncommutative geometry

Comfortable with the idea that operators on a Hilbert space can encode geometrical data,

we can now take the radical step that Alain Connes laid out and generalise geometry

beyond the commutative world.

With Gelfand duality in mind (the correspondence between commutativeC � -algebras and

locally compact Hausdor� spaces [Mur90]), the study of noncommutativeC � -algebras can

be thought of as `noncommutative topology'. Similarly, the theory of noncommutative

von Neumann algebras can be thought of as `noncommutative measure theory'. These

analogies are more than amusing observations. Such noncommutativeC � -algebras and

von Neumann algebras have proven their value as two of the most versatile objects in

operator theory, appearing in countless areas of mathematics and physics. Topological

and measure theoretic constructions and arguments can inform analogues inC � -algebras

and von Neumann algebras and vice versa.

As a concrete example,K -theory was developed by Atiyah and Hirzebruch [AH61] as

a theory of groups constructed from vector bundles on topological spaces (now called

topological K -theory). This was used with great success in a proof of the Atiyah�Singer

index theorem [AS68]. Soon after,K -theory was generalised to (noncommutative)C � -

algebras, where it became indispensable for operator algebraists, with landmark results

being Elliott's program for the classi�cation of C � -algebras [Ell76; Ell93] and Brown�

Douglas�Fillmore's development of K -homology and the classi�cation of extensions of

C � -algebras [BDF77] (see [Weg93; Bla98; RLL00] for books onK -theory).

In the wake of the developments and ideas surroundingK -theory and the Atiyah�Singer in-

dex theorem, Connes postulated his noncommutative di�erential geometry [Con82; Con85;

Con94]. He saw that a noncommutative� -algebra of bounded operators, in combination

with a self-adjoint operator satisfying certain properties, can be interpreted as a noncom-

mutative generalisation of a (spin) manifold. These ideas and techniques are relevant for

badly behaved spaces like the unitary dual of a �nitely generated non-abelian discrete

or Lie group, the leaf space of a foliated manifold, or the orbit space of group actions

7



CHAPTER 1. INTRODUCTION

on manifolds, which are more easily described with noncommutative� -algebras than as a

usual point-set topological space.

Explicitly, a `noncommutative space' is described by a spectral triple. This has its origin

in a paper on Kasparov'sKK -theory by Baaj and Julg [BJ83] where spectral triples are

introduced as a type of `unboundedK -cycle'. Spectral triples were later popularised by

Alain Connes who recognised their potential as a characterisation of manifolds.

De�nition 1.1.3. A unital spectral triple (A, H , D ) consists of:

1. a Hilbert spaceH;

2. a unital � -algebra A represented faithfully as bounded operators� : A ! B (H ),

where � (1) = 1B (H ) ;

3. a self-adjoint operator D on H with compact resolvent,

such that � (a) dom(D ) � dom(D ) and [D, � (a)] extends to a bounded operator for all

a 2 A . We usually identify a 2 A with its image � (a) 2 B (H ), and omit writing �

altogether.

The spectral triple is called `even' if equipped with aZ 2-grading 
 on H such that D
 =

� 
D and a
 = 
a for all a 2 A .

The basic commutative example of a spectral triple has roots in the Atiyah�Singer index

theorem. It is not dissimilar from the triple (C(M ), L 2(M ), Dg) that we arrived at in

Section 1.1.1. We simply replaceC(M ) by C1 (M ), and Dg by the Dirac operator, an

elliptic �rst-order di�erential operator which functions as a `square root' of Dg. Such an

operator does not exist onL 2(M ), but it does on the Hilbert space of square-integrable

sections of the spinor bundle of so-called `spin manifolds'. An oriented Riemannian man-

ifold is called spin if there exists a complex Hermitian vector bundleS ! M (the spinor

bundle) such that End(S) is isomorphic to a certain Cli�ord algebra, and there exists a

charge conjugation onS [LM89, Chapter II][GVF01, Chapter 9][Sui25, Chapter 4]. The

8



1.1.2 Noncommutative geometry

precise details do not matter much for this thesis, what is important is that the triple then

takes the form (C1 (M ), L 2(S), DS), where L 2(S) are the square-integrable sections ofS

and DS is the Dirac operator associated withS. The terminology `even' spectral triple is

motivated by the fact that for an even-dimensional spin manifold M , the canonical spec-

tral triple (C1 (M ), L 2(S), DS) admits a natural grading 
 M making it an even spectral

triple [GVF01, Chapter 9][Sui25, Chapter 4].

The claim that DS functions as a square root of the Laplacian is motivated by the Lich-

nerowicz formula [LM89, Theorem II.8.8][GVF01, Theorem 9.16]

D 2
S = � DS +

1
4

s,

where DS is the Laplacian associated with the spin bundleS and s is the scalar curvature

of M . In line with this formula, for general spectral triples (A, H , D ), the operator D 2 is

commonly interpreted as an analogue of a Laplace operator.

In light of Section 1.1.1 it is not surprising that the canonical spectral triple of a compact

Riemannian spin manifold is a unique invariant for the spin manifold. However, for spectral

triples we even have an explicitreconstruction theorem [Con13]. From an abstract unital

spectral triple (A, H , D ) with speci�c additional properties like A being commutative,

one can construct a compact spin manifoldM which realises the spectral triple concretely

as (C1 (M ), L 2(S), DS). This highly non-trivial result requires recognising when the

� -algebra A is of the form C1 (M ) for a smooth manifold M , using only how A and D

are situated relative to each other as operators on the abstract Hilbert spaceH. This

puts solid ground under the claim that spectral triples can be considered noncommutative

generalisations of (spin) manifolds.

Interest in NCG has not been limited to mathematics. In physics, noncommutative spaces

have been used to explain features of the quantum Hall e�ect [BES94] and topological

insulators [Sch16], and there is extensive literature on applications of NCG in Quantum

Field Theory, see e.g. [Sza03; CM08; Sui25] for overviews. The Standard Model of particle

physics, minimally coupled to gravity, can be entirely derived through an action prin-

ciple [CC96] from the description of the universe as a noncommutative space [CCM07;

9



CHAPTER 1. INTRODUCTION

Sui25]. This uni�ed geometrical treatment of both Quantum Field Theory and General

Relativity makes for an attractive approach to quantum gravity, and extends beyond the

Standard Model to, for example, the Pati�Salam model [CCS13; CCS15].

Wrapping up this overview of NCG, we will now give two examples of noncommutative

spaces which will appear throughout this dissertation. This exposition is taken from

the joint paper of the author with Edward McDonald [HM24b]; for more details on the

noncommutative torus (on which there is much literature) we refer to [HLP19a; HLP19b]

and [GVF01, Section IV.12.3], for details on almost commutative manifolds to [Sui25,

Chapter 10].

Example 1.1.4. Let d � 2 and let � be a reald � d antisymmetric matrix. The noncom-

mutative torus is the universalC � -algebraC(T d
� ) generated by a family of unitary elements

f ungn2 Z d subject to the relations

unum = e
i
2 hn,�m i un+ m , n, m 2 Z d.

The functional

� �

 
X

k2 Z d

ckuk

!

:= c0

extends to a continuous faithful tracial state onC(T d
� ). The smooth subspaceC1 (T d

� ) is the

subalgebra ofx 2 C(T d
� ) for which bx(k) = � � (xu �

k ) is a rapidly decaying sequence onZ d.

The Hilbert space in the GNS representation corresponding to� � is denotedL 2(T d
� ), and

f ungn2 Z d is an orthonormal basis for L 2(T d
� ). The self-adjoint operators D j , j = 1, : : : , d

on L 2(T d
� ) are de�ned on the basis by

D j uk := kj uk , k = ( k1, : : : , kd) 2 Z d.

The operator D =
P d

j = 1 D j 
 
 j on L 2(T d
� ) 
 CNd , where
 j are standard Cli�ord matrices

on CNd with Nd = 2bd
2 c, gives a spectral triple

(C1 (T d
� ), L 2(T d

� ) 
 CNd , D ),

where we representC1 (T d
� ) as operators onL 2(T d

� ) 
 CNd by acting on the �rst compo-

nent [GVF01, Section 12.3]. We write D := �
P d

j = 1 D 2
j as an operator onL 2(T d

� ), so that

jD j =
p

� D 
 1CN d .

10



1.2. PSEUDODIFFERENTIAL OPERATORS

Example 1.1.5. Given the canonical spectral triple (C1 (M ), L 2(S), DM ) of an even-

dimensional spin manifold with natural grading
 M , and a �nite spectral triple (A F , H F , DF ),

meaning that H F and A F are �nite-dimensional, the product spectral triple

(C1 (M ) 
 A F , L 2(S) 
 H F , DM 
 1 + 
 M 
 DF ).

is called an almost-commutative manifold.

1.2 Pseudodi�erential operators

Pseudodi�erential operators naturally emerged from the study of partial di�erential equa-

tions (PDEs) [KN65; Hör67], where they became a crucial tool in determining qualitative

properties of solutions to PDEs. For us, they are indispensable in obtaining Weyl laws

and in determining coe�cients in heat trace expansions like those covered in Section 1.1.

See [Tay81; Shu01; Hör07] for classic books on the subject.

Let us loosely sketch a path leading to the de�nition of a classical pseudodi�erential

operator, with no respect for technical details. Suppose we want to study a PDE on

Euclidean space,
X

j � j� k

a� (x)@� u(x) = f (x), x 2 Rd,

for nice enough functionsf and a� . The operator L :=
P

j � j� k M a� @� , complicated as it

is, is much easier to study after a Fourier transform. For the Fourier transform, we will

use the convention

û(� ) := F (u)( � ) :=
1

(2� )
d
2

Z

Rd
e� i hx,� i u(x) dx, � 2 Rd, u 2 L 2(Rd).

In the frequency domain, the operatorL then corresponds to multiplying with the poly-

nomial pL (x, � ) :=
P

j � j� k a� (x)( i� ) � ,

Lu (x) =
1

(2� )
d
2

Z

Rd
ei hx,� i pL (x, � )û(� ) d� .

11



CHAPTER 1. INTRODUCTION

In an ideal scenario, whenpL (x, � ) = pL (� ) is non-zero and independent ofx, we can

simply solve the PDE from before by putting

u(x) = L � 1f (x) =
1

(2� )
d
2

Z

Rd
ei hx,� i 1

pL (� )
ˆf (� ) d� .

Likewise, the heat equation

Lu (t, x) = @t u(t, x);

u(0,x) = f (x),

can then be solved by putting

u(t, x) = etL f (x) :=
1

(2� )
d
2

Z

Rd
ei hx,� i etpL (� ) ˆf (� ) d� .

The idea behind pseudodi�erential operators is that even though these operatorsL � 1 and

etL are not di�erential operators, the analytical properties of an operator of the form

Tau(x) =
1

(2� )
d
2

Z

Rd
ei hx,� i a(x, � )û(� ) d� ,

depend not so much on its symbola being a polynomial, but rather on the qualitative

properties of a(x, � ) like its asymptotic growth as j� j ! 1 . Studying properties of these

more general operators, and deriving similar norm and regularity estimates as for di�eren-

tial operators, lets us conclude properties about solutions to PDEs, as the examplesL � 1

and etL above show.

With the theory of pseudodi�erential operators, it can be made precise when and in what

ways the operator L � 1 behaves like an order� m `di�erential' operator, etL an operator

of order �1 , and an operator like (1 � D)
s
2 for s 2 R an operator of order s.

The oldest and most `standard' theory of pseudodi�erential operators is that of classical

pseudodi�erential operators on Rd [KN65; Hör67]. Its de�nition is quite technical; we

follow [Tay81, Chapter II], and write h� i := ( 1 + j� j2)
1
2 .

De�nition 1.2.1. The symbol classSm
1,0(Rd), m 2 R, is de�ned as those smooth functions

a 2 C1 (Rd � Rd) such that for all multi-indices � , � 2 N d, there exists a constant

C� ,� � 0 such that

j@�
x @�

� a(x, � ) j � C� ,� h� i m�j � j , x, � 2 Rd.

12



1.2. PSEUDODIFFERENTIAL OPERATORS

We say that a 2 Sm
1,0(Rd) is a classical symbol, denoteda 2 Sm

cl (Rd), if there exist smooth

functions am� j 2 C1 (Rd � Rd) for all j 2 N which are homogeneous of orderm � j ,

am� j (x, �� ) = � m� j am� j (x, � ), � , j� j � 1,

with the property that

a(x, � ) �
X

j � 0

am� j (x, � ),

meaning that

a(x, � ) �
NX

j = 0

am� j (x, � ) 2 Sm� N � 1
1,0 (Rd), N 2 N .

It is no coincidence that for the di�erential operator L from before, if each coe�cient a� (x)

is smooth and it and its derivatives are bounded, the symbolpL (x, � ) =
P

j � j� k a� (x)( i� ) �

is in the symbol classSk
1,0(Rd). It is furthermore a classical symbol, as we can write

pL (x, � ) =
kX

j = 0

X

j � j= j

a� (x)( i� ) � ,

where each component
P

j � j= j a� (x)( i� ) � is homogeneous of orderj .

De�nition 1.2.2. The Schwartz functionsS(Rd) are de�ned as thosef 2 C1 (Rd) for

which all seminorms

kf k� ,� := sup
x2 Rd

jx � @�
x f (x) j, � , � 2 N d,

are �nite.

De�nition 1.2.3. A pseudodi�erential operator of order m 2 R, denoted T 2 Ym (Rd),

is an operator T : S(Rd) ! S (Rd) such that

T f (x) =
1

(2� )
d
2

Z

Rd
ei hx,� i a(x, � ) ˆf (� ) d� , f 2 S (Rd),

for some a 2 Sm
1,0(Rd) � see [Hör07, Theorem 18.1.6] for a proof that T f 2 S (Rd). If

furthermore a 2 Sm
cl (Rd), we write T 2 Ym

cl (R
d), and call T a classical pseudodi�erential

operator. Finally,

Y1 (Rd) :=
[

m2 R

Ym (Rd), Y �1 (Rd) :=
\

m2 R

Ym (Rd).

Similarly we de�ne Y1
cl (Rd) :=

S
m2 R Ym

cl (R
d).

13
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With these constructions, in many ways the pseudodi�erential operatorsY1 (Rd) behave

like di�erential operators, and Y1
cl (Rd) mimics this behaviour even more closely. For

S 2 Ym (Rd) and T 2 Ym0
(Rd), we have

S � T 2 Ym+ m0
(Rd), [S, T ] 2 Ym+ m0� 1(Rd),

as is the case for di�erential operators. Furthermore, we can de�ne the Bessel-potential

Sobolev spaces (see e.g. [Hör90, Section VII.9] or [Tri78, Section 2.3.3])

H s := dom(1 � D)
s
2

k�ks
, kf ks := k(1 � D)

s
2 f kL 2 (Rd ) , s 2 R,

which form Hilbert spaces. To be very precise, we takeD to be the Friedrich's extension

of the Laplacian, and dom(1 � D)
s
2 indicates the domain of the corresponding operator

on L 2(Rd) de�ned via functional calculus [Sch12, Section 5.3]. Fors � 0, this domain

is complete in the norm k � ks, but for s < 0 taking the completion in the norm k � ks is

necessary. For positive integers, the spaceH s consists of thes times weakly di�erentiable

L 2-functions. For the di�erential operator L =
P

j � j� k M a� @� as above, if all coe�cients

a� and their derivatives are uniformly bounded, then L extends to a bounded operator

L : H s+ k ! H s, s 2 R.

Pseudodi�erential operators have the same property: ifT 2 Ym (Rd), then T extends to

a bounded operator

T : H s+ m ! H s, s 2 R.

Intuitively, T therefore `removes'm degrees of regularity from a function. Note, however,

that m 2 R need not be an integer � or even positive.

All these objects can similarly be constructed on smooth (not necessarily Riemannian)

manifolds [Shu01, Section I.4][Hör07, Chapter XVIII]. This takes some care, as we need

to think about how to handle the Fourier transform on manifolds. Commonly, pseudod-

i�erential operators are de�ned locally in coordinate patches via the de�nitions for Rd

above, and stitched together to de�ne global operators on the manifold. However, sym-

bols can be de�ned intrinsically as functions on the cotangent bundle as well [Wid78;

Wid80; Saf97].

14



1.2. PSEUDODIFFERENTIAL OPERATORS

The principal symbol of a pseudodi�erential operator is of particular importance, as it can

tell us a lot about the operator's (approximate) invertibility. For compact manifolds, we

have a short exact sequence of vector spaces

0 ! Ym� 1
cl (M ) ! Ym

cl (M ) � 0�! C1 (S� M ) ! 0,

where the map� 0 is called the symbol map, andS� M � T � M is the cotangent sphere. The

manifold M is not required to be equipped with a Riemannian metric in order for this to

make sense: the cotangent sphereS� M can be de�ned independently of such a metric as the

rays in the cotangent bundleT � M nM , which is T � M with the zero vectors removed. The

intuitive explanation of this exact sequence is that an essentially homogeneous function

f 2 C1 (T � M ) of order m, which satis�es locally (up to a compactly supported error),

f (x, �� ) = � m f (x, � ), � , j� j � 1,

clearly de�nes a function on S� M . The map � 0 in the exact sequence selects the part of

the symbol of the classical pseudodi�erential operator that is essentially homogeneous of

order m and produces the corresponding function onS� M .

Turning this around, such exact sequences can be used tode�ne principal symbols. For

example, since on compact manifolds the operatorsY � 1(M ) are compact, a map like� 0

above, now mapping from order zero operators into the Calkin algebraB (H )/ K (H ), is

the basis for a paradigm called theC � -algebraic approach to the principal symbol [Cor79;

SZ18; MSZ19; KSZ24a].

Furthermore, it should be emphasised that there are by now many di�erent pseudodif-

ferential calculi, in di�erent settings, for di�erent purposes, all generalising di�erential

operators in a di�erent way. Fundamentally, these various pseudodi�erential calculi are

crafted for studying di�erent classes and aspects of PDEs. On both Euclidean space

and on manifolds, various symbol classes have been used as a base (variations of De�-

nition 1.2.1) [BF73; Bon13; NR10]. Other directions of research include pseudodi�eren-

tial calculi on the Heisenberg group [BFG12; FR14], Lie groups [Mel83; Tay84; MS86;

RT10], Lie groupoids [MP97; NWX99], and types of manifolds like manifolds with bound-
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aries [Mel91; Mel93; MM98], Heisenberg manifolds [BG88; Tay84; Pon08], and �ltered

manifolds [EY19; AMY22; FFF24].

In this thesis, we will focus on a very general abstract pseudodi�erential calculus which

strips away any reference to a geometric space. It is the purely operator theoretical skeleton

at the basis of any pseudodi�erential calculus, and as such it is di�cult to give accurate

credits towards its invention. Elements of this theory even predate the study of pseu-

dodi�erential operators via the symbol calculus by Kohn�Nirenberg [KN65] and Hörman-

der [Hör67]. The abstract Sobolev spaces in this theory already appeared in their current

form in work by S. G. Krein where they are called Hilbert scales, see the reviews [Mit61;

KP66] and references therein. Later, Guillemin [Gui85], Connes�Moscovici [CM95] and

Higson [Hig04] amongst others have used general pseudodi�erential calculi. Of these,

Connes and Moscovici introduced the formalism in NCG.

The basic principle is as follows. We take one operatorQ as reference, a self-adjoint

boundedly invertible operator on a separable Hilbert spaceH. With this operator, de�ne

the Sobolev spaces

H s(Q) := domQsk�ks , k� ks := kQs� kH , s 2 R,

clearly inspired by the Bessel potential Sobolev spaces from before. And as before, here

domQs is de�ned via the functional calculus for unbounded self-adjoint operators [Sch12,

Section 5.3], which is complete in the normk � ks for s � 0 but not for s < 0. Our `pseu-

dodi�erential operators' are simply operators on H which extend or restrict to bounded

maps

T : H s+ r (Q) ! H s(Q), s 2 R,

in a consistent and well-de�ned way. These operators are denoted byopr (Q), sometimes

called operators of analytic order (less than)r [Hig04].

In this calculus, there is no notion of symbols, which is at once a strength and a weakness:

we will not be able to use any techniques based on symbol manipulations, but as a conse-

quence results are valid in any pseudodi�erential calculus. And, importantly, this makes
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1.2. PSEUDODIFFERENTIAL OPERATORS

the pseudodi�erential calculus perfectly adapted for noncommutative geometry where we

do not want to interact directly with a geometric base space in the �rst place.

Some properties of this calculus have been compiled in [Uuy11]. The following concrete

examples of this abstract pseudodi�erential calculus are borrowed from the exposition

in [HMN24] (joint work of the author with Edward McDonald and Teun van Nuland).

ˆ As remarked before, taking Q = ( 1 � D)
1
2 on L 2(Rd) gives the classical (Bessel

potential) Sobolev spacesH s = W s
2 (Rd). (Pseudo)di�erential operators of order k,

and (unbounded) Fourier multipliers T� with symbols j� (� ) j . (1 + j� j)k , � 2 Rd

are contained in opk (1 � D)
1
2 . Note though that op(1 � D)

1
2 is a much larger class

than this, and for example also contains translation operators.

ˆ For spectral triples (A, H , D ), taking Q = ( 1+ D 2)
1
2 recovers the calculus of Connes

and Moscovici as used in noncommutative geometry [CM95].

ˆ Taking Q = ( 1 � D)
1
2 , where D is the sub-Laplacian on a strati�ed Lie group, gives

the Sobolev spaces de�ned by Folland and Stein [FS74; RS76].

ˆ Related to the previous example is the anharmonic oscillatorQ2 = 1 + D2l + jxj2k

on Rd for integers l , k � 1 and generalisations thereof, which de�ne Sobolev spaces

and a pseudodi�erential calculus that appear in the study of sub-Laplacian operators

on strati�ed Lie groups too [CDR21]. The special case whereQ2 is the harmonic

oscillator gives Shubin's Sobolev spacesQs(Rd) [Shu01, Section IV.25] and theG-

pseudo-di�erential operators in [NR10, Chapter 2], see also [BT06].

ˆ In the aforementioned pseudodi�erential calculus in Van Erp�Yuncken [EY19], and

Androulidakis�Mohsen�Yuncken [AMY22] on �ltered manifolds, Sobolev spaces are

constructed with a similar procedure.

ˆ A similar calculus has been constructed for quantum Euclidean spaces [GJM22].

ˆ Finally, we note the case whereQ = 1H , which gives that H s = H for all s 2 R, and

opr (1H ) = B (H ), r 2 R.
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It is a basic fact that the square of an operator in opm (Q) is an operator in op2m (Q),

but what can be said of its square root? More generally, one can wonder for which type

of abstract pseudodi�erential operators and class of functions there exists a well-behaved

functional calculus within the framework of this abstract pseudodi�erential calculus. In

Chapter 2, we resolve this question by de�ning abstractelliptic pseudodi�erential opera-

tors, and provide a functional calculus for these operators based on the preprint [HMN24].

1.3 Multiple operator integrals

To an extent, we have physicists to thank for the �eld of multiple operator integrals. To

see their ingenuity in manipulating operator integrals, simply open any book on Quan-

tum Field Theory. For example, chances are that you will encounter the time-dependent

operator

V (t) = eitH 0 e� it (H 0+ H I ) , t 2 R,

where H0 and H I are unbounded self-adjoint operators on a Hilbert space, which is ex-

panded by the Dyson series [Fol08, Chapter 6]

V (t) � I +
1X

n= 1

Vn (t),

where

Vn (t) =
1
i n

Z t

0

Z � n

0
� � �

Z � 2

0
ei� n H 0 H I ei (� n � 1 � � n )H 0 H I � � � ei (� 1 � � 2 )H 0 H I e� i� 1H 0 d� 1 � � � d� n .

Of course, the symbols =̀ ' and `� ' in these formulas mean something di�erent to physicists

than they do to mathematicians, and making these identities mathematically rigorous

requires some e�ort. The subject of Multiple Operator Integration provides a rigorous

foundation for identities like the Dyson series above and generalisations thereof. We will

mostly follow [Pel16; ST19] in this overview, but see also [PWS02; BS03; ACDS09] for

important developments of the subject.

Suppose that we are interested in the Gâteaux derivative

d
dt

�
�
�
�
�
t= 0

f (A + tB ) = lim
h! 0

f (A + hB ) � f (A)
h

,

18



1.3. MULTIPLE OPERATOR INTEGRALS

for A, B 2 B (H ) and some holomorphic function f : C ! C (using the holomorphic

functional calculus), taking the limit with respect to the operator norm. Picking a contour


 in the complex plane which encircles counterclockwise the union of the spectra ofA + tB

for t 2 (� " , " ), we have

f (A + tB ) =
1

2�i

Z



f (z)(z � A � tB ) � 1 dz, t 2 (� " , " ),

as aB (H )-valued Bochner integral. Using the resolvent identity, we have that

d
dt

�
�
�
�
�
t= 0

(z � A � tB ) � 1 = lim
t ! 0

(z � A � tB ) � 1 � (z � A) � 1

t

= lim
t ! 0

(z � A � tB ) � 1B (z � A) � 1

= ( z � A) � 1B (z � A) � 1.

Similarly, for the holomorphic function f above we can see that

1
n!

dn

dtn

�
�
�
�
�
t= 0

f (A + tB ) =
1

2�i

Z



f (z)(z � A) � 1B (z � A) � 1B � � � (z � A) � 1 dz, (1.3)

where we have an alternating product ofn + 1 factors of (z � A) � 1 and n factors of B . In

caseA and B commute, this formula simply reduces to

dn

dtn

�
�
�
�
�
t= 0

f (A + tB ) = f (n) (A)B n .

When they do not, we can devise a way to describe the right-hand side of (1.3). First

de�ne the divided di�erences f [n ] : Cn+ 1 ! C by

f [0](� ) := f (� ),

f [n ](� 0, : : : , � n ) :=
f [n� 1](� 0, : : : , � n� 1) � f [n� 1](� 1, : : : , � n )

� 0 � � n
, � 0, : : : , � n� 1, � n 6= � 0 2 C,

de�ning f [n ] with an appropriate limit when � 0 = � n , so that

f [n ](� , : : : , � ) =
1
n!

f (n) (� ), � 2 C.

By similar resolvent manipulations as before, it can be shown that for our holomorphic

function f , for a contour 
 encircling � 0, : : : , � n 2 C counterclockwise,

f [n ](� 0, : : : , � n ) =
1

2�i

Z



f (z)(z � � 0) � 1 � � � (z � � n ) � 1 dz.
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Hence, intuitively, the expression on the right-hand side of (1.3) is something likef [n ](A, : : : , A)

with factors of B spliced `in-between' then + 1 copies ofA.

Richard Feynman dealt with the issue [Fey51] by de�ning a clever system of notation

2
A

1
B

3
C := BAC .

In this notation, we formally have

dn

dtn f (A + tB ) = f [n ](
1
A,

3
A, : : : ,

2n+ 1
A )

2
B

4
B � � �

2n
B .

Obviously, this needs serious work to make well-de�ned and rigorous, see [Fey51; Mas76][KM93,

Appendix I][Jef04, Chapter 7]. Daletskii has made some historical comments on this mat-

ter [Dal98].

A di�erent approach, originally developed for studying evolution equations in Hilbert

spaces, was devised by Daletskii and S. G. Krein [DK51; DK56; Dal98], elements of which

had already appeared independently in work by Löwner [Löw34]. Their work was continued

by Birman�Solomyak [BS66; BS67; BS73; BS03], Pavlov [Pav71], Sten'kin [SS71; Ste77],

and Peller [Pel06; Pel16]. See also [ACDS09; PWS02; ST19]. Given a function� : Rn+ 1 !

C, they de�ne operators corresponding to the formal expression

TH 0 ,:::,H n
� (V1, : : : , Vn ) :=

Z

� (H 0 )����� � (H n )
� (� 0, : : : , � n ) dE0(� 0)V1dE1(� 1) � � � VndEn (� n ),

where dEi is the spectral measure of the self-adjoint operatorH i . While, like Feynman's

approach, this too is only formal notation, in various settings it can be made precise. An

important class of examples is the following [Pel06; Pel16]. Assume that� : Rn+ 1 ! C

can be written as

� (� 0, : : : , � n ) =
Z

W
a0(� 0, ! ) � � � an (� n , ! ) d� (! ), (1.4)

where (W, � ) is a �nite measure space, and the functionsai : R � W ! C are bounded

and measurable. Then we can de�ne

TH 0 ,:::,H n
� (V1, : : : , Vn ) :=

Z

W
a0(H0, ! )V1a1(H1, ! ) � � � Vnan (Hn , ! ) d� (! ),  2 H ,

(1.5)
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as an H-valued Bochner integral, where V1, : : : , Vn 2 B (H ) and H0, : : : , Hn are self-

adjoint. Peller proved that this de�nes a well-de�ned bounded operator, independent

of the representation (1.4) chosen [Pel06; Pel16]. Furthermore, he proved that for func-

tions f : R ! C in the Besov spaceB n
1 ,1(R), we have that the divided di�erence f [n ] is

of the appropriate form and henceTH 0 ,:::,H n

f [n ] (V1, : : : , Vn ) can be de�ned. If furthermore

f 2 B n
1 ,1(R) \ B 1

1 ,1(R) and f [n ] is bounded, the formula

1
n!

dn

dtn

�
�
�
�
�
t= 0

f (A + tB ) = TA,:::,A
f [n ] (B , : : : , B )

can be justi�ed for unbounded self-adjoint A and bounded self-adjoint B [Pel06, Theo-

rem 5.6]. The operatorsTH 0 ,:::,H n
� (V1, : : : , Vn ) are called multiple operator integrals, and

when n = 1 they are often called double operator integrals.

Multiple and double operator integrals (MOIs and DOIs) are not only useful for studying

derivatives, but they also come with the identities

[f (A), B ] = TA,A
f [1] ([A, B ]),

f (A) � f (B ) = TA,B
f [1] (A � B ),

(1.6)

as well as higher-order analogues. This indicates that DOIs and MOIs can appear in

many settings, and this framework has indeed been a powerful formalism in functional

analysis. The technique has been crucial in Potapov and Sukochev's proof of the long-

standing conjecture that Lipschitz functions are operator Lipschitz on the Schatten classes

L p, 1 < p < 1 [PS11], that is, the estimate

kf (A) � f (B )kp � Cp,f kA � B kp, 1 < p < 1 .

The case0 < p < 1 has been studied in [MS22]. DOIs have similarly been used to provide

di�erent kinds of sharp operator estimates [AP10; AP16; CMPS14; CPSZ19]. Further-

more, MOIs are used in the study of spectral �ow and the spectral shift function [ACS07;

PSS13], and in many other areas of functional analysis like Biane�Speicher's stochastic

analysis and their free Itô formula [BS98; Nik22].

A useful consequence of the two identities (1.6) (and their higher-order analogues) is a
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noncommutative Taylor expansion:

f (D + V ) �
1X

n,m= 0

X

m1+ ��� + mn = m

Cm1 ,:::,mn

(n + m)!
� m1

D (V ) � � � � mn
D (V )f (n+ m ) (D ), (1.7)

where � D (V ) := [ D, V ], and Cm1 ,:::,mn are some combinatorial constants speci�ed below

in Section 3.5. If the operatorsD and V happen to commute, this reduces to a standard

Taylor expansion. These Taylor expansions should for now be interpreted as purely formal,

but they have been made rigorous for classical pseudodi�erential operators on manifolds

and in Banach algebras [Pay07; Pay11; HL24]. We too will prove a precise version of the

noncommutative Taylor expansion for pseudodi�erential operators in Chapter 3, using the

abstract pseudodi�erential calculus described in Section 1.2.

For us, MOIs connect to the other themes of this dissertation due to their appearance

in noncommutative geometry, which has at times gone unrecognised. Take for example

the JLO cocycle [JLO88], which functions in NCG as the noncommutative analogue of

the Chern character in di�erential geometry. Given an even spectral triple (A, H , D )

with grading 
 , the JLO cocycle is a collection of functionals(� 0, � 2, � 4, : : :) where � n :

A 
 n+ 1 ! C is de�ned as

� n (a0 
 a1 � � � 
 an ) :=
Z

Sn
Tr (
a 0e� t0D 2

[D, a1]e� t1D 2
� � � [D, an ]e� tn D 2

) dt.

Here, Sn is the n-simplex with normalised Lebesgue measuredt. Comparing this expres-

sion with (1.5), it is not di�cult to see that we have

� n (a0, a1, : : : , an ) = Tr (
a 0TD 2 ,:::,D 2

f [n ] ([D, a1], : : : , [D, an ])) ,

where f (x) = exp(� x).

This cocycle is a cornerstone of the local index formula, a landmark result in NCG which

generalises the Atiyah�Singer index theorem to noncommutative spaces. For this result

by Connes and Moscovici [CM95], there exist by now several di�erent proofs [Hig04;

CPRS06a; CPRS06b; CPRS08; CPRS13]. Stemming from manipulations of the JLO

cocycle, these papers contain many elaborate and technical arguments involving operator

integrals. The theory of MOIs can potentially be used to simplify these arguments. In

fact, the original statement of the local index formula already suggests this possibility.
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1.3. MULTIPLE OPERATOR INTEGRALS

Theorem 1.3.1 (Local index formula [CM95]). Let (A, H , D ) be an odd unital spectral

triple with simple dimension spectrum, such thatD � 1 2 L p,1 for some p > 0. The

following functionals � n : A 
 n+ 1 ! C de�ne a cocycle (� 1, � 3, � 5, : : :) in the (b, B )-

bicomplex ofA :

� n (a0, : : : , an ) =
p

2i
X

q� 0,k j � 0

cn,k,q� q

�
a0� k1

D 2 ([D, a1]) � � � � kn
D 2 ([D, an ]) jD j � (n+ 2

P
k j )

�
,

where cn,k,q are some constants, and� q(T ) := resz= 0zq Tr (TjD j � 2z). The cohomology

class of the cocycle(� 1, � 3, � 5, : : :) in HC odd(A ) coincides with the cyclic cohomology

Chern character ch� (A, H , D ).

Even without knowing what a simple dimension spectrum, (B , b)-cocycles, cyclic coho-

mology, or the Chern character are, one can see that the cocycle de�ned in this theorem

involves something resembling a noncommutative Taylor expansion (1.7). In fact, it more

closely resembles an expansion of a single MOI, which we will see in Chapter 3 of this

thesis (Proposition 3.5.2).

The occurrence of MOI arguments in NCG is not limited to proofs of the local index

formula. They also appear in expansions of the spectral action [Skr14; Skr18; Sui11; NS22]

and the heat trace (often studied for a noncommutative analogue of curvature) [CT11;

FK12; FK13; CM14; DS15; LM16; KS18; Liu18; CF19; Liu22; NSZ25]. See [FK19] for a

review of the topic of curvature in NCG. An important tool in the area of these curvature

computations is the rearrangement lemma [CT11; CM14; Les17; HL24], which is closely

related to MOIs. See [NSZ25] for an approach to curvature via multiple operator integrals.

The theory of MOIs can potentially be a useful tool in all these contexts in NCG, but there

is a hurdle to be taken. This is best illustrated by seeing what happens when one takes

a spectral triple (A, H , D ) and applies an identity like (1.6) when the relevant operators

are D 2 and a 2 A like for the JLO cocycle:

[f (D 2), a] = TD 2 ,D 2

f [1] ([D 2, a]).

Such manipulations of MOIs are (implicitly) common in the literature, and indeed nec-

essary to interpret the local index formula, Theorem 1.3.1, as a MOI expansion. The
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problem is that the operator [D 2, a] appearing as an argument in the MOI on the right-

hand side is typically unbounded in NCG, and the theory of MOIs as in [Pel16; ST19]

is only equipped to deal with bounded arguments. In the NCG literature, many ad-hoc

arguments can be found to justify such integral manipulations [CPRS06a; CM95; Hig04],

but an overarching theory is missing.

In Chapters 2 and 3 of this thesis, this is resolved by developing a theory of multiple oper-

ator integrals for abstract pseudodi�erential operators (introduced in Section 1.2), based

on joint work [HMN24] with Edward McDonald and Teun van Nuland. Our results ex-

tend those by Paycha [Pay11] who proved a noncommutative Taylor expansion for classical

pseudodi�erential operators on manifolds, and are comparable to those by Hartmann and

Lesch [HL24] on Banach spaces. Our results are more general than those of Paycha, both

in terms of the functions and the operators considered, and more closely adapted to oper-

ators appearing in NCG than those in [HL24]. Furthermore, while the Paycha, Hartmann

and Lesch papers prove Taylor expansions, our fundamental construction of MOIs also

systematises the underlying techniques involving operator integrals that are widespread in

NCG, allowing to justify the arguments illustrated above involving unbounded operators.

As a demonstration of the power and adaptability of this formalism, Chapter 3 resolves an

open question regarding the existence of certain asymptotic expansions in spectral triples,

posed by Eckstein and Iochum [EI18].

1.4 Connes' integral formula

The fact that Riemannian manifolds can be completely captured by spectral triples, indi-

cates that there must be a way to integrate functions on manifolds spectrally. Alain Connes

recognised that Dixmier traces, or more general singular traces, are the appropriate tool.

The Dixmier trace was originally constructed as an example by Dixmier [Dix66], which

settled in the negative the question whether the operator trace is (up to constants) the

only trace that can be de�ned on B (H ). With trace we mean a linear functional � : J ! C
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1.4. CONNES' INTEGRAL FORMULA

on a two-sided idealJ � B (H ) which vanishes on commutators,

� ([A, B ]) = 0, A 2 J , B 2 B (H ).

See [SU16] for details on Dixmier's original construction. We will take a di�erent approach,

following [LSZ21; LMSZ23].

De�nition 1.4.1. The weak Schatten classL p,1 � B (H ), p > 0, consists of those compact

operators A for which

� (k, jAj) = O(k� 1
p ), k ! 1 ,

where for a compact operatorT we write f � (k, T )g1
k= 0 for an eigenvalue sequence ofT

counted with algebraic multiplicity, ordered in decreasing modulus. These sets are two-sided

ideals in B (H ). The ideal L 1,1 is called the weak trace-class ideal.

De�nition 1.4.2. An extended limit ! 2 (`1 (N )) � is a continuous positive linear func-

tional on `1 (N ) such that ! (1) = 1, and for each sequencex 2 `1 (N ) that converges to

zero, we have! (x) = 0.

Associated with each extended limit! , we can de�ne the Dixmier trace Tr ! : L 1,1 ! C by

Tr ! (A) := !

 (
1

log(n + 2)

nX

k= 0

� (k, A)

) 1

n= 0

!

.

In general, the value ofTr ! (A) may depend on the choice of! . If it does not, we call

A Dixmier measurable. Note that there is some inconsistency in the literature on the

de�nition of Dixmier measurable operators, we follow [LSZ21]. See also [SUZ13; Usa13].

At �rst sight, it might come as a surprise that the Dixmier traces are linear maps or even

traces. It is furthermore a crucial fact that they vanish on the �nite-rank operators (a

forteriori, on L 1), a property which characterises so-called singular traces.

There is a rich mathematical theory surrounding Dixmier traces and their more general

cousins the singular traces. Originally Dixmier [Dix66], and later Connes [Con88][Con94,

Section 4.2], required additional properties of the extended limits! like dilation invariance

in their de�nitions of the Dixmier trace, and de�ned these on a larger ideal M 1,1 which
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is now sometimes called the Macaev�Dixmier ideal. There are many subtle points to be

made regarding these di�ering de�nitions, or the question when di�erent extended limits

de�ne the same Dixmier trace, or what the su�cient and necessary conditions are for

an operator to be Dixmier measurable and more. For these subtleties we refer to the

books [LSZ21; LMSZ23] and the many references therein.

The most important result illustrating that Dixmier traces can be used for integration,

comes from Connes' trace theorem [Con88]. This provides that the noncommutative

residue (sometimes called Wodzicki residue or Wodzicki�Guillemin residue) for order� d

classical pseudodi�erential operators ond-dimensional manifolds can be given by a Dixmier

trace.

If we equip M with a Riemannian metric g, and consider the operatorM f (1 � Dg) � d
2

on L 2(M ), where f 2 C1
c (M ) and Dg is the Laplace�Beltrami operator, Connes' trace

theorem reduces to Connes' integral formula.

Theorem 1.4.3 (Connes' integral formula [Con88]). Let M be ad-dimensional Rieman-

nian manifold. For all f 2 C1
c (M ), we have thatM f (1 � Dg) � d

2 2 L 1,1 , and for all

extended limits ! 2 ` �
1

Tr ! (M f (1 � Dg) � d
2 ) =

Vol(Sd� 1)
d(2� )d

Z

M
f d� g, f 2 C1

c (M ). (1.8)

For compact manifolds andRd, this theorem admits a generalisation toall singular traces

on L 1,1 (not just Dixmier traces), and all f 2 L 2(M ), see [LPS10; KLPS13], [LSZ21,

Chapters 7, 8] and [LMSZ23, Chapters 2, 3]. Interestingly,f 2 L 2(M ) is both necessary

and su�cient for (1.8) to hold [LPS10; KLPS13], illustrating that an extension to L 1(M )

is impossible as mistakenly claimed in [GVF01, Corollary 7.22].

The state of the art for Connes' integral formula can be found in [LSZ20b], supplemented

by [ZS23]. By modifying the left-hand side of (1.8) to the symmetric expression

� ((1 � Dg) � d
4 M f (1 � Dg) � d

4 ),

where � is a singular trace on the aforementioned Dixmier�Macaev idealM 1,1 , these

papers extend Connes' integral formula to functionsf in certain function spaces which
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1.4. CONNES' INTEGRAL FORMULA

include the spaceL p(M ) for p > 1 (on a compact manifold M ). Even in this approach,

an extension to L 1(M ) is demonstrably impossible [LPS10, Lemma 5.7].

In the �eld of noncommutative geometry, Connes' integral formula is of signi�cant philo-

sophical importance. It justi�es that for d-summable spectral triples(A, H , D ) (meaning

that (1 + D 2) � d
2 2 L 1,1 ), the functional

a 7! Tr ! (a(1 + D 2) � d
2 ), a 2 A ,

can be interpreted as a noncommutative integral, which allows us to talk about integration

on a noncommutative space. After all, for a spectral triple the operatorD 2 functions as

the analogue of the Laplace operator (see Section 1.1). We refer to [LS10; LSZ21; LMSZ23]

for thorough studies of the noncommutative integral in this context.

The philosophy goes deeper, however. The integral formula shows that the Lebesgue mea-

sure can be completely `recovered' from operator based computations with Dixmier traces.

It has led Connes to craft a paradigm where he considers compact operators to be in�nites-

imals, with the weak trace-classL 1,1 being in�nitesimals of order 1, and the Dixmier trace

being the integral [Con94]. This `quantised calculus' is a completely operator-theoretical

approach to integration theory. In the words of Alain Connes: �I believe that most inte-

grals that we know of, are special cases of this� [Con21], i.e. are computable via a Dixmier

trace.

These Dixmier trace formulas have some advantages over the usual approach to integration.

Due to the nature of the Dixmier trace, properties like convergence or positivity of an

integral are easy to see on the operator-theoretical side. Furthermore, its robustness

towards trace-class perturbations (recall that Tr ! (T ) = 0 if T is trace-class) can lead to

deductions about similar robustness properties for the integral in question [Con94, p.558].

It should be remarked that in the noncommutative geometry literature, a popular alter-

native de�nition for the noncommutative integral is the functional

a 7! �
Z

a(1 + D 2)
s
2 := ress= 0 Tr (a(1 + D 2)

1+ s
2 ), a 2 A .
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Whenevers 7! � a,D (s) := Tr (a(1+ D 2)
1+ s

2 ) can be extended meromorphically to a neigh-

bourhood of the origin, we have for all extended limits! 2 ` �
1 [LSZ21, Theorem 9.1.5(a)]

ress= 0 Tr (a(1 + D 2)
1+ s

2 ) = Tr ! (a(1 + D 2)
1
2 ).

In general, however, it need not be the case that� a,D allows such an extension, in which

case�
R

a(1+ D 2)
1
2 is not well-de�ned. Counterexamples are given in [CS12, Lemma 17][KLPS13,

Corollary 6.34, Corollary 7.23][LSZ21, Example 9.3.3], of which [KLPS13, Corollary 6.34,

Corollary 7.23] is notable for providing an example on ad-dimensional manifold of a

compactly supported pseudodi�erential operator of order � d with such behaviour. See

also [LSZ21, Chapters 8, 9] for extensive analysis on the relation between the Dixmier

trace and residue formulas. Throughout this thesis, to maintain maximal generality, we

will stick with the Dixmier trace formulation of the noncommutative integral.

In Chapter 4, the noncommutative integral is studied in relation to the paradigm of spectral

truncations in NCG due to Connes and Van Suijlekom [CS21; CS22]. The result provides a

vehicle to relate NCG to a �eld of mathematics called Quantum Ergodicity. In Chapters 5

and 6, we provide a Dixmier trace formula for integrals with respect to a measure called

the density of states, on respectively discrete metric spaces and open manifolds based on

the papers [Aza+22; HM24a], validating Connes' mantra in this context.

1.5 Density of states

Parts of this section are borrowed from [Aza+22; HM24a], respectively a joint work with

Nurulla Azamov, Edward McDonald, Fedor Sukochev and Dmitriy Zanin, and a joint work

with Edward McDonald.

Many electrical and thermal properties of a material can be deduced from its associated

density of states (DOS), a construction in solid-state physics. Loosely speaking, the DOS

describes how many quantum states are admitted for the electrons in the material at each

energy level per unit volume. Over the years the topic has kept of plenty of mathematicians

and mathematical physicists occupied, see for example the books [PF92; Ves08; AW15].
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The rigorous de�nition of the DOS already takes some e�ort, and there exist di�ering

approaches. In this thesis we follow Simon [Sim82, Section C]. Given a (possibly un-

bounded) lower-bounded self-adjoint operatorH on the Hilbert space L 2(X ) where X is

some metric space with a Borel measure written asj � j , we consider the limits

lim
R!1

1
jB (x0, R) j

Tr (f (H )M � B (x 0 ,R ) ), f 2 Cc(R),

where B (x0, R) denotes the closed ball with centerx0 2 X and radius R, and � B (x0 ,R) is

its indicator function. When these limits exist (this includes assuming that f (H )M � B (x 0 ,R )

is trace-class in the �rst place), we have a positive linear functional onCc(R) and hence,

via the Riesz�Markov�Kakutani theorem, we obtain a Borel measure � H on R [Sim82,

Proposition C.7.2] such that

lim
R!1

1
jB (x0, R) j

Tr (f (H )M � B (x 0 ,R ) ) =
Z

R
f d� H , f 2 Cc(R).

This measure, if it exists, is what we call the density of states of the operatorH . This essen-

tially coincides with similar de�nitions elsewhere in the literature, at least for Schrödinger

operators on Euclidean space [Sim82]. Important to observe is that while we de�ne the

DOS via increasing balls, in principle we could also consider taking another increasing

sequence of setsf Wngn2 N . However, the DOS in general depends on the choice of this

increasing sequence of sets, even for Schrödinger operators with radially homogenous po-

tentials on Rd [AMSZ22].

Apart from its origin in physics, the density of states can be considered as a substitute for

the spectral counting function [Str12] which featured in Section 1.1,

N (� ) := # f k : � k � � g = Tr (� (�1 ,� ](H )) ,

in case H does not have discrete spectrum. Indeed, whenX has �nite diameter and

jX j < 1 , every self-adjoint operator H with compact resolvent admits a DOS and we

have

� H (�1 , � ] =
N (� )
jX j

.

Common research areas for studying the DOS are its existence [AW15; BS91; CL90;

DIM01; PF92; Shu79; Sim82], the analytical properties of the function� 7! � H (�1 , � ] [AW15;
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BK13; CL90; PF92] and its asymptotic behaviour as� approaches boundaries of the sup-

port of � H [AW15; BK13; CL90; Lan91; PF92]. The study of the Anderson localisation

phenomenon, of interest to mathematical physicists, is inseparably related to the study of

the density of states [AW15; CL90; Lan91].

The DOS can be connected to NCG, which will be the focus of the studies of the DOS

in this dissertation. Connes' mantra that most integrals can be computed with Dixmier

traces was mentioned in Section 1.4, and since the DOS is a measure associated with

operators, it is a good case study for Connes' philosophy. This was �rst observed and

investigated by Nurulla Azamov, Edward McDonald, Fedor Sukochev and Dmitriy Zanin

on Rd for Schrödinger operators [AMSZ22].

Let us consider the Laplacian onRd, D =
P d

j = 1 @2
j . We know that the classical Weyl law

covered in Section 1.1 (equation (1.1)) gives for the LaplacianDW on a bounded domain

W � Rd with Dirichlet boundary conditions, that

Tr (� (�1 ,� ](� DW)) �
Vol(Sd� 1)

d(2� )d Vol(W)�
d
2 , � ! 1 .

It might therefore not come as a surprise that we have the limit

lim
R!1

1
jB (x0, R) j

Tr (� [�1 ,� ) (� D)M � B (x 0 ,R ) ) =
Vol(Sd� 1)

d(2� )d �
d
2 , � > 0,

where we now have an exact equality instead of an asymptotic identity. See [Str12] for a

precise proof. In fact, the Laplacian admits a DOS� � D which satis�es

� � D(�1 , � ] =
Vol(Sd� 1)

d(2� )d �
d
2 , � > 0, (1.9)

and more generally,

d� � D(� ) =
Vol(Sd� 1)

2(2� )d �
d
2 � 1d� , � > 0, (1.10)

where d� is the Lebesgue measure onR, see e.g. [Sim82; Str12; AMSZ20]. The func-

tion (1.9) is sometimes called the integrated DOS.

The following argument was presented in [AMSZ22]. Recall Connes' integral formula

(Theorem 1.4.3), which gives for any extended limit! 2 ` �
1 ,

Tr ! (M f (1 � D) � d
2 ) =

Vol(Sd� 1)
d(2� )d

Z

Rd
f (x) dx, f 2 Cc(Rd).
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Since the Dixmier trace is invariant under unitary transformations, we can perform a

Fourier transform on the left-hand side to deduce that

Tr ! (f (� i r )M � d
hxi ) =

Vol(Sd� 1)
d(2� )d

Z

Rd
f (x) dx, f 2 Cc(Rd).

Suppose now thatf is radially symmetric and f (x) = g( jxj2) for a continuous compactly

supported function g 2 Cc[0,1 ). Then, f (� i r ) = g(� D), and switching to spherical

coordinates we get

Tr ! (g(� D)M � d
hxi ) =

Vol(Sd� 1)
d(2� )d

Z

Rd
g( jxj2) dx

=

�
Vol(Sd� 1)

� 2

d(2� )d

Z 1

0
g(r 2)r d� 1 dr

=

�
Vol(Sd� 1)

� 2

2d(2� )d

Z 1

0
g(� )�

d
2 � 1 d� .

Hence, we �nd that

Tr ! (g(� D)M � d
hxi ) =

Vol(Sd� 1)
d

Z

R
g(� ) d� � D(� ), g 2 Cc(R), (1.11)

which is a Dixmier trace formula for the DOS of the Laplacian. The results of [AMSZ22]

extend the identity (1.11) to Schrödinger operators � D + M V which admit a DOS and

where V 2 L 1 (Rd) is real-valued.

Chapters 5 and 6 in this thesis focus on extending formula (1.11) to discrete metric spaces

and manifolds respectively, based on the papers [Aza+22; HM24a].The DOS in these

settings has previously been studied, as discrete spaces can serve as a model or a discrete

approximation [AW15; AO82; BK13; CL90; Cha+86; Hof93; KM06; PF92; Ves05; Weg81],

and manifolds allow studying the DOS in even greater generality [AS93; LPPV08; LPV04;

PV02; Ves08].

Furthermore, a link between the DOS and Dixmier traces has previously appeared in the

in�uential work by Bellissard, van Elst and Schulz-Baldes [BES94], which provides an

NCG explanation of the quantum Hall e�ect. Noting the relation between Dixmier traces

and � -function residues [LSZ21], a result by Bourne and Prodan [BP18, Lemma 6.1] also

bears some resemblance to formula (1.11).
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A notorious aspect of the DOS is that the existence of the DOS cannot be guaranteed in

general situations. One advantage of the Dixmier trace formula (1.11) is that the Dixmier

trace on the left-hand side is guaranteed to be well-de�ned even if the DOS itself has not

been shown to exist. In fact, it can be interpreted as a generalisation of the de�nition of

the DOS. This is unlikely to be any good if this `DOS' depends on the choice of extended

limit, so one might at least require g(H )M � d
hxi to be Dixmier measurable. In Chapter 5 we

will con�rm on discrete spaces that this is a strictly weaker requirement than existence of

the DOS, but in other settings and for Schrödinger type operators it is not yet precisely

known what the relation is between Dixmier measurability and existence of the DOS.

Finally, the Dixmier trace formula allows questions regarding the DOS to be answered

with operator theoretical machinery. We will see examples of this in Chapters 5 and 6,

where questions like translation invariance of the DOS are answered in this manner. We

will also see a connection between the Dixmier trace formula for the DOS and index theory,

namely, Roe's index theorem on open manifolds.

1.6 Preliminary material

This section serves as a brief overview of common notation, convention, and de�nitions

used throughout the rest of this dissertation. The covered material is standard and can be

found in [LSZ21; LMSZ23; Sim05]. Some of the content has been copied from [HM24a].

The natural numbers are by convention N = f 0, 1, 2,: : :g. For functions f , g : R ! R> 0

(or with other appropriate domains and co-domains) we write

f (x) � g(x), x ! 1 ,

to mean that

lim
x!1

f (x)
g(x)

= 1.

All Hilbert spaces are assumed to be complex separable Hilbert spaces, denotedH, on

which the inner product h�, �i is linear in its second component. The set of bounded op-
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erators on H is denoted by B (H ) and the ideal of compact operators byK (H ). The

operator norm on B (H ) is denotedk � k. For any compact operator T 2 K (H ), an eigen-

value sequence� (T ) = f � (k, T )g1
k= 0 is a sequence of the eigenvalues ofT listed with

algebraic multiplicity, ordered such that fj � (k, T ) jg1
k= 0 is non-increasing. The singular

value sequence� (T ) = f � (k, T )g1
k= 0 of T is de�ned by

� (k, T ) := � (k, jT j), k � 0.

Equivalently,

� (k, T ) = inf fk T � Rk : rank(R) � kg.

Let `1 denote the space of complex-valued bounded sequences indexed byN . For x 2 `1 ,

we will denote by � (x) = f � (k, x)g1
k= 0 2 `1 the decreasing rearrangement offj xk jg1

k= 0.

This is consistent with the notation for the singular value sequence of an operator in the

sense that ifdiag(x) is the operator given by a diagonal matrix with entries f xkg1
k= 0, then

� (diag(x)) = � (x).

For p, q 2 (0,1 ), we de�ne the Lorentz sequence spaces̀p,q, `p,1 and `1 ,q as the spaces

of sequencesx 2 `1 such that

kxkp,q :=

 1X

k= 0

(k + 1)
q
p � 1� (k, x)q

! 1
q

< 1 ,

kxkp,1 := sup
k� 0

(k + 1)
1
p � (k, x) < 1 ,

and

kxk1 ,q :=

 1X

k= 0

(k + 1) � 1� (k, x)q

! 1
q

< 1 ,

respectively. The spacè 1 ,1 is de�ned as `1 ,1 := `1 , and `p,p is denoted as`p. Using

the previously de�ned singular value sequences, we give the de�nition of the Lorentz ideals

L p,q for p, q 2 (0,1 ] as the quasi-normed spaces of compact operatorsT such that

kTkp,q := k� (T )k`p,q < 1 .

Like for the sequence spaces,L p,p is denoted asL p, and L 1 ,1 := B (H ). Indeed, consistent

with these de�nitions, the operator norm k � k on B (H ) is sometimes denoted byk � k1 if

confusion might arise with other norms.
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The spacesL p,q, 0 < p , q � 1 form two-sided ideals in B (H ). The ideals L p are called

Schatten classes,L 1 is the familiar ideal of trace-class operators (on which we can de�ne

the usual operator traceTr ), and L 1,1 is called the ideal of weak trace-class operators. The

ideal L 2 is called the Hilbert�Schmidt class. All of these quasi-norms have the property

that, for p, q 2 (0,1 ],

kABC kp,q � k Ak1 kB kp,qkCk1 , B 2 L p,q, A, C 2 B (H ).

In similar spirit, we de�ne the following function spaces.

De�nition 1.6.1. Let (X , S, � ) be a measure space. We writeL 1 (X ) for the quotient

space

L 1 (X ) := f f : X ! C measurablej kf k1 < 1g
.

� ,

where k � k1 indicates the essential supremum, andf � g if f (x) = g(x) � -almost every-

where. We de�ne similarly for 0 < p < 1 ,

L p(X ) :=
�

f : X ! C measurablej kf kp :=

 Z

X
jf jp d�

! 1
p

< 1
��

� .

There is a way to de�ne the spacesL p,q(X ) as well, and to furthermore see the spaces

L p,q(X ), L p,q and `p,q as instances of a more general integration theory on von Neumann

algebras [DPS23]. We will not delve into that matter in this thesis though.

Let J be a two-sided ideal inB (H ). A linear functional � : J ! C is called a trace if it

satis�es

� (BT ) = � (TB ), T 2 J , B 2 B (H ).

This condition is equivalent with requiring

� (U � TU) = � (T ), T 2 J , U 2 U(H ),

where U(H ) are the unitary operators on H. Traces � on J that vanish on �nite-rank

operators called singular traces.

All traces on L 1,1 are singular traces. In contrast with the situation on L 1, continuous

traces onL 1,1 are far from unique. A particular kind of continuous traces can be de�ned
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on L 1,1 which are called Dixmier traces, as covered in Section 1.4, repeated here for

convenience.

De�nition 1.6.2. An extended limit ! 2 (`1 (N )) � is a continuous positive linear func-

tional on `1 (N ) such that ! (1) = 1, and for each sequencex 2 `1 (N ) that converges to

zero, we have! (x) = 0.

Associated with each extended limit! , we can de�ne the Dixmier trace Tr ! : L 1,1 ! C by

Tr ! (A) := !

 (
1

log(n + 2)

nX

k= 0

� (k, A)

) 1

n= 0

!

.

In general, the value ofTr ! (A) may depend on the choice of! . If it does not, we call A

Dixmier measurable [LSZ21].

More can be read about singular and Dixmier traces in [LSZ21; LMSZ23], for the topic of

measurability see [LSZ21; Usa13; SUZ13].

De�nition 1.6.3. Given an operator 0 � V 2 B (H ), an operator A 2 B (H ) is said to be

V-modulated if

sup
t> 0

t
1
2 kA(1 + tV ) � 1k2 < 1 . (1.12)

As can be seen from the de�nition, aV -modulated operator is necessarily Hilbert�Schmidt.

The importance of V -modulated operators comes from the following theorem, see [LSZ21,

Theorem 7.1.3]. We will make use of this theorem in Chapters 4 and 5.

Theorem 1.6.4. If V 2 L 1,1 (H ) is strictly positive, T is V -modulated and f ekg1
k= 0 is

an orthonormal basis such thatV ek = � (k, V )ek , then as n ! 1 ,

nX

k= 0

� (k, T ) =
nX

k= 0

hek , Tek i + O(1). (1.13)

Note that if 0 � V 2 L 1,1 (H ), then V is automatically V -modulated [LSZ21, Lemma

7.3.4], and ifA is bounded andT is V -modulated, then AT is V -modulated, which directly

follows from (1.12).
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All manifolds in this thesis are smooth, oriented manifolds. The unique volume form on an

(oriented) Riemannian manifold (M , g) is written as � g, which is given in local coordinates

as

� g =
q

jdet(g) jdx1 ^ � � � ^ dxd,

whered is the dimension ofM . We then de�ne L 2(M ) as in De�nition 1.6.1. On L 2(M ) we

will often consider the Laplace�Beltrami operator Dg, which is given in local coordinates as

Dgf =
1

q
jdet(g) j

@i

� q
jdet(g) jgij @j f

�
, f 2 C1

c (M ). (1.14)

When not mentioned otherwise, we will consider this operator onL 2(M ) as the Friedrichs

extension of (1.14) [Sch12, Chapter 10]. Explicitly, we put

domDg = H 2(M ),

where H k (M ) are the standard Sobolev spaces on Riemannian manifolds, see e.g. [Tri92,

Chapter 7]. With this domain, Dg is a negative self-adjoint operator onL 2(M ).
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CHAPTER 2. FUNCTIONAL CALCULUS FOR ABSTRACT
PSEUDODIFFERENTIAL OPERATORS

Chapter 2

Functional calculus for abstract

pseudodi�erential operators

Take care, and work harder.

Fedor Sukochev

This chapter has appeared in slightly modi�ed form as part of the preprint [HMN24],

joint work with Edward McDonald and Teun van Nuland. We thank Dmitriy Zanin for

help with Proposition 2.3.4. The review of the abstract pseudodi�erential calculus in

Section 2.1.1 contains established results, the results and de�nitions in the other sections

are novel. The main results of this chapter are the functional calculus for positive-order

pseudodi�erential operators in Theorem 2.2.3, and the zero-order case in Theorem 2.3.7.

Much of the motivation for this chapter has already been covered in Sections 1.2 and 1.3.

We will look at a scale of Hilbert spacesfH sgs2 R de�ned by a single operator Q, which

is a very plain generalisation of Sobolev spaces. On this scale, operators can be de�ned

which map in some well-de�ned and consistent way

T : H s+ m ! H s, s 2 R,

which forms a bare-bones abstract pseudodi�erential calculus. We will develop a functional

38



2.1. ABSTRACT PSEUDODIFFERENTIAL CALCULUS

calculus for these operators, which will therefore be applicable to any pseudodi�erential

calculus. Though this is interesting in its own right, we are motivated by developing

multiple operator integrals for these operators in Chapter 3, which in turn is motivated

by applications in noncommutative geometry.

Usually, de�ning a functional calculus for a pseudodi�erential calculus involves elliptic

operators [Str72; MS87; Bon13]. We too will follow this strategy, although it breaks

down for zero-order operators. For the latter, we can instead directly apply work by

Davies [Dav95b; Dav95c].

2.1 Abstract pseudodi�erential calculus

2.1.1 Review

First, the details of the abstract pseudodi�erential calculus that we use. See also [KP66;

Dal67; CM95; Uuy11].

De�nition 2.1.1. Let Q be a possibly unbounded invertible positive self-adjoint operator

on a separable Hilbert spaceH. De�ne the Hilbert spaces H s := domQsk�ks for s 2 R

where k� ks := kQs� k � noting that taking this completion is unnecessary for s � 0. We

write H 1 :=
T

s� 0 H s, which is dense inH .

This de�nition dates back to work by S. G. Krein, see the reviews [Mit61; KP66] and

references therein. Further developments were made in [Dal67; Bon67]. Furthermore, the

spaceH 1 is a `countably Hilbert space' in the terminology of [GV64, Section I.3].

A quick �rst observation is that the embedding H s ,! H t is continuous for all s � t. For

s > 0, there is a pairing betweenH s and H � s given by

hu, vi (H s ,H � s ) := hQsu, Q� svi H , u 2 H s, v 2 H � s.

This pairing identi�es H � s with the (continuous) anti-linear dual space of H s and vice-

versa.

39



CHAPTER 2. FUNCTIONAL CALCULUS FOR ABSTRACT
PSEUDODIFFERENTIAL OPERATORS

The spaceH 1 =
T

s2 R H s is a Fréchet space equipped with the normsk � ks, s 2 R. By

construction, H 1 � H s for any s 2 R, and in fact H 1 is dense inH s. Since a subspace of

a separable metric space is itself separable it follows that everyH s admits an orthonormal

basis consisting of vectors inH 1 .

We de�ne H �1 as the continuous anti-linear dual space ofH 1 , which can be identi�ed

with

H �1 =
[

s2 R

H s. (2.1)

This is an LF -space, in the sense of [Trè67, Chapter 13]. From this perspectiveH 1 can

be interpreted as a Schwartz space andH �1 as a space of distributions. In caseQ� 1 2 L s

for somes > 0, we have that the Gelfand triples H 1 � H � H �1 and H s � H � H � s

are `rigged Hilbert spaces' in the terminology of [GV64, Section I.4].

Given u 2 H 1 and v 2 H �1 it follows from (2.1) that v 2 H � s for some particular s 2 R.

It is immediate that u 2 H s, and we have

hu, vi (H 1 ,H �1 ) = hu, vi (H s ,H � s ) .

Proposition 2.1.2. The Sobolev spacesH s in De�nition 2.1.1 form an exact interpolation

scale. That is, let s0 � s1, r0, r1 2 R, and let 0 < � < 1. Set

s� := ( 1 � � )s0 + �s 1, r � = ( 1 � � )r0 + �r 1.

If T is a bounded linear map

T : H s0 ! H r 0 , T jH s1 : H s1 ! H r 1 ,

then TjH s� is bounded fromH s� to H r � for every � . Moreover we have

kTkH s� !H r � � k Tk1� �
H s0 !H r 0 kTk�

H s1 !H r 1 .

Proof. See [KP66]. Or, after identifying H s with a weighted L 2-space through the spectral

theorem, this follows from the Stein�Weiss interpolation theorem for L p-spaces [BL76,

Theorem 5.4.1].
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De�nition 2.1.3. We say that a linear operatorA : H 1 ! H 1 is in the classopr (Q) (it

has analytic order � r ) if A extends to a continuous operator

As+ r ,r : H s+ r ! H s

for all s 2 R. If no confusion can arise, we often write

A : H s+ r ! H s.

Furthermore, op(Q) :=
S

r 2 R opr (Q), and op�1 (Q) :=
T

r 2 R opr (Q). We de�ne OPr (Q) �

opr (Q) as thoseA 2 opr (Q) for which � n
Q(A) 2 opr (Q) for each n � 0, where � Q(A) :=

[Q, A ].

SinceH s ,! H t is continuous for all s � t, it follows that opr (Q) � opt (Q) for r � t. Both

op(Q) and OP(Q) :=
S

r 2 R OPr (Q) form a �ltered algebra, as opr (Q) � opt (Q) � opr + t (Q)

and OPr (Q) � OPt (Q) � OPr + t (Q).

Commonly, this paradigm is also used when dealing with unbounded operators

T : dom(T ) ! H .

In this case, one writesT 2 opr (Q) if H 1 � dom(T ), T (H 1 ) � H 1 , and

TjH 1 2 opr (Q).

Conversely, for T 2 opr (Q) with r � 0,

T r ,0 : H r � H ! H

can be interpreted as an unbounded operator. Furthermore, note thatop� r (Q) � B (H )

for r � 0 in the sense that for A 2 op� r (Q) we have A � r ,0jH 2 B (H ). Similarly if

Q� 1 2 L s(H ), a Schatten class, thenop� s(Q) � L 1(H ).

2.1.2 Adjoints

Here we discuss various ways of de�ning the adjoint inopr (Q).
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De�nition 2.1.4. Let A 2 opr (Q) so that A extends to a bounded operator

A : H s+ r ! H s

for all s 2 R.

1. The adjoint of A as an endomorphism of the topological vector spaceH 1 we denote

Ay : H �1 ! H �1

de�ned by the identity

hAu, vi (H 1 ,H �1 ) = hu, Ayvi (H 1 ,H �1 ) , u 2 H 1 , v 2 H �1 .

2. In similar fashion we denote the adjoint

A0s : H � s ! H � s� r

de�ned by the relevant identity

hAu, vi (H s ,H � s ) = hu, A0s vi (H s+ r ,H � s� r ) , u 2 H s+ r , v 2 H � s.

3. We de�ne the Hermitian adjoint

A [ s : H s ! H s+ r

via the identity

hAu, vi H s = hu, A [ s vi H s+ r , u 2 H s+ r , v 2 H s.

4. In case r � 0, the map

A : H s+ r � H s ! H s

is an unbounded operator on the Hilbert spaceH s, so we de�ne another Hermitian

adjoint

A � s : Ds ! H s,

with domain

Ds := f u 2 H s j 9v 2 H s8� 2 H s+ r : hu, T � i H s = hv, � i H s g,

such that

hAu, vi H s = hu, A � s vi H s , u 2 H s+ r , v 2 D s.
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These adjoints are related in the following way.

Proposition 2.1.5. Let A 2 opr (Q). Then, for all s 2 R,

1. A0s = Ay
�
�
�
H � s

;

2. A [ s = Q� 2s� 2r AyQ2s
�
�
�
H s

.

If r � 0,

3. A � s = Q� 2sAyQ2s
�
�
�
Ds

.

Proof. 1. Take u 2 H 1 � H s+ r and v 2 H � s � H �1 . Then

hAu, vi (H s ,H � s ) = hu, A0s vi (H s+ r ,H � s� r )

= hu, A0s vi (H 1 ,H �1 ) .

We also have

hAu, vi (H s ,H � s ) = hAu, vi (H 1 ,H �1 )

= hu, Ayvi (H 1 ,H �1 ) .

Hence it follows that

A0s v = Ayv 2 H �1 , v 2 H � s.

2. Take u 2 H 1 , v 2 H s. Then on the one hand,

hAu, vi H s = hAu, Q2svi (H 1 ,H �1 )

= hu, AyQ2svi (H 1 ,H �1 ) ,

and on the other hand

hAu, vi H s = hu, A [ s vi H s+ r

= hu, Q2s+ 2r A [ s vi (H 1 ,H �1 ) .

We therefore �nd

A [ s = Q� 2s� 2r AyQ2s
�
�
�
H s

.
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3. Take u 2 H 1 , v 2 D s � H s � H �1 . Then

hAu, vi H s = hAu, Q2svi (H 1 ,H �1 )

= hu, AyQ2svi (H 1 ,H �1 ) ,

and

hAu, vi H s = hu, A � s vi H s

= hu, Q2sA � s vi (H 1 ,H �1 ) .

Hence

A � s = Q� 2sAyQ2s
�
�
�
Ds

.

An important takeaway from this proposition is that if A : H 1 ! H 1 , we have a priori

that

Ay : H �1 ! H �1 ,

but if A 2 opr (Q) we have in fact that Ay 2 opr (Q) (or, more precisely,Ay
�
�
�
H 1

2 opr (Q)).

It is now also clear that the Hermitian adjoints A [ s and A � s in general cannot be regarded

as operators in op(Q), as the operators A [ s and A [ t do not agree on the intersection

H s \ H t for s 6= t, and the same holds forA � s .

Proposition 2.1.6. If A 2 opr (Q), r � 0, then

A : H r � H 0 ! H 0

is symmetric if and only if A = Ay.

Proof. Suppose thatA = Ay. Let u 2 H 1 , v 2 H r . Then

hAu, vi H 0 = hAu, vi (H 1 ,H �1 )

= hu, Ayvi (H 1 ,H �1 )

= hu, Avi H 0 .
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By density of H 1 � H r , the above equality holds foru 2 H r as well, and henceA : H r �

H 0 ! H 0 is symmetric.

On the other hand, if A : H r � H 0 ! H 0 is symmetric, then for u, v 2 H 1 ,

hu, Ayvi (H 1 ,H �1 ) = hAu, vi H 0

= hu, Avi H 0

= hu, Avi (H 1 ,H �1 ) ,

showing that Ayv = Av 2 H 1 which implies that A = Ay 2 opr (Q).

2.1.3 Elliptic operators

To prepare the way for a functional calculus on this Hilbert scale, we will de�ne a notion

of ellipticity called Q-ellipticity in this subsection. We then show that for A 2 opr (Q),

r � 0, Q-elliptic and symmetric we have that A as an operator onH is self-adjoint with

domain H r . Furthermore, if A is invertible in an appropriate sense, thenA � 1 2 op� r (Q).

De�nition 2.1.7. We say that an operator A 2 opr (Q) is Q-elliptic if there exists a

parametrix for A of order � r , that is, there exists an operatorP 2 op� r (Q) such that

AP = 1H 1 + R1;

PA = 1H 1 + R2,

where R1, R2 2 op�1 (Q) =
T

s2 R ops(Q).

We emphasise that the notion ofQ-ellipticity depends on Q and on the order r 2 R.

Remark 2.1.8. In the de�nition of Q-ellipticity above, we could have equivalently required

the formally weaker condition of A having a right-parametrix P1 2 op� r (Q) and a left-

parametrix P2 2 op� r (Q),

AP1 = 1H 1 + R1;

P2A = 1H 1 + R2,
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where R1, R2 2 op�1 (Q). Namely, it is not di�cult to deduce that this would imply

P1 � P2 2 op�1 (Q).

We will now provide a lemma which lets us formally weaken the condition ofQ-ellipticity

in De�nition 2.1.7.

For a pseudodi�erential operator T 2 op(Q), we say that there exists an asymptotic

expansion

T �
1X

k= 0

Tk ,

if

T �
NX

k= 0

Tk 2 opmN (Q), mN # �1 .

Lemma 2.1.9 (Borel lemma). Let f Akg1
k= 0 be a sequence of linear operators fromH 1

to H 1 for which Ak 2 opmk (Q) such that mk # �1 as k ! 1 . There exists a linear

operator A 2 opm0 (Q) such that

A �
1X

k= 0

Ak .

Proof. Let � 2 C1
c (R) be equal to 1 in a neighbourhood of zero, and letf " kg1

k= 0 be

a sequence of positive numbers tending to zero in a manner to be determined shortly.

Formally we de�ne

A :=
1X

k= 0

Ak (1 � � (" kQ)) .

We will prove that f " kg1
k= 0 can be chosen such that this series makes sense andA 2

opm0 (Q) with the desired asymptotic expansion.

Let � 2 H 1 . Then for every k � 0 and n 2 Z , we have

kAk (1 � � (" kQ)) � kH n � k AkkH n + m k !H n k(1 � � (" kQ)) � kH n + m k

� k AkkH n + m k !H n k1 � � (" kQ)kH n + m 0 !H n + m k k� kH n + m 0 .

Let a > 0 be a number such thata < Q. The norm of 1 � � (" kQ) from H n+ m0 to H n+ mk

is determined by functional calculus as

sup
t>a

tmk � m0 (1 � � (" k t)) � "m0 � mk
k sup

s> 0
smk � m0 (1 � � (s)) � C� " k .
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for some constantC� , and for k su�ciently large so that m0 � mk � 1. Now we choose" k

su�ciently small such that

0 � " kC� max
jnj� k

fk AkkH n + m k !H n g < 2� k .

With this choice of sequencef " kg1
k= 0, we have just proved that the series

A� =
1X

k= 0

Ak (1 � � (" kQ)) �

converges in everyH n , and de�nes a bounded linear operator

A : H n+ m0 ! H n , n 2 Z .

Since this holds for everyn 2 Z , it follows that A : H 1 ! H 1 and by interpolation

(Proposition 2.1.2) A 2 opm0 (Q). Note that with this �xed choice of f " kg1
k= 0, we have

proved the stronger result that the `tail' of A

1X

k= N + 1

Ak (1 � � (" kQ))

converges in everyH s and de�nes a linear operator in opmN + 1 (Q).

Now we prove that A has the desired asymptotic expansion. For everyN > 0 we have

A �
NX

k= 0

Ak = �
NX

k= 0

Ak � (" kQ) +
1X

k= N + 1

Ak (1 � � (" kQ))

Since � is compactly supported, it is easy to see that the �rst summand has order�1

for every N � 0, and the second summand has order at mostmN + 1 due to the result just

proved.

Corollary 2.1.10. Suppose thatA 2 opr (Q) has an inverseB 2 op� r (Q) up to order

� 1. That is,

AB = 1H 1 + R1;

BA = 1H 1 + R2

where R1, R2 have order � 1. Then A is Q-elliptic.
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Proof. SinceRj
1 has order at most� j , we can use the Borel lemma to construct an operator

B 0 such that

B 0 �
1X

k= 0

(� 1) j BR j
1.

Then AB 0� 1 has order �1 . Similarly we can construct a left inverse.

The condition for Q-ellipticity in Corollary 2.1.10 corresponds to a de�nition of ellipticity

by Guillemin in an abstract pseudodi�erential calculus [Gui85].

Proposition 2.1.11. Let A 2 opr (Q) be Q-elliptic. If the bounded extension

A : H s0+ r ! H s0

admits a bounded inverse

A � 1 : H s0 ! H s0+ r ,

for a speci�c s0 2 R, then A � 1
�
�
�
H 1

2 op� r (Q). Simply writing A � 1 = A � 1
�
�
�
H 1

, we have

that

A � 1A = AA � 1 = 1H 1 .

Proof. Let P be a parametrix of A and take x 2 H 1 , so that

A � 1x = ( PA � R2)A � 1(AP � R1)x

= PAPx � R2Px � PR1x + R2A � 1R1x.

Observe that for y 2 H t , t 2 R, we have A � 1R1y 2 H s0+ r , so that R2A � 1R1y 2 H 1 .

Hence,

R2A � 1R1 2 op�1 (Q),

and therefore

A � 1 = PAP � R2P � PR1 + R2A � 1R1

2 op� r (Q) + op�1 (Q) = op� r (Q).
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Proposition 2.1.12. Let A 2 opr (Q) be Q-elliptic of order r � 0. Then the unbounded

operator

A : H s+ r � H s ! H s

is closed for eachs 2 R.

Proof. De�ne the graph norm of A on dom(A) = H s+ r as

kxkG(A ) := kAx ks + kxks, x 2 H s+ r .

By de�nition, A is a closed operator if and only ifdom(A) is complete with respect to this

graph norm. We will show that for Q-elliptic operators, the graph norm is equivalent to

k � ks+ r , which immediately implies that H s+ r is complete with respect to the graph norm.

First, we have that

kAx ks + kxks � k AkH s+ r !H s kxks+ r + kQ� r kH s !H s kQr xks

. kxks+ r .

Next, let P be a parametrix for A, and take x 2 H 1 so that

kxks+ r � k PAxks+ r + kR2xks+ r

� k PkH s !H s+ r kAx ks + kR2kH s !H s+ r kxks

. kAx ks + kxks.

The assertion of the proposition is now immediate.

Elliptic operators have a property which is often called elliptic regularity, or maximal

subellipticity.

Proposition 2.1.13. Let A 2 opr (Q) be a Q-elliptic operator. If x 2 H �1 is such that

Ax 2 H s for an s 2 R, then x 2 H s+ r .

Proof. Take x 2 H �1 , and suppose thatAx 2 H s. Then PAx 2 H s+ r , which implies

that

x = PAx � R2x 2 H s+ r .
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Finally we will now show that if A 2 opr (Q), r � 0 is Q-elliptic and symmetric, then A is

self-adjoint with domain H r . Recall from Section 2.1.2 thatAyjH 1 2 opr (Q), and for any

s 2 R, we have that

hAu, vi (H s ,H � s ) = hu, Ayvi (H s+ r ,H � s� r ) , u 2 H s+ r , v 2 H � s. (2.2)

And, by Proposition 2.1.6, for r � 0 we have that A = Ay if and only if A r ,0 : H r � H ! H

is symmetric.

Proposition 2.1.14. Let A 2 opr (Q), r � 0, be a Q-elliptic and symmetric operator.

Then A is self-adjoint with domain H r .

Proof. To prove that A is self-adjoint, we need to show that the Hermitian adjoint of the

closed operatorA : H r � H 0 ! H 0, writing A � 0 :=
�
A r ,0

� �
,

A � 0 : dom(A � 0 ) � H 0 ! H 0,

has domaindom(A � 0 ) = H r . Recall that, by de�nition,

dom(A � 0 ) := f u 2 H 0 : 9v 2 H 0 such that 8� 2 H r hu, A� i H 0 = hv, � i H 0 g.

If u, v 2 H 0 and � 2 H r , then by (2.2) and Proposition 2.1.6,

hu, A� i H 0 = hAyu, � i (H � r ,H r )

= hAu, � i (H � r ,H r ) ;

hv, � i H 0 = hv, � i (H � r ,H r ) .

SinceH r separates the points ofH � r , we have that for u, v 2 H 0,

hAu, � i (H � r ,H r ) = hv, � i (H � r ,H r ) , 8� 2 H r ,

if and only if

Au = v 2 H � r .

Hence,

dom(A � 0 ) = f u 2 H 0 : 9v 2 H 0 such that Au = vg

= f u 2 H 0 : Au 2 H 0g.
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By elliptic regularity (Proposition 2.1.13) it follows that dom(A � 0 ) = H r , completing the

proof.

2.2 Functional calculus for elliptic operators

Due to the results in the previous section, we know that for aQ-elliptic symmetric operator

A 2 opr (Q), r � 0, the operator A r ,0 : H r � H ! H is self-adjoint. Hence, we can ask

when the operatorf (A r ,0) de�ned via the Borel functional calculus is an operator in op(Q).

An obstacle for a naive approach is thatf (As+ r ,s) is not easily de�ned for s 6= 0 as an

operator on H s, asAs+ r ,s is generallynot normal or symmetric as an operator onH s when

A r ,0 is on H. Indeed, Proposition 2.1.5 tells us that this is only the case when

A = Q� 2sAQ2s.

The main idea in this section is the following. A functional calculus for the self-adjoint Q

itself as a pseudodi�erential operator is not di�cult to construct. Namely, for measurable

f : R ! C, one can de�ne f (Q) as an unbounded operator onH [Sch12, Theorem 5.9],

with operator norms

kf (Q)kH s+ m !H s = kQsf (Q)Q� s� m kH!H = kf (x)x � m kL 1 (E ) ,

which gives a quick and appropriate condition forf (Q) 2 opm (Q) (here, E is the spectral

measure ofQ, see De�nition 2.2.2 below for a precise de�nition ofL 1 (E )). We can further

exploit this by the insight that for a Q-elliptic symmetric operator A 2 opr (Q), r > 0,

in fact the norms kQs� k and khAi
s
r � k are equivalent, wherehxi := ( 1 + jxj2)

1
2 . If we can

provide that

H s(Q) = H s(hAi
1
r ), ops(Q) = ops(hAi

1
r ),

we can then obtain a functional calculus forA on the Sobolev spacesH s(hAi
1
r ) as easily

as for Q above, which lets us conclude thatf (A) 2 op(Q).

Proposition 2.2.1. Let A 2 opr (Q), r > 0 be Q-elliptic and symmetric. Then hAi
1
r :=

(1 + A2)
1

2r extends to an invertible positive self-adjoint operator onH, and

domQs = dom
�
hAi

1
r

� s
.
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The norms kQs� kH and khAi
s
r � kH are equivalent on this subspace ofH . Therefore, Q and

hAi
1
r de�ne the same Sobolev scale

H s(Q) = H s
�
hAi

1
r

�
,

and we have

opt (Q) = opt
�
hAi

1
r

�
.

Proof. The �rst statement follows from Proposition 2.1.14. For the remaining statements,

it su�ces to prove that

(1 + A2) � Q� 2�r

extends to a bounded operator onH for all � 2 R, as this would imply for � 2 H 1 ,

khAi
s
r � kH � kh Ai

s
r Q� sk1 kQs� kH . kQs� kH ,

and an analogous estimate in the other direction.

Let P be a parametrix for A, so that AP = 1 + R with R 2 op�1 (Q). Since

(1 + A2)P2 = P2 + A(1 + R)P = 1 + P2 + R + ARP

and P2 + R + ARP 2 op� 2r (Q) and similarly for (1+ A2)P2, it follows that the operator

1 + A2 is also Q-elliptic due to Corollary 2.1.10. Since A is self-adjoint with domain

H r , applying Proposition 2.1.11 gives that (1 + A2) � 1 2 op� 2r (Q). We therefore have

(1+ A2)k 2 op2kr (Q), k 2 Z . This in turn gives that H 1 � dom(1+ A2)z for any z 2 C.

We use the Hadamard three-line theorem, so de�ne the function

F (z) := hx, (1 + A2)mz Q� 2mzr yi H , z 2 C,

where m 2 Z and x, y 2 H 1 are �xed. Let f engn2 N � H 1 be an orthonormal basis of

H , then

F (z) =
1X

n= 0

hx, (1 + A2)mz en i H hen , Q� 2mzr yi H . (2.3)
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Using the dominated convergence theorem, it can be seen thatz 7! hx, (1 + A2)mz en i H

and z 7! hen , Q� 2mzr yi H are continuous maps. Applying the Cauchy�Schwarz inequality

to the series (2.3) yields

1X

n= 0

jhx, (1 + A2)mz en i H jjhen , Q� 2mzr yi H j � k (1 + A2)mzxkH kQ� 2mzr ykH ,

which is uniformly bounded on compact subsets ofC due to the continuity of the right-

hand side. We can therefore apply the dominated convergence theorem again to deduce

that F (z) is a continuous function itself. Furthermore, this uniform boundedness yields

through Fubini's theorem that if 
 is a closed loop inC then

Z



F (z) dz =

1X

n= 0

Z



hx, (1 + A2)mz en i H hen , Q� 2mzr yi H dz.

Using Fubini's theorem once more, we have that

Z



F (z) dz =

1X

n= 0

Z

� (Q� 2r )

Z

� (1+ A 2 )

Z



(�� )mz dzhx, dE1+ A 2

en i H hen , dEQ� 2r
yi H = 0,

so that we can conclude by Morera's theorem thatF (z) is holomorphic.

Since1 + A2 and Q are positive operators and

sup
x> 0

jx it j = 1,

it follows from the Borel functional calculus that for s 2 R,

jF ( is) j = jh(1 + A2) � ims x, Q� 2imsr yi H j

� k xkH kykH .

Likewise,

jF (1 + is) j = jh(1 + A2) � ims x, (1 + A2)m Q� 2mr Q� 2imsr yi H j

� k (1 + A2)m Q� 2mr kH!H kxkH kykH ,

which we know to be �nite since m is an integer.

53



CHAPTER 2. FUNCTIONAL CALCULUS FOR ABSTRACT
PSEUDODIFFERENTIAL OPERATORS

The Hadamard three-line theorem (see e.g. [BL76, Lemma 1.1.2]) now gives that for

� 2 (0, 1),

jF (� ) j � max
s2 R

jF (� + is) j

�
�

max
s2 R

jF ( is) j
� (1� � ) �

max
s2 R

jF (1 + is) j
� �

� k (1 + A2)m Q� 2mr k�
H!H kxkH kykH .

Hence, with � 2 (0, 1) and m 2 Z ,

k(1 + A2)m� Q� 2m�r kH!H � k (1 + A2)m Q� 2mr k�
H!H ,

which proves that (1+ A2)m� Q� 2m�r extends to a bounded operator onH for all m 2 Z ,

� 2 [0, 1].

De�nition 2.2.2. Let E be a spectral measure onR with the Borel sigma algebra. For a

Borel measurable functionf : R ! C we de�ne the essential supremum seminorm

kf kL 1 (E ) := supf y 2 R : E ( jf j � 1((y, 1 ))) = 0g,

which de�nes L 1 (E ) in the usual way, namely as the quotient of the set of measurable

functions with �nite seminorm, by the set of those of zero seminorm. In the same way we

de�ne L �
1 (E ) by the seminorm

kf kL �
1 (E ) := kx 7! f (x)hxi � � kL 1 (E ) ,

for any � 2 R, where hxi = ( 1 + jxj2)1/ 2.

Theorem 2.2.3. Let A 2 opr (Q), r > 0, be Q-elliptic and symmetric, and let E denote

its spectral measure. If f 2 L �
1 (E ), � 2 R, then

f (A r ,0) 2 op�r (Q),

and we simply write f (A) := f (A r ,0). More precisely,

kf (A)kH s+ �r !H s � Cs,A kf kL �
1 (E ) .
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Proof. Let A 2 opr (Q), r > 0 be Q-elliptic and symmetric. Using Proposition 2.2.1, we re-

placeQ by hAi
1
r so that A 2 opr (hAi

1
r ) is Q-elliptic and symmetric. By Proposition 2.1.14,

the operator

A r ,0 : H r (hAi
1
r ) � H ! H

is self-adjoint; we denote its spectral measure byE. Then for f 2 L �
1 (E ), using Borel

functional calculus to de�ne f (A r ,0), we have

khAi
s
r f (A r ,0)hAi � s

r � � kH!H = kf (A r ,0)hAi � � kH!H = kf kL �
1 (E ) < 1 ,

which shows that f (A r ,0) jH 1 2 op�r (hAi
1
r ). Converting this estimate back into an esti-

mate on the spacesH s(Q) introduces the constant Cs,A .

Theorem 2.2.3 has a converse in the following sense. IfA 2 opr (Q), r > 0 is an arbitrary

Q-elliptic symmetric operator and if f : R ! C is such that f (A) 2 op�r (Q), then the

proof of Proposition 2.2.1 gives thatf (A)(1+ A2) � � / 2 is a bounded operator onH. This

happens if and only if f hxi � � 2 L 0
1 (E ) [Sch12, Theorem 5.9], i.e.f 2 L �

1 (E ).

Corollary 2.2.4. If A 2 opr (Q), r > 0 is symmetric and Q-elliptic and if f : R ! C is

a bounded Borel measurable function, then for anyt 2 R we have

kf (tA )kH s !H s � Cs,A sup
x2 R

jf (x) j,

independent oft 2 R.

Proof. Like in the proof Theorem 2.2.3, we have

kf (tA )k
H s (hA i

1
r )!H s (hA i

1
r )

= kf t kL 0
1 (E ) � sup

x2 R
jf (x) j,

where we wrotef t (x) := f (tx ).

We say that two normal (potentially unbounded) operators A, B strongly commute if all

their respective spectral projections commute.

The functional calculus constructed in Theorem 2.2.3 can easily be extended to a larger

class of operators. For example, onRd we have that i d
dx is not (1 � D)

1
2 -elliptic, but

55



CHAPTER 2. FUNCTIONAL CALCULUS FOR ABSTRACT
PSEUDODIFFERENTIAL OPERATORS

it does commute strongly with a (1 � D)
1
2 -elliptic symmetric operator, namely (1 � D)

1
2

itself. The following proposition shows that a functional calculus for i d
dx does exist in

op(1 � D)
1
2 for this reason.

Proposition 2.2.5. Let A be a self-adjoint operator onH with spectral measureE. If

there exists a Q-elliptic symmetric operator H 2 oph(Q), h > 0 such that A strongly

commutes withH h,0 : H h � H ! H , then for f 2 L 0
1 (E ) we have thatf (A) 2 op0(Q). If

A 2 opr (Q) itself for some r 2 R, we have thatf (A) 2 op�r (Q) for f 2 L �
1 (E ), � � 0.

Proof. In light of Proposition 2.2.1, we can assume without loss of generality thatH = Q.

If f 2 L 0
1 (E ), then f (A) : H ! H is a bounded operator, and for� 2 H 1 we have

kf (A)� kH k = kQk f (A)� kH � k f (A)k1 k� kH k , k 2 Z ,

which shows that f (A) 2 op0(Q) through interpolation (Proposition 2.1.2). The second

part of the proposition is proved similarly, after the observation that the Hadamard three-

line argument in the proof of Proposition 2.2.1 goes through forA if m 2 N , i.e.

(1 + A2) � Q� 2�r is bounded for � � 0.

Let us now compare the functional calculus of Theorem 2.2.3 with other examples. For

classical pseudodi�erential operators, pseudodi�erential operators in the Beals�Fe�erman

calculus, and a generalisation thereof on manifolds, general functions inf 2 L �
1 (E ) are

much too rough to guarantee that f (T ) is again a pseudodi�erential operator of the same

class [Str72; Bon13]. To emphasise, our results provide that for such rough functionsf , the

operator f (T ) is well-de�ned and maps boundedly between appropriate Sobolev spaces,

but nothing more. The typical function class that allows concluding that f (T ) is again a

pseudodi�erential operator of the right type, is the following [Str72; Bon13].

De�nition 2.2.6. For I � R an interval and � 2 R, we de�ne S� (I ) as the class of

smooth functions f : I ! C such that

kf kS� (I ),k := sup
x2 I

jf (k) (x) jhxi k� � < 1 , k 2 N .

The quantities above are seminorms.
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From this perspective, the operator classOP(Q) (recall De�nition 2.1.3) behaves more

like typical pseudodi�erential operators.

Theorem 2.2.7. Let A 2 OPr (Q), r > 0, be Q-elliptic and symmetric, with spectrum

� (A). If f 2 S� (� (A)) , � 2 R, then the operator f (A) 2 op�r (Q) de�ned in Theo-

rem 2.2.3, satis�es

f (A) 2
\

"> 0

OP�r + " (Q).

To prove this theorem, we need to estimate the appropriate operator norms of the re-

peated commutators� n
Q(f (A)) . As mentioned in Section 1.3, this is exactly what multiple

operator integrals are for. The proof of this theorem will hence be provided in Chapter 3,

as a consequence of Theorem 3.4.2.

Remark 2.2.8. It is unknown to the author whether the conclusion of Theorem 2.2.7 can

be strengthened to

f (A) 2 OP�r (Q).

2.3 Functional calculus for zero-order operators

In Section 2.2 we proved thatQ-elliptic symmetric operators in opr (Q) for r > 0 admit a

functional calculus. The approach of that section does not apply for the caser = 0. To

illustrate how di�erent the zero-order case is, consider the situation whereQ = ( 1 � D)
1
2

on L 2(M ) where M is a compact subset ofRd. We have that for � : M ! R, the

multiplication operator

M � : L 2(M ) ! L 2(M )

� 7! � � � ,

where � � � (x) = � (x)� (x), is in op0(1 � D)
1
2 if and only if � is smooth. If f (M � ) 2

op0(1 � D)
1
2 for all M � 2 op0(1 � D)

1
2 , then the identity

f (M � ) = M f � �
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shows that the function f has to be smooth itself and no functional calculus with general

functions in L �
1 (E ) is possible; smoothness is a necessary condition.

For op0(Q) we therefore use a di�erent strategy altogether. An approach by Davies [Dav95c;

Dav95b] on the construction of a functional calculus using almost analytic extensions di-

rectly applies. The technique was introduced by Hörmander [Hör69; Hör70], and subse-

quently used in various contexts by many authors, though the formula is often called the

Hel�er�Sjöstrand formula due to their independent rediscovery in [HS88]. For detailed

notes on the historical origins, see [Hör69]. Using almost analytic extensions to obtain a

functional calculus for pseudodi�erential operators has precedent in the works of, amongst

others, Hörmander [Hör69], Dynkin [Dyn70; Dyn72], Hel�er�Sjöstrand [HS88], Dimassi�

Sjöstrand [DS99, Chapter 8], and Bony [Bon13]. In an interesting twist, some of the

earliest applications by Hel�er and Sjöstrand of this formula occured in the study of the

Schrödinger operator and its density of states [HS88; HS89; Sjö91], the main subject of

Chapters 5 and 6 in this thesis (but in which these extensions make no appearance). For

the details of this construction we follow Davies [Dav95b][Dav95c, Section 2.2].

De�nition 2.3.1 ([Dav95b]). Let f 2 C1
c (R). Recall that hxi := ( 1 + jxj2)

1
2 . We de�ne

an extension ˜f : C ! C by

˜f (x + iy ) := � (y/ hxi )
NX

k= 0

f (k) (x)
( iy )k

k!
,

where N � 1 and � : R ! R is a smooth bump function with � (s) = 0 for jsj > 2,

� (s) = 1 for jsj < 1. Then we have

f (x) = �
1
�

Z

C

 
@˜f
@z

(z)

!

(z � x) � 1 dz, x 2 R,

independent of the choice of� and N . We refer to ˜f as an almost analytic extension off .

De�nition 2.3.2. We de�ne T � (I ) as the space of smooth functionsf : I ! C such that

kf kT � (I ),k :=
Z

I
jf (k) (x) jhxi k� � � 1 dx < 1 , k 2 N .

Recall that we previously put

kf kS� (I ),k = sup
x2 I

jf (k) (x) jhxi k� � < 1 , k 2 N .
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Hence, in caseI = R, we note the inclusions

[

�<�

S� (R) ( T � (R) ( S� (R) ( L �
1 (E ), � 2 R,

for any spectral measureE.

Theorem 2.3.3 ([Dav95b]). Let f 2 C1
c (R) with almost analytic extension ˜f as in

De�nition 2.3.1, so that

f (x) = �
1
�

Z

C

 
@˜f
@z

(z)

!

(z � x) � 1 dz, x 2 R.

For any closed, densely de�ned operatorH with � (H ) � R, if for some � 2 R � 0 we have

the estimate

k(z � H ) � 1k1 � C
1

j= (z) j

�
hzi

j= (z) j

� �

, z 2 C � R,

then we have that

f (H ) := �
1
�

Z

C

@˜f
@z

(z � H ) � 1 dz

de�nes a bounded operator onH independent of the choice ofN > � and � in the con-

struction of the extension ˜f , with

kf (H )k1 �
N + 1X

k= 0

kf kT 0 (R),k .

The integral should be interpreted as aB (H )-valued Bochner integral. In caseH is self-

adjoint, this agrees with the continuous functional calculus.

We thank Dmitriy Zanin for providing a key step in the following proof, which is an

adaptation of an argument by Beals [Bea77, Lemma 3.1].

Proposition 2.3.4. Let X 2 opr (Q) be such that[Q, X ] 2 opr (Q). If the extension

X : H s0+ r ! H s0

has a bounded inverse

X � 1 : H s0 ! H s0+ r
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for one particular s0 2 R, then X � 1
�
�
�
H 1

2 op� r (Q). We haveXX � 1jH 1 = X � 1X jH 1 =

1H 1 . In particular, if X 2 opr (Q) and [Q, X ] 2 opr (Q) with r � 0, then we have as

(unbounded) operators

� (X : H s0+ r � H s0 ! H s0 ) = � (X : H s+ r � H s ! H s)

for all s 2 R, where � denotes the spectrum of the operator.

Proof. Sinceopr (Q) = op0(Q) � Qr , it su�ces to prove the proposition for r = 0.

Suppose that X 2 op0(Q) is a bijection on H s0 ! H s0 and write X � 1 : H s0 ! H s0 .

Then X restricts to a necessarily injective mapH s0+ 1 ! H s0+ 1. We now prove that

X : H s0+ 1 ! H s0+ 1 is also surjective.

We follow [Bea77, Lemma 3.1], �lling in some omitted details. Takev 2 H s0+ 1, then there

exists u 2 H s0 with Xu = v. Let " > 0, then Q
1+ " Q 2 op0(Q), and

Q
1 + "Q

u =
Q

1 + "Q
X � 1v

= X � 1 Q
1 + "Q

v + X � 1
�

Q
1 + "Q

, X
�

X � 1v.

Now, the H s0 norm of the right-hand side is bounded independent of" :









Q
1 + "Q










H s0 + 1 !H s0

� k QkH s0 + 1 !H s0 ;









�
Q

1 + "Q
, X

� 








H s0 !H s0

= k(1 + "Q) � 1[Q, X ](1 + "Q) � 1kH s0 ! H s0 � k [Q, X ]kH s0 !H s0 .

This implies that u 2 H s0+ 1, a fact that can be quickly veri�ed with the spectral theorem

and Fatou's lemma. Therefore,

X : H s0+ 1 ! H s0+ 1

is a bijection. By induction and interpolation (Proposition 2.1.2), the same assertion holds

for each H s, s � s0.

Finally, it is a basic fact that the adjoint of a bijective operator is bijective, i.e.

X 0s0 = X yjH � s0 : H � s0 ! H � s0
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is a bijection (recall the notation from Section 2.1.2). Since

[Q, X y] = � [Q, X ]y 2 op0(Q),

we can apply the same arguments as above to deduce that

X y : H � s ! H � s

is a bijection for all � s � � s0. This implies that

X = X yy : H s ! H s

is a bijection for all s � s0.

As an aside, one may wonder how forr > 0 the condition A, [Q, A ] 2 opr (Q) compares to

the condition of A being Q-elliptic used in the previous section. The following consequence

of Proposition 2.3.4 shows that, under the assumption thatA is self-adjoint with domain

H r , Q-ellipticity is a weaker condition.

Corollary 2.3.5. Let A 2 opr (Q), r > 0, be such that

A : H r � H 0 ! H 0

has a non-empty resolvent set (for example ifA is self-adjoint with domain H r ), and

suppose that[Q, A ] 2 opr (Q) as well. ThenA is Q-elliptic.

Proof. By assumption, there existsz 2 C such that

z � A : H r � H 0 ! H 0

is invertible, and because[Q, A ] 2 opr (Q) it follows that (z � A) � 1 2 op� r (Q) by Propo-

sition 2.3.4. Now,

A(z � A) � 1 = � 1 + z(z � A) � 1.

In other words, � (z � A) � 1 is an inverse ofA modulo op� r (Q). Corollary 2.1.10 gives

that A is Q-elliptic.
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This following type of estimate on the resolvent also appears inL p-boundedness problems,

see [Dav95a; Dav95b; JN94].

Lemma 2.3.6. Let A 2 op0(Q) be such that [Q, A ] 2 op0(Q) and A0,0 : H ! H is

self-adjoint. Then for all s 2 R, there is a constantCs > 0 such that

k(z � A) � 1kH s !H s � Cs
1

j= (z) j

�
hzi

j= (z) j

� 2j sj � 1

, z 2 C nR.

Proof. The proof is by induction and interpolation (Proposition 2.1.2). For s = 0, the

estimate holds by self-adjointness ofA0,0. Note that (z � A) � 1 2 op0(Q) due to Proposi-

tion 2.3.4.

Suppose the inequality is proved for a �xeds 2 R � 0. Then for z 2 C nR,

k(z � A) � 1kH s+ 1 !H s+ 1

= kQ(z � A) � 1Q� 1kH s !H s

� k (z � A) � 1kH s !H s + k(z � A) � 1[Q, A ](z � A) � 1Q� 1kH s !H s

� k (z � A) � 1kH s !H s

�
1 + k[Q, A ]( i + A) � 1kH s !H s k( i + A)(z � A) � 1kH s !H s kQ� 1kH s !H s

�
.

Note that ( i + A) � 1 2 op0(Q) by Proposition 2.3.4, so that for some constantBs > 0,

k[Q, A ]( i + A) � 1kH s !H s kQ� 1kH s !H s � Bs.

Using the resolvent identity, we have

( i + A)(z � A) � 1 = ( i + z)(z � A) � 1 � 1

and therefore

k( i + A)(z � A) � 1kH s !H s � 1 + jz + i jk(z � A) � 1kH s !H s .

This yields

k(z � A) � 1kH s+ 1 !H s+ 1 � k (z � A) � 1kH s !H s (1 + Bs)

+ jz + i jBsk(z � A) � 1k2
H s !H s

� (1 + Bs)k(z � A) � 1kH s !H s � (1 + jz + i jk(z � A) � 1kH s !H s ).
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This estimate also holds with jz � i j on the right-hand side, andmin( jz + i j, jz � i j) � h zi ,

so that

k(z � A) � 1kH s+ 1 !H s+ 1 � (1 + Bs)k(z � A) � 1kH s !H s � (1 + hzik (z � A) � 1kH s !H s ),

from which the claimed estimate follows. Induction and interpolation now provide the

estimate for all s � 0.

The cases � 0 is proved in the same manner, using induction in the negative direction.

Namely, the norm

k(z � A) � 1kH s� 1 !H s� 1 = kQ� 1(z � A) � 1QkH s !H s

can be estimated as before.

We now arrive at the main result of this section, a functional calculus forop0(Q).

Theorem 2.3.7. Let A 2 op0(Q) be such that[Q, A ] 2 op0(Q) and A0,0 : H ! H is

self-adjoint. For f 2 C1 (R),

f (A) 2 op0(Q).

Speci�cally, we have the estimate

kf (A)kH s !H s �
d2j sj e+ 1X

k= 0

kf kT 0 (R),k .

Proof. Without loss of generality, we assume thatf 2 C1
c (R). As A 2 op0(Q), it extends

to a bounded operator

As,s : H s ! H s, s 2 R.

Furthermore, by Proposition 2.1.11, we have

(z � A) � 1 2 op0(Q), z 2 C nR.

Theorem 2.3.3 and Lemma 2.3.6 combined give that

f (As,s) : H s ! H s, s 2 R,
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is a bounded operator with the norm bound as claimed. By construction, for� 2 H 1 we

have that

f (As,s)� =
Z

C

@˜f
@z

(z � As,s) � 1� dz 2 H s,

as anH s-valued Bochner integral. It is clear that

(z � As,s) � 1
�
�
�
H 1

= ( z � A) � 1,

and therefore these arguments show that for� 2 H 1 the integral

Z

C

@˜f
@z

(z � A) � 1� dz

can be evaluated as a Bochner integral in each Sobolev spaceH s. Hence

� 7!
Z

C

@˜f
@z

(z � A) � 1� dz

forms a bounded linear map onH 1 ; denote this operator by f (A) : H 1 ! H 1 . Then

sincef (A) agrees with f (As,s) on H 1 , we must have

f (A)
s,s

= f (As,s),

and thus we havef (A) 2 op0(Q).

Similarly to the Q-elliptic case, we also provide a theorem forOP0(Q) (recall De�ni-

tion 2.1.3) for which the proof will follow in Chapter 3 using a multiple operator integral

technique. Speci�cally, it is a consequence of Theorem 3.4.2.

Theorem 2.3.8. Let A 2 OP0(Q) be such thatA0,0 : H ! H is self-adjoint. For

f 2 C1 (R),

f (A) 2 OP0(Q).

Theorem 2.3.7 and Theorem 2.3.8 are consistent with [Bon13, Theorem 3], which provides

a functional calculus for zero-order pseudodi�erential operators on manifolds forf 2

C1 (R). Since our pseudodi�erential calculus is vastly more general, our results are both

more general and less speci�c than that in [Bon13].
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Chapter 3

Multiple operator integrals as

abstract pseudodi�erential

operators

Thanks again, and work even harder!!!

Fedor Sukochev

Like Chapter 2, the content and exposition in this chapter has appeared previously as

part of the preprint [HMN24], joint work with Edward McDonald and Teun van Nuland.

For this chapter, we are indebted to discussions with Fedor Sukochev and Dmitriy Zanin.

The main result of this chapter, Theorem 3.2.5, is a construction of multiple operator

integrals adapted to the abstract pseudodi�erential calculus of Connes and Moscovici.

The other main results of this chapter are a more speci�c version of this MOI construction

in Theorem 3.3.3, a noncommutative Taylor expansion in Theorem 3.5.5, and a result on

the existence of asymptotic trace expansions in spectral triples in Corollary 3.6.6.

Due to the results in Chapter 2, we have a functional calculus for abstract pseudod-

i�erential operators A 2 op(Q). As explained in Section 1.3, it would be incredibly
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useful in the �eld of noncommutative geometry if we can de�ne multiple operator inte-

grals (MOIs) for this abstract pseudodi�erential calculus. There are two closely related

constructions we could employ here: Peller's approach [Pel06; Pel16] and Azamov�Carey�

Dodds�Sukochev's [ACDS09]. The former works with a very general class of symbol

functions, constructing MOIs for operators on Hilbert spaces. The latter considers a more

restricted class of functions and achieves stronger results as a consequence (Fréchet ver-

sus Gateaux di�erentiability), and notably achieves this in the more general setting of

semi-�nite von Neumann algebras. Since we wish to keep our symbol functions as general

as possible and the results in Peller's work su�ce for our purposes, we will use Peller's

approach as a blueprint to construct MOIs of pseudodi�erential operators.

In Section 3.5 we will provide asymptotic expansions for these MOIs including a non-

commutative Taylor expansion, which we will apply in Section 3.6 to noncommutative

geometry, answering a previously open question on the existence of asymptotic expansions

of heat traces in spectral triples.

Throughout this chapter, we �x a positive invertible operator Q on the separable Hilbert

spaceH, which yields a scale of separable Hilbert spacesfH sgs2 R by De�nition 2.1.1.

3.1 Operator integrals

We start with standard de�nitions and results on measurability and integrability of oper-

ator valued functions.

De�nition 3.1.1. Let H 0, H 1 be separable Hilbert spaces and let(W, S, � ) be a measure

space with complex measure. A functionf : W ! B (H 1, H 0) is called weak operator

topology measurable (weakly measurable for short) if for all� 2 H 0, � 2 H 1 the complex-

valued function

! 7! h� , f (! )� i H 0 , ! 2 W,

is measurable. Similarly, f is said to be weak operator topology integrable if for all� and

� the above map is integrable.
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3.1. OPERATOR INTEGRALS

Lemma 3.1.2. [LMSZ23, Lemma 1.4.2] Let H 0, H 1, (W, S, � ) be as above, and letf :

W ! B (H 1, H 0) be weakly measurable. Then the norm function

! 7! k f (! )kH 1 !H 0 , ! 2 W,

is measurable. If moreover

Z

W
kf (! )kH 1 !H 0 dj� j(! ) < 1 ,

then there exists a uniqueI f 2 B (H 1, H 0) such that

h� , I f � i H 0 =
Z

W
h� , f (! )� i H 0 d� (! ), � 2 H 0, � 2 H 1,

and

kI f kH 1 !H 0 �
Z

W
kf (! )kH 1 !H 0 dj� j(! ).

We then write I f =
R

W f (! ) d� (! ).

Proposition 3.1.3. [DDSZ20, Lemma 3.11] Let (W, S, � ) be a � -�nite measure space,

let a : R � W ! C be measurable and bounded, and letH be an (unbounded) self-adjoint

operator on H. Then

! 7! a(H , ! )

is weakly measurable.

Proof. Though [DDSZ20, Lemma 3.11] is only formulated for boundedH , the unbounded

case follows with the same proof.

Lemma 3.1.4. Let H 0, : : : , H 2n+ 1 be separable Hilbert spaces,X i 2 B (H 2i , H 2i � 1), and

let f i : W ! B (H 2i + 1, H 2i ) be weakly measurable functions. Then

W ! B (H 2n+ 1, H 0)

! 7! f 0(! )X 1f 1(! ) � � � X n f n (! )

is weakly measurable. Furthermore, if

Z

W
kf 0(! )kH 1 !H 0 � � � kf n (! )kH 2n + 1 !H 2n dj� j(! ) < 1 ,
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the map

B (H 1, H 0) � � � � � B (H 2n� 1, H 2n� 2) ! B (H 2n , H 0)

(X 1, : : : , X n ) 7!
Z

W
f 0(! )X 1f 1(! ) � � � X n f n (! ) d� (! ),

whose existence follows from Lemma 3.1.2, isso-continuous when restricted to the unit

ball in each argumentB (H 2i , H 2i � 1).

Proof. The �rst part of the lemma is a consequence of the fact that the pointwise product

of weakly measurable functions is weakly measurable, see [DDSZ20, Lemma 3.7].

The so-continuity follows from the joint continuity of the multiplication

(X 1, : : : , X n ) 7! a0(H0, ! )X 1a1(H1, ! ) � � � X nan (Hn , ! )

in the strong operator topology when restricting to the unit balls [Bla06, Section I.3.2],

in combination with the Dominated Convergence Theorem for the Bochner integral of

Hilbert space-valued functions [DS88, Corollary III.6.16].

Recall the de�nition of L �
1 (E ) in De�nition 2.2.2, and that we use the notation k � k1 for

the essential supremum.

Lemma 3.1.5. Let (W, S, � ) be a� -�nite measure space, leta : R � W ! C be measurable

and bounded, and letE be a spectral measure onH. Then the functions

! 7! k a(�, ! )k1 , ! 7! k a(�, ! )kL 0
1 (E )

are measurable.

Proof. Both claims can be proved with the Fubini�Tonelli Theorem or by combining

Lemma 3.1.2 and Proposition 3.1.3. It is vital that k � k1 is the essential supremum,

and that E is a spectral measure on aseparableHilbert space as pointed out in [Nik23,

Remark 4.1.3].
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3.2 Multiple operator integrals as abstract pseudodi�eren-

tial operators

In this section we construct multiple operator integrals following Peller [Pel06; Pel16]. His

MOIs are constructed with symbols � in integral projective tensor products

L 1 (E0) ˆ
 i � � � ˆ
 i L 1 (En ) for spectral measuresE0, : : : , En . A precise study of this integral

tensor product can be found in [Nik23]. We �rst generalise this integral tensor product.

De�nition 3.2.1. Let G0, : : : , Gn be function spaces of bounded measurable functionsR !

R equipped with (semi)normsk � kGi ,k , k 2 N . We de�ne G0 � i � � � � i Gn as the set of

functions � : Rn+ 1 ! C for which there exists a decomposition

� (� 0, : : : , � n ) =
Z

W
a0(� 0, ! ) � � � an (� n , ! ) d� (! ) (3.1)

where (W, � ) is a � -�nite measure space, ai : R � W ! C is measurable,ai (�, ! ) 2 Gi , the

functions ! 7! k ai (�, ! )kGi ,k are measurable for eachi and k, and

Z

W
ka0(�, ! )kG0 ,k0 � � � kan (�, ! )kGn ,kn dj� j(! ) < 1 . (3.2)

We de�ne the seminorm

k� kG0 � i ��� � i Gn ,k0 ,:::,kn , k0, : : : , kn 2 N

to be the in�mum of the quantity (3.2) over all representations(3.1).

Remark 3.2.2. We have that

G0 
 � � � 
 Gn � G0 � i � � � � i Gn ,

where
 denotes the algebraic tensor product for topological vector spaces. We refrain from

answering the question whether the space in De�nition 3.2.1 is in general the completion

of the algebraic tensor product under the given seminorms.

Note that due to Lemma 3.1.5, if a : R � W ! C is measurable anda(�, ! ) 2 S� (R),

we have that ! 7! k a(�, ! )kS� (R),k is measurable, and the same claim holds forT � (R)
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and L �
1 (E ) (recall the de�nitions of the spacesS� (R), T � (R) and L �

1 (E ) respectively in

De�nition 2.2.6, De�nition 2.3.2 and De�nition 2.2.2). Hence the construction in De�ni-

tion 3.2.1 can be applied for these spaces without this extra assumption.

For L �
1 (E ) with E a spectral measure, this gives the integral projective tensor product

L � 0
1 (E0) � i � � � � i L � n

1 (En ) = L � 0
1 (E0) ˆ
 i � � � ˆ
 i L � n

1 (En ),

which appears in particular for � 0 = � � � = � n = 0 in the works by Peller [Pel06, pp.6, 7].

Remark 3.2.3. Observe that

S� 0 (R) � i � � � � i S� n (R) � L � 0
1 (E0) ˆ
 i � � � ˆ
 i L � n

1 (En )

no matter what spectral measuresE i are taken.

Proposition 3.2.4. If � 2 S� 0 (R) � i � � � � i S� n (R) and  2 S� 0 (R) � i � � � � i S� n (R),

then

F (� 0, : : : , � n ) := � (� 0, : : : , � n ) (� 0, : : : , � n ) 2 S� 0+ � 0 (R) � i � � � � i S� n + � n (R).

An analogous statement holds for the spacesL �
1 (E ).

Proof. According to De�nition 3.2.1, we can �nd � -�nite measure spaces(W, � ), (S, � )

and measurable functionsai : R � W ! C, bi : R � S ! C such that

� (� 0, : : : , � n ) =
Z

W
a0(� 0, ! ) � � � an (� n , ! ) d� (! );

 (� 0, : : : , � n ) =
Z

S
b0(� 0, � ) � � � bn (� n , � ) d� (� ).

As observed above, the maps

! 7! k ai (�, ! )kS� i (R),k

are measurable, similarly for the functionsbi .

Using Tonelli's theorem,
Z

W� S

�
�
�a0(� 0, ! )b0(� 0, � ) � � � an (� n , ! )bn (� n , � )

�
�
� d(� � � )( ! , � )

� h � 0i � 0+ � 0 � � � h� n i � n + � n

Z

W
ka0(�, ! )kS� 0 ,0 � � � kan (�, ! )kS� n ,0 d� (! )

�
Z

S
kb0(�, � )kS� 0 ,0 � � � kbn (�, � )kS� n ,0 d� (� ) < 1 .
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Hence, by Fubini's theorem

F (� 0, : : : , � n ) =
Z

W� S
a0(� 0, ! )b0(� 0, � ) � � � an (� n , ! )bn (� n , � ) d(� � � )( ! , � ).

The fact that F 2 S� 0+ � 0 (R) � i � � � � i S� n + � n (R) now follows from the computation

kak (�, ! )bk (�, � )kS� k + � k ,m �
mX

j = 0

 
m
j

!

kak (�, ! )kS� k ,j kbk (�, � )kS� k ,m� j .

The following theorem is the �rst main result of this chapter. It is a construction of

multiple operator integrals adapted to the abstract pseudodi�erential calculus by Connes

and Moscovici which we have seen in Chapter 2.

Theorem 3.2.5. Let H i 2 oph i (Q), hi > 0, i = 0, : : : , n, be Q-elliptic symmetric opera-

tors with spectral measuresE i , and let � 2 L � 0
1 (E0) � i � � � � i L � n

1 (En ), given with explicit

representation

� (� 0, : : : , � n ) =
Z

W
a0(� 0, ! ) � � � an (� n , ! ) d� (! ), � i 2 � (H i ), i = 0, : : : , n.

Then the integral

TH 0 ,:::,H n
� (X 1, : : : , X n ) :=

Z

W
a0(H0, ! )X 1a1(H1, ! ) � � � X nan (Hn , ! ) d� (! ),  2 H 1 ,

for X 1, : : : , X n 2 op(Q), converges as a Bochner integral inH s for every s 2 R, and

de�nes an n-multilinear map

TH 0 ,:::,H n
� : opr 1 (Q) � � � � � opr n (Q) ! op

P
j

r j +
P

j
� j h j (Q)

depending onW and the functions a0, : : : , an only through the symbol� . For s 2 R we

have the estimate






 TH 0 ,:::,H n

� (X 1, : : : , X n )







H
s+

P
j

r j +
P

j
� j h j !H s

.
nY

j = 1

kX j kH sj + r j !H sj k� k
L � 0

1 (E0 )� i ��� � i L
� n
1 (En )

,

for some speci�c s1, : : : , sn 2 R depending onhj , r j , � j .
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For Q = 1H and � 0 = � � � = � n = 0, it is immediate that aj (H j , ! ) 2 op(1H ) = B (H )

and

kaj (H j , ! )kH s !H s = kaj (�, ! )kL 0
1 (E j ) ,

and the above theorem reduces to Peller's construction of MOIs [Pel06; Pel16]. Hence,

this theorem is a strict generalisation of his results. The proof is a subtle modi�cation of

(aspects of) the proofs presented in [ACDS09; Pel06].

Proof of Theorem 3.2.5. Fix the Q-elliptic symmetric operators H i 2 oph i (Q), hi > 0,

i = 0, : : : , n, with spectral measuresE i , and the function � : Rn+ 1 ! C

� (� 0, : : : , � n ) =
Z

W
a0(� 0, ! ) � � � an (� n , ! ) d� (! ),

where (W, � ) is a �nite measure space and the functionsaj : R � W ! C are measurable

and such that (x, ! ) 7! aj (x, ! )hxi � � j is E j � � -a.e. bounded for� j 2 R.

By Theorem 2.2.3, we have thatH 1 � domaj (H j , ! ). Now �x ! 2 W and take � , � 2 H 1 .

Then [Sch12, Theorem 4.13] gives that

aj (H j , ! )� = lim
n!1

aj (H j , ! )� [� n,n ](H j )� ,

where� [� n,n ] is the indicator function of the interval [� n, n], becauseess supj � j� n jaj (� , ! ) j <

1 . Now Proposition 3.1.3 gives that

! 7! h� , aj (H j , ! )� i H s = lim
n!1

hQ2s� , aj (H j , ! )� [� n,n ](H j )� i H

is measurable for alls 2 R.

Let now X i 2 opr i (Q), i = 1, : : : , n. Fix s 2 R and de�ne s0, : : : , s2n+ 1 2 R with

s0 := s, s2n+ 1 := s +
nX

i = 0

� i hi +
nX

i = 1

r i ,

so that the operators aj (H j , ! ) and X j extend to bounded operators

aj (H j , ! ) 2 B (H s2j + 1 , H s2j ),

X j 2 B (H s2j , H s2j � 1 ).

72



3.2. MULTIPLE OPERATOR INTEGRALS AS ABSTRACT
PSEUDODIFFERENTIAL OPERATORS

By the previous argument,

! 7! aj (H j , ! ) 2 B (H s2j + 1 , H s2j )

is weakly measurable sinceH 1 is dense in bothH s2j and H s2j + 1 .

Using the functional calculus in Theorem 2.2.3,

kaj (H j , ! )kH s2j + 1 !H s2j � Cs,H j kaj (�, ! )k
L

� j
1 (E j )

,

and so we have that
Z

W
ka0(H0, ! )X 1a1(H1, ! ) � � � X nan (Hn , ! )kH s2n + 1 !H s0 d� (! )

.
nY

j = 1

kX j kH s2j !H s2j � 1

Z

W

nY

j = 0

kaj (�, ! )k
L

� j
1 (E j )

dj� j(! ) < 1 ,

where Lemma 3.1.5 ensures the right-hand side is de�ned. This is a �nite quantity

since aj (x, ! )hxi � � j is E j � � � a.e. bounded and � is a �nite measure space. There-

fore, Lemma 3.1.2 provides that
Z

W
a0(H0, ! )X 1a1(H1, ! ) � � � X nan (Hn , ! ) d� (! )

de�nes an operator in the weak sense inB (H s2n + 1 , H s0 ) with











Z

W
a0(H0, ! )X 1a1(H1, ! ) � � � X nan (Hn , ! ) d� (! )












H s2n + 1 !H s0

.
nY

j = 1

kX j kH s2j !H s2j � 1

Z

W

nY

j = 0

kaj (�, ! )k
L

� j
1 (E j )

dj� j(! ).
(3.3)

With Pettis' theorem [VTC87, Propositions 1.9 and 1.10], it now follows that for  2

H s2n + 1 ,

! 7! a0(H0, ! )X 1a1(H1, ! ) � � � X nan (Hn , ! ) 2 H s

is Bochner integrable inH s. This holds in particular for  2 H 1 , and ass 2 R was taken

arbitrarily it follows that for  2 H 1 ,
Z

W
a0(H0, ! )X 1a1(H1, ! ) � � � X nan (Hn , ! ) d� (! ) 2 H 1 .

It is therefore clear that we have a well-de�ned operator
Z

W
a0(H0, ! )X 1a1(H1, ! ) � � � X nan (Hn , ! ) d� (! ) 2 op

P
j

r j +
P

j
� j h j (Q).
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The claim that this operator is independent of the chosen representation of�

� (� 0, : : : , � n ) =
Z

W
a0(� 0, ! ) � � � an (� n , ! ) d� (! )

permits taking the in�mum over all representations on the right-hand side of the esti-

mate (3.3) giving the norm estimate in the assertion of this theorem. This independence

follows from the proof of [ACDS09, Lemma 4.3]. Namely, given� , � 2 H 1 , it is easy to

check that � � ,� : H 1 ! H 1 de�ned by

� � ,� ( ) := h� ,  i H � ,  2 H 1 ,

is an element ofop�1 (Q). The computations in [ACDS09, Lemma 4.3] give that, for

� k , � k 2 H 1 , the integral

Z

W
a0(H0, ! )� � 1 ,� 1 a1(H1, ! ) � � � � � n ,� n an (Hn , ! ) d� (! ) 2 B (H )

does not depend on the chosen representation of� , and so neither does

Z

W
a0(H0, ! )� � 1 ,� 1 a1(H1, ! ) � � � � � n ,� n an (Hn , ! ) d� (! )

�
�
�
�
�
H 1

2 op�1 (Q).

The so-density of the span of f � � ,� : � , � 2 H 1 g in B (H s2i , H s2i � 1 ) combined with

Lemma 3.1.4 concludes the proof.

Proposition 3.2.6. The MOI constructed in Theorem 3.2.5 is linear in its symbol:

TH 0 ,:::,H n
�� + � (X 1, : : : , X n ) = �T H 0 ,:::,H n

� (X 1, : : : , X n ) + �T H 0 ,:::,H n
 (X 1, : : : , X n ), � , � 2 C.

Proof. If both � ,  : Rn+ 1 ! C have an integral representation of the required form over

measure spacesW and S respectively, then �� + � can be decomposed appropriately

as an integral over the disjoint union Wt S. The assertion then follows by elementary

arguments.

Remark 3.2.7. The MOI constructed in Theorem 3.2.5 is independent of the operatorQ

de�ning the abstract pseudodi�erential calculus in the following sense. IfH i and X i are

operators on H such that X i jH 1 2 opr i (Q) and ai (H i , ! ) jH 1 (Q) 2 op� i h i (Q) satisfying
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the conditions of Theorem 3.2.5, then the proof of Theorem 3.2.5 shows that we can de�ne

TH 0 ,:::,H n
� (X 1, : : : , X n ) : H

P
i

r i +
P

i
� i h i ! H by

TH 0 ,:::,H n
� (X 1, : : : , X n ) =

Z

W
a0(H0, ! )V1a1(H1, ! ) � � � Vnan (Hn , ! ) d� (! ) 2 H ,

 2 H
P

i
r i +

P
i

� i h i ,

which is a map that, apart from the de�nition of its domain, does not depend onQ.

Furthermore, using the functional calculus for op0(Q) in Theorem 2.3.7, we can similarly

de�ne multiple operator integrals for op0(Q).

Theorem 3.2.8. Let H i , [Q, H i ] 2 op0(Q), i = 0, : : : , n, be such that eachH i
0,0 is self-

adjoint. For � 2 T0(R) � i � � � � i T0(R) with corresponding representation

� (� 0, : : : , � n ) =
Z

W
a0(� 0, ! ) � � � an (� n , ! ) d� (! ),

the integral

TH 0 ,:::,H n
� (X 1, : : : , X n ) :=

Z

W
a0(H0, ! )X 1a1(H1, ! ) � � � X nan (Hn , ! ) d� (! ),  2 H 1

for X 1, : : : , X n 2 op(Q), converges as a Bochner integral inH s for every s 2 R, and

de�nes an n-multilinear map TH 0 ,:::,H n
� : opr 1 (Q) � � � � � opr n (Q) ! op

P
j

r j (Q).

Proof. By de�nition of T0(R) � i � � � � i T0(R) we have for all k0, : : : , kn 2 N ,

Z

W
ka0(�, ! )kT 0 (R),k0

� � � kan (�, ! )kT 0 (R),kn
dj� j(! ) < 1 .

The proof of the theorem is then identical to the proof of Theorem 3.2.5, using that

kaj (H j , ! )kH s !H s �
d2j sj e+ 1X

k= 0

kaj (�, ! )kT 0 (R),k ,

see Theorem 2.3.7.

75



CHAPTER 3. MULTIPLE OPERATOR INTEGRALS AS ABSTRACT
PSEUDODIFFERENTIAL OPERATORS

3.3 Divided di�erences

The conditions that appear in Theorem 3.2.5 and Theorem 3.2.8 on the symbol� : Rn+ 1 !

C need to be analysed more closely in order to prepare these multiple operator integral

constructions for practical applications. The main result of this section is Lemma 3.3.1,

which gives that for f 2 T � (R), � 2 R, the divided di�erence f [n ] has an integral rep-

resentation satisfying the conditions of the MOI construction for Q-elliptic operators in

Theorem 3.2.5, and that for f 2 C1 (R) the divided di�erence f [n ] can be used in the

MOIs for zero-order operators in Theorem 3.2.8.

First of all, for functions � : Rn+ 1 ! C it is an equivalent condition to admit a represen-

tation

� (� 0, : : : , � n ) =
Z

W
a0(� 0, ! ) � � � an (� n , ! ) d� (! )

for a �nite complex measure space (technically: of �nite variation) (W, � ) and measurable

functions aj : R � W ! C such (x, ! ) 7! aj (x, ! )hxi � � j is E j � � -a.e. bounded for� j 2 R,

or a representation

� (� 0, : : : , � n ) =
Z

S
b0(� 0, � ) � � � bn (� n , � ) d� (� ),

where S is a � -�nite measure space,bj : R � W ! C measurable, and
Z

S
kb0(�, � )k

L � 0
1 (E0 )

� � � kbn (�, � )kL � n
1 (En ) dj� j(� ) < 1 .

Namely, given the second representation, a representation of the �rst type can be obtained

by putting [ST19, p.48]

aj (� j , � ) :=
bj (� j , � )

kbj (�, � )k
L

� j
1 (E j )

, � (� ) := kb0(�, � )k
L � 0

1 (E0 )
� � � kbn (�, � )kL � n

1 (En ) � (� ).

We now again use the construction of an almost analytic extension (see De�nition 2.3.1)

to provide an explicit integral representation for f 2 T � (R). Recall the de�nition of the

product � i , De�nition 3.2.1.

Lemma 3.3.1. 1. Take n 2 N , let � be some real number with� 1 � � � n, and

consider any collection of real numbers� 1 � � 0, : : : , � n � 0 such that
P

� j = � � n.
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Then

f 2 T � (R) ) f [n ] 2 S� 0 (R) � i � � � � i S� n (R),

where for eachk0, : : : , kn 2 N we have

kf [n ](� 0, : : : , � n )kS� 0 (R)� i ��� � i S� n (R),k0 ,:::,kn
.

n+
P n

j = 0
k j + 2

X

r = 0

kf kT � (R),r .

2. Let � � n. Then

f 2 T � (R) ) f [n ] 2
X

� 0 ,:::,� n � 0P
� j = � � n

S� 0 (R) � i � � � � i S� n (R).

For each component� 2 S� 0 (R) � i � � � � i S� n (R) in the (�nite) decomposition, we

have

k� kS� 0 (R)� i ��� � i S� n (R),k0 ,:::,kn
.

n+
P n

j = 0
k j + 2

X

r = 0

kf kT � (R),r .

3. Let � � n. Then

f 2 T � (R) ) f [n ] 2
X

P
� j = � � n

S� 0 (R) � i � � � � i S� n (R).

For each component� 2 S� 0 (R) � i � � � � i S� n (R) in the (�nite) decomposition, we

have

k� kS� 0 (R)� i ��� � i S� n (R),k0 ,:::,kn
.

n+
P n

j = 0
k j + 2

X

r = 0

kf kT � (R),r .

Proof. 1. For g 2 C1
c (R) with almost analytic extension g̃, we have

g(x) = �
1
�

Z

C

@̃g
@z

(z � x) � 1 dz,

and hence

g[n ](� 0, : : : , � n ) =
(� 1)n

�

Z

C

@̃g
@z

(z � � 0) � 1 � � � (z � � n ) � 1 dz. (3.4)
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Now take f 2 T � (R) with � � n and with almost analytic extension ˜f . Directly from

De�nition 2.3.1, writing � (z) := � ( = (z)
h<(z) i ), it follows that (cf. [Dav95a, Section 2.2])

@˜f
@z

=
1
2

 NX

r = 0

f (r ) (< (z))
( i = (z)) r

r !

!

(� x (z) + i� y(z)) +
1
2

f (N + 1) (< (z))
( i = (z)) N

n!
� (z).

We de�ne

U := f z 2 C : h<(z) i < j= (z) j < 2h<(z) ig , V := f z 2 C : 0 � j= (z) j < 2h<(z) ig ,

and note that the support of � is contained in V , while the support of � x and � y are

contained in U. More precisely,

j� x (z) + i� y(z) j .
1

h<(z) i
� U (z).

Therefore we have the estimate [Dav95b, Lemma 1]

Z

C

�
�
�
�
�
@˜f
@z

�
�
�
�
�
jz � � 0j � 1 � � � j z � � n j � 1 dz

.
NX

r = 0

Z

U
jf (r ) (< (z)) jj= (z) jr � n� 1h<(z) i � 1 dz +

Z

V
jf (N + 1) (< (z)) jj= (z) jN � n� 1 dz

.
N + 1X

r = 0

Z

R
jf (r ) (x) jhxi r � n� 1 dx =

N + 1X

r = 0

kf kT n (R),r ,

where the last estimate (integration over the imaginary direction) is justi�ed when

N � n + 1.

Hence the integral

(� 1)n

�

Z

C

@˜f
@z

(z � � 0) � 1 � � � (z � � n ) � 1 dz

converges.

Since [Dav95b, Lemma 6] gives thatC1
c (R) is dense in T � (R), the Lebesgue

dominated convergence theorem then gives that the identity (3.4) extends to all

f 2 T � (R), � � n, i.e.

f [n ](� 0, : : : , � n ) =
(� 1)n

�

Z

C

@˜f
@z

(z � � 0) � 1 � � � (z � � n ) � 1 dz.
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In order to show that this is a decomposition as described in De�nition 3.2.1, with

aj (� j , z) = ( z � � j ) � 1, we will now estimate the expressions

k(z � � ) � 1kS� (R),k = sup
� 2 R

h� i k� �

�
�
�
�
�

@k

@�k
(z � � ) � 1

�
�
�
�
�

.

 

sup
� 2 R

h� i � � jz � � j � 1

!

�

 

sup
� 2 R

h� i k jz � � j � k

!

.

(3.5)

Note that, for � 2 R and z 2 C nR,

h� i
jz � � j

=
j� � i j
jz � � j

� 1 +
jz � i j
jz � � j

� 1 +
hzi

j= (z) j
,

(3.6)

as min( jz + i j, jz � i j) � h zi . Next, we estimate

sup
� 2 R

h� i � � jz � � j � 1

for � 1 � � � 0. We estimate the supremum over� > 1, j� j � 1 and � < � 1

separately. First, for j� j � 1 we have1 � h � i �
p

2, and so

sup
j � j� 1

h� i � � jz � � j � 1 .
1

j= (z) j
.

For � > 1, we haveh� i �
p

2� , so that

sup
�> 1

h� i � � jz � � j � 1 . sup
�> 1�< (z)

(� + < (z)) � �

�
� 2 + = (z)2

� 1
2

.

Writing v = ( � , = (z)) 2 R2, then by using Cauchy�Schwarz for the inner product

on R2, we have

sup
�> 1�< (z)

(� + < (z)) � �

�
� 2 + = (z)2

� 1
2

= sup
�> 1�< (x )

(v � (1, < (z)
= (z) )) � �

kvk

� sup
�> 1�< (z)

k(1, < (z)
= (z) )k� �

kvk1+ �

�
jzj � �

j= (z) j
.
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For � < � 1 we have a similar estimate, and hence combined we have

sup
� 2 R

h� i � � jz � � j � 1 .
1

j= (z) j
max(1, jzj � � ) �

hzi � �

j= (z) j
. (3.7)

Combining (3.5), (3.6) and (3.7) we get an estimate

sup
� 2 R

h� i k� �

�
�
�
�
�

@k

@�k
(z � � ) � 1

�
�
�
�
�

.
hzi � �

j= (z) j

 

1 +
hzi

j= (z) j

! k

.

Let � 1 � � 0, : : : , � n � 0. Taking the inequality above and proceeding as before with

N � n + 1 +
P n

j = 0 kj , we have

Z

C

�
�
�
�
�
@˜f
@z

�
�
�
�
�

 

sup
� 02 R

h� 0i k0 � � 0

�
�
�
�
�

@k0

@�k0
0

(z � � 0) � 1

�
�
�
�
�

!

� � �

 

sup
� n 2 R

h� n i kn � � n

�
�
�
�
�

@kn

@�kn
n

(z � � 0) � 1

�
�
�
�
�

!

dz

.
N + 1X

r = 0

Z

R
jf (r ) (x) jhxi r � n� 1�

P n
j = 0

� j dx < 1 .

This converges in particular for
P n

j = 0 � j = � � n. Since� n � 1 �
P n

j = 0 � j � 0, this

choice is possible if� 1 � � � n. We have therefore proved for� 1 � � � n, and

� 1 � � 0, : : : , � n � 0 such that
P n

j = 0 � j = � � n, that

kf [n ](� 0, : : : , � n )kS� 0 (R)� i ��� � i S� n (R),k0 ,:::,kn

=
Z

C
k(z � � ) � 1kS� 0 (R),k0

� � � k(z � � ) � 1kS� n (R),kn

�
�
�
�
�
@˜f
@z

�
�
�
�
�
dz

.

n+
P n

j = 0
k j + 2

X

r = 0

kf kT n (R),r �

n+
P n

j = 0
k j + 2

X

r = 0

kf kT � (R),r .

2. For f 2 T � (R), � 1 � � � n, we have by the �rst part of the lemma that for each

n 2 N ,

f [n ] 2 S� 0 (R) � i � � � � i S� n (R)

where each� j can be chosen to lie in the interval[� 1, 0], and
P

� j = � � n.

For f 2 T � (R) with � � � 1, we can write f = g � (x + i ) � k where g 2 T � (R),

� 1 � � � 0 and k 2 N . The Leibniz rule for divided di�erences dictates

f [n ](� 0, : : : , � n ) =
nX

l= 0

g[l ](� 0, : : : , � l )
�
(x + i ) � k

� [n� l ]
(� l , : : : , � n ).
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From part 1 and the explicit form of the divided di�erences of
�
(x + i ) � k

� [n ]
we

therefore conclude that each term is an element of

X

� 0 ,:::,� n � 0P
� j = � � k� n

S� 0 (R) � i � � � � i S� n (R),

with the required estimate of norms.

3. This follows analogously to assertion 2, by analysing
�
g(x + i )k

� [n ]
for g 2 T � (R)

with � 1 � � � 0.

Remark 3.3.2. The proof of Lemma 3.3.1 in fact shows that iff 2 Cn+ 2(R) such that

kf kT � (R),k < 1 for k = 0, : : : , n + 2, then given any spectral measuresE0, : : : , En , we

have

kf [n ]k
L � 0

1 (E0 ) ˆ
 i ��� ˆ
 i L
� n
1 (En )

� k f [n ]kS� 0 (R)� i ��� � i S� n (R),0,:::,0 �
n+ 2X

k= 0

kf kT � (R),k < 1 .

For n = 0, the space of functions that satisfy this condition closely resembles the space

Fm (R) used in [Car+16] in the context of double operator integrals.

Theorem 3.3.3. Let H0, : : : , Hn be such that eachH i 2 oph(Q), h > 0, is Q-elliptic and

symmetric, and let f 2 Cn+ 2(R) such that kf kT � (R),k < 1 , k = 0, : : : , n + 2 for some

� 2 R. Then for any X i 2 opr i (Q), i = 1, : : : , n,

TH 0 ,:::,H n

f [n ] (X 1, : : : , X n ) 2 opr +( � � n)h(Q),

with the estimate

kTH 0 ,:::,H n

f [n ] (X 1, : : : , X n )kH s+ r +( � � n )h !H s � Cs,H 0 ,:::,H n

 n+ 2X

k= 0

kf kT � (R),k

! nY

i = 1

kX i kH si + r i !H si

for some s1, : : : , sn 2 R.

Proof. Lemma 3.3.1 and Remark 3.3.2, combined with Theorem 3.2.5.

Theorem 3.3.4. Let H i , [Q, H i ] 2 op0(Q), i = 0, : : : , n, be such that eachH i
0,0 : H ! H

is self-adjoint, and let f 2 C1 (R). Then

TH 0 ,:::,H n

f [n ] (X 1, : : : , X n ) 2 op
P

j
r j (Q).
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Proof. Lemma 3.3.1 and Remark 3.3.2, combined with Theorem 3.2.5.

Due to Lemma 3.3.1, the divided di�erencef [n ] for f 2 C1 (R) is in particular a permitted

symbol for Theorem 3.2.8.

3.4 MOI identities

The most important identities for our applications of our multiple operator integrals are

the following. These are generalisations of the identities

[f (H ), X ] = TH ,H
f [1] ([H , X ]);

f (H + X ) � f (H ) = TH + X ,H
f [1] (X ),

seeing that f (H ) = TH
f [0] () .

Proposition 3.4.1. Let a, X 1, : : : , X n 2 op(Q), let H i 2 oph i (Q), hi > 0 be symmetric

and Q-elliptic and let f 2 T � (R), � 2 R. Then

TH 0 ,:::,H n

f [n ] (X 1, : : : , X j , aX j + 1, : : : , X n ) � TH 0 ,:::,H n

f [n ] (X 1, : : : , X j a, X j + 1, : : : , X n ) (3.8)

= TH 0 ,:::,H j ,H j ,:::,H n

f [n + 1] (X 1, : : : , X j , [H j , a], X j + 1, : : : , X n );

TH 0 ,:::,H n

f [n ] (aX 1, : : : , X n ) � aTH 0 ,:::,H n

f [n ] (X 1, : : : , X n ) (3.9)

= TH 0 ,H 0 ,H 1 ,:::,H n

f [n + 1] ([H0, a], X 1, : : : , X n );

TH 0 ,:::,H n

f [n ] (X 1, : : : , X n )a � TH 0 ,:::,H n

f [n ] (X 1, : : : , X na) (3.10)

= TH 0 ,:::,H n ,H n

f [n + 1] (X 1, : : : , X n , [Hn , a]).

Moreover, for A 2 opa(Q), a > 0, B 2 opb(Q), b > 0 symmetric and Q-elliptic,

TH 0 ,:::,H j � 1 ,A ,H j + 1 ,:::,H n

f [n ] (X 1, : : : , X n ) � TH 0 ,:::,H j � 1 ,B ,H j + 1 ,:::,H n

f [n ] (X 1, : : : , X n )

= TH 0 ,:::,H j � 1 ,A ,B ,H j + 1 ,:::,H n

f [n + 1] (X 1, : : : , X j , A � B , X j + 1, : : : , X n ).
(3.11)

The same assertions hold for self-adjointH i , A, B 2 op0(Q) such that [Q, H i ], [Q, A ], [Q, B ] 2

op0(Q) and with f 2 C1 (R).
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Proof. We prove equation 3.8 in theQ-elliptic case, the other identities and the zero-order

case follow analogously. Forf 2 T � (R), the multiple operator integrals appearing in the

equation are then well-de�ned, see Theorem 3.3.3.

Write

Fj (� 0, : : : , � n+ 1) := f [n ](� 0, : : : , � j � 1, � j + 1, : : : � n+ 1),

and observe that

Fj + 1(� 0, : : : , � n+ 1) � Fj (� 0, : : : , � n+ 1) = ( � j � � j + 1)f [n+ 1](� 0, : : : , � n+ 1).

Hence,

TH 0 ,:::,H j ,H j ,:::,H n

f [n + 1] (X 1, : : : , X j , [H j , a], X j + 1, : : : , X n )

= TH 0 ,:::,H j ,H j ,:::,H n

(� j � � j + 1 )f [n + 1] (X 1, : : : , X j , a, X j + 1, : : : , X n )

= TH 0 ,:::,H j ,H j ,:::,H n
F j + 1

(X 1, : : : , X j , a, X j + 1, : : : , X n )

� TH 0 ,:::,H j ,H j ,:::,H n
F j

(X 1, : : : , X j , a, X j + 1, : : : , X n )

= TH 0 ,:::,H n

f [n ] (X 1, : : : , X j , aX j + 1, : : : , X n )

� TH 0 ,:::,H n

f [n ] (X 1, : : : , X j a, X j + 1, : : : , X n ).

With these identities in hand, we can show that the MOI constructed in the previous

section is an element ofOP(Q) if all its components are and the symbol is a divided

di�erence.

Theorem 3.4.2. Let H0, : : : , Hn be such that eachH i 2 OPh(Q), h > 0, is symmetric and

Q-elliptic, and let f 2 T � (R) for some� 2 R. For operators X i 2 OPr i (Q), r :=
P n

i = 1 r i ,

we have that

TH 0 ,:::,H n

f [n ] (X 1, : : : , X n ) 2 OPh(� � n)+ r (Q).

Similarly, if each H i instead is such thatH i , [Q, H i ] 2 OP0(Q) and H i is self-adjoint, then

for any f 2 C1 (R) we have that

TH 0 ,:::,H n

f [n ] (X 1, : : : , X n ) 2 OPr (Q).
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Proof. We focus on theQ-elliptic case, the zero-order case follows similarly. Takingn = 1

to ease notation, using Proposition 3.4.1 gives that

[Q, TH 0 ,H 1

f [1] (X 1)] = TH 0 ,H 0 ,H 1

f [2] ([Q, H0], X 1) + TH 0 ,H 1

f [1] ([Q, X 1]) + TH 0 ,H 1 ,H 1

f [2] (X 1, [Q, H1]).

As [Q, H i ] 2 oph(Q) and [Q, X 1] 2 opr 1 (Q), Lemma 3.3.1 combined with Theorem 3.2.5

gives that

TH 0 ,H 0 ,H 1

f [2] ([Q, H0], X 1), TH 0 ,H 1

f [1] ([Q, X 1]), TH 0 ,H 1 ,H 1

f [2] (X 1, [Q, H1]) 2 oph(� � n)+ r (Q).

Higher commutators and n > 1 follow analogously.

We have now proven Theorem 2.2.7 and Theorem 2.3.8 which were claimed in the previous

chapter: they are special cases of Theorem 3.4.2.

In the setting that Q� 1 2 L s, s > 0, it is immediate from Theorem 3.2.5 and Theorem 2.2.3

that for H0, : : : , Hn 2 oph(Q), h > 0 symmetric and Q-elliptic, and f 2 T � (R), the

multiple operator integral

TH 0 ,:::,H n

f [n ] (X 1, : : : , X n ) 2 op(� � n)h+ r (Q) (3.12)

can be considered to be a trace-class operator onH if � is small enough. Namely, we have

kAk1 � k Q� sk1kAkH 0 !H s .

3.5 Asymptotic expansions

Through the identities proved in the previous section, the theory of multiple operator inte-

grals lends itself well for establishing asymptotic expansions of operators. As an immediate

example, we prove a noncommutative Taylor expansion for pseudodi�erential operators.

Theorem 3.5.1. Let f 2 T � (R), H 2 oph(Q), h > 0, Q-elliptic and symmetric, and let

V 2 opr (Q) be symmetric. If the order of the perturbationV is strictly smaller than that

of H , i.e. r < h , we have

f (H + V ) �
1X

n= 0

TH
f [n ] (V, : : : , V ), (3.13)
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in the sense that

f (H + V ) �
NX

n= 0

TH
f [n ] (V, : : : , V ) 2 opmN (Q)

with mN # �1 .

Proof. Using the last part of Proposition 3.4.1 with A = H + V, B = H , we have

f (H + V ) � f (H ) = TH + V
f [0] () � TH

f [0] ()

= TH + V ,H
f [1] (V ).

Repeating the argument, we get

f (H + V )�
NX

n= 0

TH
f [n ] (V, : : : , V ) = TH + V ,H ,:::,H

f [N + 1] (V, : : : , V ).

Now, if r < h , Theorem 3.3.3 gives that

TH + V ,H ,:::,H
f [N + 1] (V, : : : , V ) 2 op(� � N � 1)h+ Nr (Q),

with

(� � N � 1)h + Nr = N (r � h) + ( � � 1)h # �1 .

Note that, if H and V are commuting operators, (3.13) recovers the classic Taylor ex-

pansion formula f (H + V ) �
P 1

n= 0
f (n ) (H )

n! V n . Hence, the expansion (3.13) can be in-

terpreted as a type of noncommutative Taylor expansion. Each term in the expansion

can itself be expanded as follows. Recall that we write� H (X ) := [ H , X ], � n
H (X ) :=

� H (� � � � H (� H (X )) � � � ).

Proposition 3.5.2. Let X i 2 opr i (Q), H 2 oph(Q), h > 0 symmetric and Q-elliptic,

and f 2 T � (R). Then

TH
f [n ] (X 1, : : : , X n ) =

NX

m= 0

X

m1+ ��� + mn = m

Cm1 ,:::,mn

(n + m)!
� m1

H (X 1) � � � � mn
H (X n )f (n+ m ) (H )

+ Sn
N (X 1, : : : , X n ),
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where

Cm1 ,:::,mn :=
nY

j = 1

 
j + m1 + � � � + mj � 1

mj

!

and the remainder Sn
N (X 1, : : : , X n ) is a sum of terms of the form

� m1
H (X 1) � � � � mk

H (X k )TH
f [n + N + 1] (1, : : : , 1, � N + 1� m1 ����� mk

H (X k+ 1), 1, : : : , 1,X k+ 2, : : : , X n ).

If the commutators � k
H (X j ) have a lower order than the expectedr j + kh, explicitly if

� k
H (X j ) 2 opr j + k(h� " ) (Q)

for some " > 0, then the above gives an asymptotic expansion

TH
f [n ] (X 1, : : : , X n ) �

1X

m= 0

X

m1+ ��� + mn = m

Cm1 ,:::,mn

(n + m)!
� m1

H (X 1) � � � � mn
H (X n )f (n+ m ) (H ),

in the sense that the remainder term

Sn
N (X 1, : : : , X n ) 2 opmN (Q)

with mN =
P

j r j + ( � � n)h � " (N + 1) # �1 .

The proof of this proposition is a lengthy combinatorial exercise, the computations of

which are standard and appear in many proofs of the local index formula [CPRS06a,

Lemma 6.11][CM95, Equation (71)][Hig04, Lemma 2.12], see also [Dal98; Pay11]. The

novelty is that they can be performed in the very general context of (unbounded) MOIs.

In e�ect, Proposition 3.5.2 is a generalisation of the cited results.

De�nition 3.5.3. The multiset coe�cient
�� n

k

��
for n, k 2 N is de�ned as

��
n
k

��
:=

 
n + k � 1

k

!

.

Lemma 3.5.4. For f 2 T � (R), H 2 oph(Q), h > 0 symmetric and Q-elliptic, X i 2

opr i (Q), we have

TH
f [n + j ] (1, : : : , 1

| {z }
j

, X 1, : : : , X n )

=
NX

m= 0

��
m + 1

j

��
� m

H (X 1)TH
f [n + j + m ] (1, : : : , 1

| {z }
j + 1+ m

, X 2, : : : , X n ) + Rn
j ,N (X 1, : : : , X n ),
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where

Rn
j ,N (X 1, : : : , X n ) :=

jX

l= 0

��
N + 1

l

��
TH

f [n + j + N + 1] (1, : : : , 1
| {z }

j � l

, � N + 1
H (X 1), 1, : : : , 1

| {z }
N + 1+ l

, X 2, : : : , X n ).

Proof. Multiset coe�cients have the property that

jX

l= 0

��
m
l

��
=

��
m + 1

j

��
.

The assertion of the lemma follows by induction onN . For N = 0,

TH
f [n + j ] (1, : : : , 1

| {z }
j

, X 1, : : : , X n )

= X 1TH
f [n + j ] (1, : : : , 1

| {z }
j + 1

, X 2, : : : , X n ) +
jX

l= 0

TH
f [n + j + 1] (1, : : : , 1

| {z }
j � l

, � H (X 1), 1, : : : , 1
| {z }

1+ l

, X 2, : : : , X n )

by applying Proposition 3.4.1 j + 1 times on X 1.

Suppose that the assertion holds forN � 1. Then

TH
f [n + j ] (1, : : : , 1

| {z }
j

, X 1, : : : , X n )

=
N � 1X

m= 0

��
m + 1

j

��
� m

H (X 1)TH
f [n + j + m ] (1, : : : , 1

| {z }
j + 1+ m

, X 2, : : : , X n )

+
jX

l= 0

��
N
l

��
TH

f [n + j + N ] (1, : : : , 1
| {z }

j � l

, � N
H (X 1), 1, : : : , 1

| {z }
N + l

, X 2, : : : , X n )

= �
N � 1X

m= 0

��
m + 1

j

��
� m

H (X 1)TH
f [n + j + m ] (1, : : : , 1

| {z }
j + 1+ m

, X 2, : : : , X n )

+
jX

l= 0

��
N
l

��
� N

H (X 1)TH
f [n + j + N ] (1, : : : , 1

| {z }
N + 1+ j

, X 2, : : : , X n )

+
jX

l= 0

��
N
l

�� j � lX

k= 0

TH
f [n + j + N + 1] (1, : : : , 1

| {z }
j � l � k

, � N + 1
H (X 1), 1, : : : , 1

| {z }
N + 1+ l+ k

, X 2, : : : , X n ),

where in the step marked with � we applied Proposition 3.4.1 j � l times on � N
H (X 1).
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Continuing on,

TH
f [n + j ] (1, : : : , 1

| {z }
j

, X 1, : : : , X n )

=
N � 1X

m= 0

��
m + 1

j

��
� m

H (X 1)TH
f [n + j + m ] (1, : : : , 1

| {z }
j + 1+ m

, X 2, : : : , X n )

+
��

N + 1
j

��
� N

H (X 1)TH
f [n + j + N ] (1, : : : , 1

| {z }
N + 1+ j

, X 2, : : : , X n )

+
jX

l= 0

j � lX

k= 0

��
N
l

��
TH

f [n + j + N + 1] (1, : : : , 1
| {z }

j � l � k

, � N + 1
H (X 1), 1, : : : , 1

| {z }
N + 1+ l+ k

, X 2, : : : , X n ).

In the last sum, relabel r := k + l , so that

TH
f [n + j ] (1, : : : , 1

| {z }
j

, X 1, : : : , X n )

=
NX

m= 0

��
m + 1

j

��
� m

H (X 1)TH
f [n + j + m ] (1, : : : , 1

| {z }
j + 1+ m

, X 2, : : : , X n )

+
jX

r = 0

rX

l= 0

��
N
l

��
TH

f [n + j + N + 1] (1, : : : , 1
| {z }

j � r

, � N + 1
H (X 1), 1, : : : , 1

| {z }
N + 1+ r

, X 2, : : : , X n )

=
NX

m= 0

��
m + 1

j

��
� m

H (X 1)TH
f [n + j + m ] (1, : : : , 1

| {z }
j + 1+ m

, X 2, : : : , X n )

+
jX

r = 0

��
N + 1

r

��
TH

f [n + j + N + 1] (1, : : : , 1
| {z }

j � r

, � N + 1
H (X 1), 1, : : : , 1

| {z }
N + 1+ r

, X 2, : : : , X n ).

This concludes the induction step.

Proof of Proposition 3.5.2. Apply Lemma 3.5.4 �rst to the �rst entry of TH
f [n ] (X 1, : : : , X n ),

TH
f [n ] (X 1, : : : , X n ) =

NX

m1= 0

��
m1 + 1

0

��
� m1

H (X 1)TH
f [n + m 1 ] (1, : : : , 1

| {z }
m1+ 1

, X 2, : : : , X n )

+ Rn
0,N (X 1, : : : , X n ).
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Apply Lemma 3.5.4 once more, expanding up to orderN � m1 instead of N .

TH
f [n ] (X 1, : : : , X n )

=
NX

m1= 0

N � m1X

m2= 0

��
m1 + 1

0

�� ��
m2 + 1
m1 + 1

��
� m1

H (X 1)� m2
H (X 2)TH

f [n + m 1 + m 2 ] ( 1, : : : , 1
| {z }

2+ m1+ m2

, X 3, : : : , X n )

+
NX

m1= 0

��
m1 + 1

0

��
� m1

H (X 1)Rn� 1
1+ m1 ,N � m1

(X 2, : : : , X n ) + Rn
0,N (X 1, : : : , X n ).

Repeating gives the formula

TH
f [n ] (X 1, : : : , X n )

=
NX

m= 0

X

m1+ ��� + mn = m

nY

j = 1

  
mj + 1

j � 1 + m1 + � � � + mj � 1

!!

� m1
H (X 1) � � � � mn

H (X n )TH
f [n + m ] (1, : : : , 1

| {z }
n+ m

)

+ Sn
N (X 1, : : : X n ),

where

Sn
N (X 1, : : : X n ) :=

n� 1X

k= 0

X

m1+ ��� + mk � N

kY

j = 1

  
mj + 1

j � 1 + m2 + � � � + mj � 1

!!

� � m1
H (X 1) � � � � mk

H (X k )Rn� k
k+ m1+ ��� + mk ,N � m1 ����� mk

(X k+ 1, : : : , X n ).

The observation that
��

n
k

��
=

��
k + 1
n � 1

��
,

and the de�nition
��

n
k

��
=

 
n + k � 1

k

!

,

�nishes the proof of the proposition.

Putting these results together, we now have a noncommutative Taylor expansion.

Theorem 3.5.5. Let f 2 T � (R), H 2 oph(Q), h > 0, Q-elliptic and symmetric, and let

V 2 opr (Q), r < h , be symmetric. Assume that

� k
H (V ) 2 opr + k(h� " ) (Q)
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for some " > 0. Then we have the noncommutative Taylor expansion

f (H + V ) �
1X

n,m= 0

X

m1+ ��� + mn = m

Cm1 ,:::,mn

(n + m)!
� m1

H (V ) � � � � mn
H (V )f (n+ m ) (H ).

Proof. For N , M > 0, Theorem 3.5.1 and Proposition 3.5.2 give

f (H + V ) =
NX

n= 0

MX

m= 0

X

m1+ ��� + mn = m

Cm1 ,:::,mn

(n + m)!
� m1

H (V ) � � � � mn
H (V )f (n+ m ) (H )

+ opN (r � h)+( � � 1)h(Q) +
NX

n= 0

opnr +( � � n)h� " (M + 1) (Q).

As (N , M ) ! (1 , 1 ), we see that the order of the remainder decreases to�1 .

The noncommutative Taylor expansion (3.13) features prominently in [Pay07] for classical

pseudodi�erential operators on manifolds, and in [Dal98; Pay11] in a more abstract sense.

For bounded operators on Banach spaces, it has been studied in [HL24]. For related

expansions for bounded operatorsV , see also [Han06; Sui11; Skr18; NS22].

3.6 Trace expansions and NCG

The observation in the previous section that the local index formula is closely connected to

the noncommutative Taylor expansion in Theorem 3.5.5 leads us naturally to the topic of

asymptotic expansions of trace formulas. In various contexts of noncommutative geometry

and beyond, expansions are studied of the kind

Tr (f (tH + tV )) �
t#0

1X

k= 0

ck t r k , (3.14)

for an increasing sequencer k " 1 and constantsck 2 C, which means that ast # 0

Tr (f (tH + tV )) =
NX

k= 0

ck t r k + O(t r N + 1 )

for every N 2 R. Or, more generally (c.f. [EI18]),

Tr (f (tH + tV )) �
t#0

1X

k= 0

� k (t), (3.15)

90



3.6. TRACE EXPANSIONS AND NCG

where � k (t) = O(t r k ) and

Tr (f (tH + tV )) =
NX

k= 0

� k (t) + O(t r N + 1 ).

To study the asymptotic expansion of expressions like

Tr (ae� t (D + V )2
),

we will use a modi�ed version of Theorem 3.5.1 and Proposition 3.5.2. For this purpose,

we need to make a more detailed analysis of norm bounds of MOIs and of the remainder

in the Taylor expansion in Theorem 3.5.1.

Proposition 3.6.1. Let H i 2 oph(Q) for a �xed h > 0 be symmetric and Q-elliptic

operators. If X i 2 opr i (Q), r :=
P n

i = 1 r i , f 2 T � (R) with � � n, t � 1, then

kT tH 0 ,:::,tH n

f [n ] (X 1, : : : , X n )kH q+ r +( � � n )h !H q . t � � n , q 2 R.

Rephrased, if f 2 T
u � r

h + n , u � r , then

kT tH 0 ,:::,tH n

f [n ] (X 1, : : : , X n )kH q+ u !H q . t
u � r

h , q 2 R.

Proof. Lemma 3.3.1 gives that

f [n ] 2
X

� 0+ ��� + � n = � � n

S� 0 (R) � i � � � � i S� n (R),

where each� i � 0 since � � n (recall De�nition 3.2.1 for this notation). Consider one of

the summands,� 2 S� 0 (R) � i � � � � i S� n (R). Then

� (� 0, : : : , � n ) = ( � 0 + i ) � 0 � � � (� n + i ) � n �  (� 0, : : : , � n ),

for a function  2 S0(R) � i � � � � i S0(R), and thus, by Remark 3.2.3 and Theorem 3.2.5,

T tH 0 ,:::,tH n
� (X 1, : : : , X n )

= T tH 0 ,:::,tH n
 (( tH 0 + i ) � 0 X 1(tH 1 + i ) � 1 , X 2(tH 2 + i ) � 2 , : : : , X n (tH n + i ) � n ).
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Corollary 2.2.4 and Theorem 3.2.5 give that

kT tH 0 ,:::,tH n
 (( tH 0 + i ) � 0 X 1(tH 1 + i ) � 1 , X 2(tH 2 + i ) � 2 , : : : , X n (tH n + i ) � n )kH q+ r +( � � n )h !H q

. k(tH 0 + i ) � 0 kH q0 + � 0h !H q0 � � � k(tH n + i ) � n kH qn + � n h !H qn ,

for qi some real numbers. Theorem 2.2.3 gives that

k(tH j + i ) � i j kH qj + � j h !H qj . sup
x2 R

j(tx + i ) � j jhxi � � j . t � j .

Therefore,

kT tH 0 ,:::,tH n
� (X 1, X 2, : : : , X n )kH q+ r +( � � n )h !H q . t � 0+ ��� + � k = t � � n .

Proposition 3.6.2. Let Q� 1 2 L s, s > 0, f 2 T � (R), H 2 oph(Q), h > 0 Q-elliptic and

symmetric and V 2 opr (Q) symmetric. Let h > r � 0 and � < � s
h . For every N 2 N ,

we have ast # 0,

Tr (f (tH + tV )) =
NX

n= 0

tn Tr (T tH
f [n ] (V, : : : , V )) + O(t (N + 1)(1� r

h )� s
h ).

Proof. The proof of Theorem 3.5.1 gives that

f (tH + tV ) =
NX

n= 0

T tH
f [n ] (tV , : : : , tV ) + T tH + tV ,tH ,:::,tH

f [N + 1] (tV , : : : , tV ).

The condition � < � s
h assures that all terms on the left and right-hand side are trace-class

(cf. (3.12)). Furthermore, we have f 2 T � (R) � T (N + 1)(1� r
h )� s

h (R) so that Proposi-

tion 3.6.1 provides that

kT tH + tV ,tH ,:::,tH
f [N + 1] (tV , : : : , tV )k1

. tN + 1kT tH + tV ,tH ,:::,tH
f [N + 1] (V, : : : , V )kH � s !H 0

. t (N + 1)(1� r
h )� s

h .

This proposition makes it clear that to determine the coe�cients of asymptotic expansions

of the type (3.14) or (3.15), it su�ces to study the asymptotic expansions of the multiple

operator integral

Tr (T tH
f [n ] (V, : : : , V )) ,

which we do with Proposition 3.5.2.
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Theorem 3.6.3. Let Q� 1 2 L s, s > 0, f 2 T � (R), H 2 oph(Q), h > 0 symmetric and

Q-elliptic, V 2 opr (Q) symmetric. If h > r � 0, � � � s
h , and � n

H (V ) 2 opr + n(h� " ) (Q),

then Tr (f (tH + tV )) admits an asymptotic expansion ast # 0 of type (3.15) given by

Tr (f (tH + tV )) =
NX

n= 0

NX

m= 0

X

m1+ ��� + mn = m

tn+ m Cm1 ,:::,mn

(n + m)!
Tr

�
� m1

H (V ) � � � � mn
H (V )f (n+ m ) (tH )

�

+ O(tmN ),

where mN := ( N + 1) min
�

"
h , (1 � r

h )
�

� s
h , so that mN " 1 as N ! 1 .

Proof. Combining Propositions 3.6.2 and 3.5.2, we have that

Tr (f (tH + tV )) =
NX

n= 0

NX

m= 0

tn+ m
X

m1+ ��� + mn = m

Cm1 ,:::,mn

(n + m)!
Tr

�
� m1

H (V ) � � � � mn
H (V )f (n+ m ) (tH )

�

+
NX

n= 0

tn Tr (Sn
N ,t (V, : : : , V )) + O(t (N + 1)(1� r

h )� s
h ),

where Sn
N ,t (V, : : : , V ) is a sum of terms of the form

tN + 1� m1
H (V ) � � � � mk

H (V )T tH
f [n + N + 1] (1, : : : , 1, � N + 1� m1 ����� mk

H (V ), 1, : : : , 1,V , : : : , V ).

We then estimate






 tN + 1� m1

H (V ) � � � � mk
H (V )T tH

f [n + N + 1] (1, : : : , 1, � N + 1� m1 ����� mk
H (V ), 1, : : : , 1,V , : : : , V )








1

. tN + 1





 � m1

H (V ) � � � � mk
H (V )T tH

f [n + N + 1] (1, : : : , 1, � N + 1� m1 ����� mk
H (V ), 1, : : : , 1,V , : : : , V )








H � s !H 0

� tN + 1





 � m1

H (V ) � � � � mk
H (V )








H kr +( m 1 + ��� + m k )(h � " ) !H 0

�





 T tH

f [n + N + 1] (1, : : : , 1, � N + 1� m1 ����� mk
H (V ), 1, : : : , 1,V , : : : , V )








H � s !H kr +( m 1 + ��� + m k )(h � " )
.

Applying Proposition 3.6.1 then provides that

kSn
N ,t (V, : : : , V )k1 . tN + 1�

s+ kr +( m 1 + ��� + m k )(h � " )
h �

(n � k )r +( N + 1� m 1 ����� m k )(h � " )
h

= t � s+ nr
h +( N + 1) "

h ,

and hence

NX

n= 0

tn Tr (Sn
N ,t (V, : : : , V )) .

NX

n= 0

tn(1� r
h )+( N + 1) "

h � s
h .
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De�ning

mN := ( N + 1) min

 
"
h

,
�
1 �

r
h

�
!

�
s
h

concludes the proof.

This expansion in fact partially answers a speci�c open problem posed by Eckstein and

Iochum in [EI18]. Given a spectral triple (A, H , D ) it is a common assumption to require

the existence of an asymptotic expansion ast # 0 of

Tr (ae� tD 2
),

where a 2 A . Their question is whether the existence of asymptotic expansions of

Tr (ae� t (D + V )2
)

can be deduced for suitable perturbationsV from this, and whether it could be enough

for Tr (e� tD 2
) to admit an asymptotic expansion.

First, we address the second part of the question by giving an explicit example where the

asymptotic expansion ofTr (e� tD 2
) provides no control over the expansions ofTr (ae� tD 2

).

Theorem 3.6.4. [EI18, Theorem 3.2] For a bounded operatora and invertible positive

operator D such that D � 1 2 L s, s > 0, the existence of an asymptotic expansion

Tr (ae� tD 2
) �

t#0

1X

k= 0

� k (t),

where

� k (t) :=
X

z2 X k

 dX

n= 0

cn,k logn t

!

t � z,

with cn,k 2 C and for suitable setsX k � C (for details, see [EI18, Theorem 3.2]), implies

the existence of a meromorphic continuation of

� D 2 ,a(s) := Tr (ajD j � 2s)

to the complex plane, with poles of order at mostd + 1 located at points in
S 1

k= 0 X k � C.
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Example 3.6.5. Let A = `1 (Z � 1), H = `2(Z � 1) where A is represented onH by

pointwise multiplication, and let D be the diagonal operator onH given by

Den = nen , n � 1.

This is a spectral triple for trivial reasons: A acts on H by bounded operators, and

[D, a] = 0 for all a 2 A . Despite being atypical,(A, H , D ) satis�es most of the assumptions

commonly made in the literature in terms of smoothness or summability. The algebraA

is not separable, but all of the following arguments can be performed in a separable (even

�nite dimensional) subalgebra of A .

It is a classical result that we have the asymptotic expansion

Tr (e� tD 2
) =

1X

n= 1

e� tn 2
�
t#0

p
�

2
t � 1

2 �
1
2

,

see for example [Gil04, Lemma 3.1.3]. Nonetheless, the functionsTr (ajD j � 2s) for a 2 A

are very badly behaved. For example, let

a :=
1X

n= 2

1
logn

en 2 A ,

so that

� a,D 2 (s) = Tr (aD � 2s) =
1X

n= 2

1
logn

n� 2s, < (s) >
1
2

,

which is holomorphic on< (s) > 1
2 . Now,

d
ds

� a,D 2 (s) = � 2
1X

n= 2

n� 2s

= 2 � 2� (2s), < (s) >
1
2

,

where � is the Riemann zeta function which has a simple pole at1. Therefore, � a,D 2 (s) +

log(2s � 1) is the antiderivative of an entire function, which implies that � a,D 2 (s) =

� log(2s � 1) + f (s) where f (s) is entire [Rud87, Theorem 10.14]. We conclude that

� a,D 2 does not admit a meromorphic extension to the complex plane, and thusTr (ae� tD 2
)

does not have an asymptotic expansion ast # 0 of the type in Theorem 3.6.4.

An even more pathological example is

b :=
1X

n= 2

L (n)
log(n)

en
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where L is the von Mangoldt function which satis�es

L (n) :=

8
>><

>>:

log(p) if n = pk for p prime;

0 otherwise.

A classical formula asserts that [Tit86, p.4]

� b,D (s) = Tr (bjD j � s) =
1X

n= 2

L (n)
log(n)

n� s = log � (s), < (s) > 1

which is badly behaved at every zero of� and at s = 1.

To answer the �rst part of the question, we deduce the following.

Corollary 3.6.6. Let (A, H , D ) be a regular s-summable spectral triple, s > 0. Let

V , P 2 B, V self-adjoint and bounded, whereB is the algebra generated byA and D.

Then for all f 2 T � (R) with � < � s, the expressions

Tr (f (tD + tV )) , Tr (Pe� t (D + V )2
) and Tr (Pe� t jD + V j )

admit an asymptotic expansion ast # 0 given respectively by

Tr (f (tD + tV )) =
NX

n= 0

NX

m= 0

X

m1+ ��� + mn = m

tn+ m Cm1 ,:::,mn

(n + m)!
Tr

�
� m1

D (V ) � � � � mn
D (V )f (n+ m ) (tD )

�

+ O(tN + 1� s),

where Cm1 ,:::,mn is the same as in Proposition 3.5.2,

Tr (Pe� t (D + V )2
) =

NX

n= 0

NX

m= 0

X

m1+ ��� + mn = m

(� t)n+ m Cm1 ,:::,mn

(n + m)!
Tr (PA(m1 ) � � �A (mn ) exp(� tD 2))

+ O(t
N + 1� s

2 ),

where A := DV + V D + V 2, and A (m ) := � m
D 2 (A), and

Tr (Pe� t jD + V j ) =
NX

n= 0

NX

m= 0

X

m1+ ��� + mn = m

(� t)n+ m Cm1 ,:::,mn

(n + m)!
Tr (P � m1

jD j (B ) � � � � mn
jD j (B ) exp(� t jD j))

+ O(t (N + 1)(1� " )� s),

where B := jD + V j � j D j and " > 0 can be picked arbitrarily small.
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Proof. Given a regular s-summable spectral triple (A, H , D ), write Q := ( 1 + D 2)
1
2 . Let

V , P 2 B, V self-adjoint and bounded, whereB is the algebra generated byA and D. If

f 2 T � (R) with � < � s, Theorem 3.6.3 immediately gives that

Tr (f (tD + tV )) =
NX

n= 0

NX

m= 0

X

m1+ ��� + mn = m

tn+ m Cm1 ,:::,mn

(n + m)!
Tr

�
� m1

D (V ) � � � � mn
D + ( V )f (n+ m ) (tD )

�

+ O(tN + 1� s).

Regarding the expansion ofTr (Pe� t (D + V )2
) we have that D 2 2 OP2(Q), A 2 OP1(Q)

since (A, H , D ) is regular. As [D 2, A ] = [ Q2, A ] = Q[Q, A ] + [ Q, A ]Q, we have that

A (m ) 2 OP1+ m (Q). Furthermore, B � op(Q). The proof of this corollary is then the

same as the proof of Theorem 3.6.3. Filling in

mN = ( N + 1) min

 
"
h

,
�
1 �

r
h

�
!

�
s
h

=
N + 1 � s

2

gives the order of the error term.

For the expansion ofTr (Pe� t jD + V j ), while jD j 2 OP1(Q) due to Theorem 2.2.3, to con-

clude something similar for jD + V j we have to do more work. Note that D has discrete

spectrum since (1 + D 2) � 1
2 2 L s. If V 2 OP0(Q) is self-adjoint, then D + V has real

discrete spectrum too. Hence we can modify the functionx 7! j xj slightly on a small

neighbourhood around x = 0 to get a smooth function f which has the property that

f (x) = jxj on � (D + V ) [ � (D ), and f 2 S1(R) since the second and higher deriva-

tives of f are all compactly supported. Using Theorem 3.3.3 and the observation that

S1(R) � T1+ " (R) for all " > 0, we have

jD + V j 2 OP1+ " (Q), jD + V j � j D j = TD + V ,D
f [1] (V ) 2 OP" (Q).

Therefore, we get

Tr (Pe� t jD + V j ) =
NX

n= 0

NX

m= 0

X

m1+ ��� + mn = m

(� t)n+ m Cm1 ,:::,mn

(n + m)!
Tr (P � m1

jD j (B ) � � � � mn
jD j (B ) exp(� t jD j))

+ O(t (N + 1)(1� " )� s),

where B := jD + V j � j D j and " > 0 can be chosen arbitrarily small.
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Apart from providing a perturbative expansion of the spectral action, Corollary 3.6.6

shows that if for all P 2 B we have an expansion

Tr (Pe� tD 2
) �

t#0

1X

k= 0

ck (P )t r k (3.16)

for constants ck (P ) 2 C, then for all P 2 B self-adjoint and bounded there exist constants

ck (P, V ) 2 C such that

Tr (Pe� t (D + V )2
) �

t#0

1X

k= 0

ck (P, V )t r k .

Similarly, if each Tr (Pe� tD 2
) admits an asymptotic expansions of the type in Theo-

rem 3.6.4, thenTr (Pe� t (D + V )2
) does too.

Remark 3.6.7. Corollary 3.6.6 can be modi�ed to work for non-unital spectral triples.

Given a spectral triple (A, H , D ) with non-unital algebra A writing Q = ( 1 + D 2)
1
2 , if

one assumes instead ofQ� 1 2 L s that there exists p � 1 such that aQ� s 2 L 1 for all

a 2 A [ [D, A ] and s > p as is proposed in [CGRS14], then we also havea � op� s(Q) 2 L 1

for s > p. It follows that as t # 0

Tr (af (tD + tV )) =
NX

n= 0

NX

m= 0

tn+ m
X

m1+ ��� + mn = m

Cm1 ,:::,mn

(n + m)!
Tr

�
a� m1

D (V ) � � � � mn
D (V )f (n+ m ) (tD )

�

+ O(tN + 1� p)

for a 2 A [ [D, A ], V 2 B bounded and self-adjoint, andf 2 T � (R), � < � p.

We can now answer the �rst part of the question by Eckstein and Iochum. More precisely,

in [EI18, Chapter 5] the question is asked when, for a spectral triple(A, H , D ), the ex-

istence of an asymptotic expansion ofTr (e� t jD j ) implies the existence of an expansion of

Tr (e� t jD + V j ) for a suitable perturbation V . Corollary 3.6.6 compared with Example 3.6.5

suggests that this is not generally possible. We illustrate this with the following example.

Example 3.6.8. Let us revisit Example 3.6.5 where(A, H , D ) = ( `1 (Z � 1), `2(Z � 1), D ),

and D is de�ned by

Den = nen , n � 1.
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We take as before

a :=
1X

n= 2

1
logn

en .

Noting that jD + aj � j D j = a, we can apply Corollay 3.6.6 to get (in this situation we can

choose" = 0)

Tr (e� t jD + aj ) = Tr (e� tD ) � t Tr (ae� tD ) + O(t).

Taking the Mellin transform we get for < (s) > 1 (see [EI18, Proposition 2.10])

Tr ( jD + aj � s) =
1

G(s)

Z 1

0
ts� 1 Tr (e� t jD + aj ) dt

=
1

G(s)

Z 1

0
ts� 1 Tr (e� t jD + aj ) dt +

1
G(s)

Z 1

1
ts� 1 Tr (e� t jD + aj ) dt.

Since

Tr (e� t jD + aj) ) � Tr (e� tD ) = ( et � 1) � 1 � 2e� t , t � 1,

we have that

s 7!
1

G(s)

Z 1

1
ts� 1 Tr (e� t jD + aj ) ds

is holomorphic. It follows that

Tr ( jD + aj � s) =
1

G(s)

Z 1

0
ts� 1 Tr (e� t jD + aj ) dt + holoC(s)

=
1

G(s)

Z 1

0
ts� 1 Tr (e� tD ) � t Tr (ae� tD ) dt + holo< (s)> � 1(s)

= � 0,D (s) � s� a,D (s + 1) + holo< (s)> � 1(s).

Since s 7! � a,D (s + 1) does not extend holomorphically to any punctured neighbour-

hood of s = 0 as the computations in Example 3.6.5 show, we conclude that� a,D (s) =

Tr ( jD + aj � s) does not admit a meromorphic extension to the entire complex plane. By

Theorem 3.6.4,

Tr (e� t jD + aj )

does not admit an asymptotic expansion of the type listed in the theorem.

We conclude by remarking that the existence of an asymptotic expansion ofTr (Pe� tD 2
) for

P 2 B of the type in Theorem 3.6.4 is guaranteed for commutative spectral triples [GS95,

Theorem 2.7], and by the same theorem also for almost commutative spectral triples [Sui25,

Chapter 10].
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Chapter 4

Connes' integral formula and

quantum ergodicity

I am extremely impressed by your taste displayed in

the opening epigraphs to each chapter.

Fedor Sukochev

This chapter is based on [HM24b], joint work with Edward McDonald. Thanks are ex-

tended towards Nigel Higson for helpful comments and suggestions, and Magnus Go�eng

for pointing out the condition [D, A ] being bounded is su�cient for Lemma 4.2.1. We

also acknowledge Eric Leichtnam, Qiaochu Ma, and Raphaël Ponge for their assistance.

The main results of this chapter are a formula for the noncommutative integral in Theo-

rem 4.1.7, a noncommutative Szeg® formula in Theorem 4.2.2, and a link between NCG

and Quantum Ergodicity in Theorem 4.4.11.

For applications of NCG in physics and numerical computations in NCG, it is important to

know how well spectral triples can be approximated by a �nite truncation, since this is all

we can measure physically or compute numerically. A physical detector in a measurement

for example is typically only e�ective in a certain energy range. Hence for a spectral triple
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(A, H , D ) it makes sense to consider a spectral projectionP = � I (D ), and truncate the

triple into the form

(PAP, PH, PD ).

Now, PAP is not generally an algebra anymore. Connes and Van Suijlekom introduced

the concept of operator system spectral triples for this purpose [CS21], a generalisation of

usual spectral triples.

De�nition 4.0.1. A unital operator system spectral triple (A, H , D ) consists of a unital

spaceA of bounded operators on a Hilbert spaceH such that its norm closure is� -invariant,

D is a self-adjoint operator on H with compact resolvent, and for allT 2 A we have that

T dom(D ) � dom(D ) and [D, T ] extends to a bounded operator.

Developments in this direction were made in [DLM14; GS20; GS21; CS22; DLL22; Hek22;

GS23; Rie23; LS24; Sui24a; Sui24b] amongst others.

We will connect this paradigm with Connes' (normalised) noncommutative integral

a 7!
Tr ! (ahD i � d)
Tr ! (hD i � d)

, a 2 B (H ), (4.1)

recall that hxi := ( 1 + jxj2)
1
2 . Namely, we will show that given a �nite-rank spectral

projection P� := � [� � ,� ](D ) where� [� � ,� ] is the indicator function of the interval [� � , � ] �

R, the functional

P� aP� 7!
Tr (P� aP� )

Tr (P� )
, a 2 B (H ), (4.2)

approximates the noncommutative integral on spectrally truncated compact spectral triples

(Proposition 4.1.1, Theorem 4.1.7). This is a result in the spirit of [Ste19], where �nite-

rank approximations of zeta residues are given. We however do not assume the existence

of a full asymptotic expansion of the heat trace. Instead, we focus our e�orts on the

computation of the �rst term of this expansion, which is the noncommutative integral.

The language involved is closely tied to the �eld of quantum ergodicity, the inception of

which can largely be credited to Shnirelman, Zelditch and Colin de Verdière [Shn74; Col85;

Zel87]. For reviews of this �eld, see [Zel10; Zel17]. Quantum ergodicity is a property of an
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operator which can mean various things. A common de�nition is that, given a compact

Riemannian manifold M and a positive self-adjoint operator D on L 2(M ) with compact

resolvent, the operator D is said to be quantum ergodic if for every orthonormal basis

f eng1
n= 0 of L 2(M ) consisting of eigenfunctions ofD there exists a density one subsequence

J � N such that for all zero-order pseudodi�erential operators Op(� ) with principal

symbol � 2 C1 (S� M ),

lim
J 3 j !1

hej , Op(� )ej i L 2 (M ) =
Z

S� M
� d� ,

and where � is the measure on the cotangent sphereS� M induced by the Riemannian

metric. In this context, a density one subsequence means that

# J \ f 0, : : : , ng
n + 1

! 1, n ! 1 .

Quantum ergodicity implies in particular that the functions jej j2 become uniformly dis-

tributed over M as J 3 j ! 1 , in the sense that the measuresjej j2d� g converge tod� g

in the weak� -topology, see Figure 4.1.

Although quantum ergodicity shares a philosophical link with NCG � emerging from a

functional-analytic approach to ergodic geodesic �ow on compact Riemannian manifolds

� there has yet to be made an explicit connection between the two �elds, despite their

contemporary development. We will show in Section 4.4 that our results on the noncom-

mutative integral on truncated spectral triples provide the means with which the gap can

be bridged.

We furthermore propose a straightforward noncommutative generalisation of the property

of ergodic geodesic �ow on compact Riemannian manifolds for spectral triples, and explore

what some results from the �eld of quantum ergodicity provide in this context. Our

de�nition of ergodicity is known in the study of C � -dynamical systems as uniqueness

of the vacuum state, and hence a result by Zelditch [Zel96] can now be recognised as an

NCG version of the classical result by Colin de Verdière that ergodicity of the geodesic �ow

implies quantum ergodicity of the Laplace�Beltrami operator [Col85], see Theorem 4.4.11

below.
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